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ABSTRACT 

A comparison is made between the x-ray diffraction halos of 22 octyl alcohols and 
their corresponding viscosities and an unmistakable correlation found. The assump- 
tions are that the halos indicate periodicities, that the periodicities may be interpreted 
as structural in the “cybotactic” groups, and that the relative diffraction intensity 
of the halos computed by assuming crystal structure may be used to estimate roughly 
the perfection of the liquid groups. It thus is shown that there is a correlation be- 
tween the coefficient of viscosity and the perfection of grouping in the direction of the 
length of the chain molecules. This corresponds with the reasonable view that the vis- 
cosity within the liquid groups is caused by longitudinal slippage. Moreover, since the 
groups at any instant occupy a large fraction of the volume of the liquid, this viscosity 
is an important part of that measured. This interpretation accounts for the negative 
temperature coefficient of the viscosity, since the size of the groups decrease with tem- 
perature. The experiments and conclusions are in accord with Andrade’s theory of mo- 
mentary “crystallization” and with Ornstein’s theory of the formation of liquid crystal 
groups, yet it is to be noted that these theories deal with different aspects and not 
the entire phenomenon. 


HE x-ray diffraction study by the author! of 22 octyl alcohols prepared 

in the laboratory of Professor E. Emmet Reid of Johns Hopkins Univer- 
sity has made possible an interesting comparison of x-ray findings with the 
coefficient of viscosity of the same compounds. The comparsion as herewith 
presented, leads to the conclusion that this coefficient does have a depend- 
ence upon differences in the space arrangement (cybotaxis) of the molecules 
of liquid isomers as determined by x-ray data. 

In the discussions in Nature? the differences in the origin of viscosity in 
liquids and gases is emphasized. The picture of the phenomenon in liquids as 
given by Andrade is that there is “a temporary union of molecules in con- 
tiguous layers, the duration of this union not exceeding the very brief time re- 
quired for the molecules to acquire a common velocity of translation.” This 
union takes place under the action of the molecular fields. “The general pic- 


1 Stewart, Phys. Rev. 35, 726 (1930). 
2 By E. N. da C. Andrade, J. Frenkel, D. H. Black ,E. W. Madge and Ambrose Fleming 
in issue of April 12, 1930, and by E. C. Sheppard, March 29, 1930. 
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ture is one of the liquid “crystallizing” in minute patches.” It is evident that 
Andrade’s view borders closely upon what the author has chosen to call the 
“cybotactic” condition of the liquid. The x-ray evidence by diffraction in 
liquids, both in this laboratory*® and elsewhere,’ has accumulatively stressed 
the correctness of the view that there are in a liquid minute groups’ or bundles 
of molecules in each one of which there is sufficient periodicity to account for 
the diffraction halos obtained. 

It is further evident that this periodicity is not caused merely by the 
effect of the volume of the molecules,® but also by all the forces arising in the 
molecular fields as well. The importance of the molecular fields may be ob- 
tained from a general comparison of the liquid and crystalline state, for ex- 
ample in density, compressibility and iatent heat of evaporation. But as a 
specific illustration of the necessity of the introduction of these fields may be 
cited the difference in diffraction halos of 3-ethyl pentane*® and diethyl! car- 
binol.’ Both molecules are admittedly of practically the same size and shape, 
yet with the former only one halo of importance appears, whereas with the 
latter there are two very prominent. The additional halo in the diethyl car- 
binol is caused by a periodicity in the direction of the molecular lengths, one 
which does not appear at all in the nonpolar compound. Moreoever, the pe- 
riodicities indicated by the other diffraction maxima are not of the same mag- 
nitude. But it is the purpose of this article not to submit the large amount of 
evidence favoring the existence of minute well-ordered temporary regions or 
groups of molecules in a liquid, but rather to point out an interesting com- 
parison of the coefficient of viscosity with the perfection of these molecular 
groups as shown by x-rays. The results have been hitherto unpublished, chiefly 
because they have appeared more suggestive than conclusive. But the discus- 
sion of liquid viscosity already mentioned and the current interest in ob- 
taining the appropriate basis for a theory of that phenomenon would seem to 
require that the experimental evidence connecting the cybotactic view with 
the nature of viscosity be submitted. To this will be added a brief theoretical 
discussion of the cybotactic view. 


’ See Stewart and collaborators, Morrow, Skinner, in a series of papers in Phys. Rev. from 
September 1927 to September 1931, and Spangler, Radiology 16, 346 (1931). 

‘ For reveiws of literature see, for example, Good. Piysi a A ta, p. 305, 1939. 

5 It must be emphasized that the word “group” when cescribing molecular structure in a 
liquid, refers not to a minute crystal, to a region having a defined boundary, or to a permanent 
condition of the molecules involved. It refers to a region or spot of effective (at that instant) 
regularity of structure in a liquid. This condition of regularity of space arrangement fades off 
continuously into much less regularity. Hence there is no sharp boundary. These regions are 
very numerous occupying a large fraction of the total volume of liquid. A group does not retain 
its identity as determined by its constituent molecules. It is not a fragment of material, but it is 
a condition of position and potential energy which varies throughout the liquid. The existence 
of any group is temporary, yet the orderliness of the structure in more than one direction de- 
mands that its existence has a time duration. 

6 Debye in J. of Mathematics and Physics 4, 133 (1925) and in Phys. Zeits. 28, 315 (1927) 
has shown that even spherical atoms when occupying as much as one-half of the total volume, 
will produce an x-ray halo. Also Zernike and Prins, Zeits. f. Physik 41, 184 (1927) emphasize 
the space effect. 
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EXPERIMENTAL 


In order to make the discussion intelligible, the relative diffraction inten- 
sity curves for the 22 octyl alcohols are shown in Figs. 1, 2, and 3.’ The angle @ 
is that read on the spectrometer. The radiation is essentially that of MoKa, 
but is not strictly monochromatic. Nevertheless its lack of homogeneity does 
not here lead to incorrect interpretations. Especially it should be remarked 
that any misleading effect of the continuous radiation is avoided by having 
a low voltage on the tube and by using thicknesses of samples that are less 
than the optimum for MoKa radiation. The original article may be consulted 
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for the experimental details. It is assumed that these peaks indicate periodic- 
ity and that the most probable distance of separation of diffraction centers 
can be obtained by Bragg’s law, \ = 2d sin 0/2. This assumption is warranted 
by the accepted view of crystal structure. The coherence in x-ray diffraction 
with crystals shows, by computation with Bragg’s Law, the periodicities of 
the structure and in this interpretation both classical and quantum theories 
agree. Then for monochromatic radiation incident on a liquid, a band, in- 
stead of a line diffraction, may be interpreted as indicating not one periodic- 
ity but a number of them; as if one had powdered crystals with each set of 
planar separations varying over a small range in accord with a probability 
function. Some of the variation of periodicity, but much narrower in range, 


? Stewart, Phys. Rev. 35, 726-732 (1930). 
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may occur in the analogous single crystal also. The assumption of the correct- 
ness of Bragg’s law for a liquid is thus based upon the straightforward conclu- 
sion that coherence indicates periodicity. 

The periodicities obtained from the liquid are not sufficient to lead to a 
unique liquid structure. But it is in agreement with all the facts to assert that 
the molecules of n-alcohols, saturated normal fatty acids and n-paraffins’ lie 
parallel in the so-called groups, with their long axes laterally equidistant and 
lying in two sets of parallel planes perpendicular to one another. This dimen- 
sion is obtained from the major peak. On the other hand the position of the 
minor peak (not occurring with the parattins) depends upon the length of the 
chain and is assumed to correspond to a periodicity having a direction ora 
component of a direction along the axes of the molecules. If the spacing of 
the molecules longitudinally is not orderly, permitting effective diffraction 
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Fig. 3. X-ray diffraction; relative ionization currents of octyl! alcohols. 


centers to lie in parallel planes cutting the molecular axes, the minor peak 
will not be in evidence. These statements are consistent with all the facts and 
are discussed fully in the articles cited. 

If one now considers the structure factor, F, of the molecules just as in the 
case of a crystal, it is easily seen® that the x-ray intensity from the lateral 
periodicity of these molecules will always be large and comparable with each 
other, while from the longitudinal periodicity the coherent scattering will be 
less and the variation among the compounds greater. 

But as noted in x-ray diffraction experiments, these longitudinal periodic- 
ities appear (in chain compounds) only with polar molecules. The molecular 
field of a nonpolar chain compound is not sufficient to produce the longitu- 
dinal periodicity. One might thus expect that the slippage in the liquid 
groups may occur parallel to the molecular lengths and that there is a varia- 

* Stewart and Morrow, Phys. Rev. 30, 232 (1927); Morrow, Phys. Rev. 31, 10 (1928); 
Stewart, Phys. Rev. 31, 174 (1928). 

* Spangler, Radiology 16, 346 (1931). 
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tion in the intensities at the minor diffraction peaks not only because of 
structure factor but also because of the lack of perfection in the longitudinal 
periodicity. 

One might thus anticipate that the viscosity would depend upon the per- 
fection of the longitudinal periodicity, indeed, that the viscosity would in- 
crease with the perfection of grouping. This would be the case whether the 
groups occupied a large proportion of the volume or not. Clearly a comparison 
of the perfection of orderly longitudinal grouping with variation in viscosity 
would be advisable. 

Degree of longitudinal periodicity in octyl alcohols compared with viscosity. 
The comparison just suggested must be of necessity crude, for one is not deal- 
ing with minute crystals wherein the structure factor of the molecules can be 
used with accuracy. Moreover, the structure of the liquid so-called groups is 
not definitely known. Reliance is placed merely upon a reasonable interpreta- 
tion of diffraction curves.? The method of comparison is as follows. 


Taste 


Computed Coefficient 
Compound Heights of relative Col. 2—Col. 3 of 
peaks heights Ratio viscosity 


0.433 0.204 
-484 -218 
206 
.394 -154 
- 150 
.270 333 
-430 
-062 -0361 
0 -0311 
-118 .196 
-175 
-0188 
-364 
0 
-440 
-898 
0 

1.39 

4.54 
-0635 


Octanol-1 

Octanol-2 

Octanol-3 

Octanol-4 
2-methyl heptanol-1 
2-methyl heptanol-2 
2-methyl heptanol-3 
2-methyl heptanol-4 
3-methyl heptanol-1 
3-methyl heptanol-2 
3-methy! heptanol-3 
3-methyl heptanol-4 
4-methyl heptanol-1 
4-methyl heptanol-2 
4-methyl heptanol-3 
4-methyl heptanol-4 
5-methyl heptanol-1 
5-methyl heptanol-2 
5-methyl heptanol-3 
6-methyl heptanol-1 
6-methyl heptanol-2 
6-methy! heptanol-3 


Noe 


In column two of Table I appear the relative heights of the secondary peaks 
as measured in Figs. 1, 2 and 3. In column 3 appear the relative heights 
these peaks should have if the diffraction occurred from powdered crystals 
having the structure mentioned. The computations for column 3 were 
made by Mr. Ross Spangler using the values of equivalent numbers of elec- 
trons as given by James and Brindley.'® Column 3 then may be inter- 
preted as indicating relative values of minor maxima in the diffraction curves 
which would occur if the groups were powdered crystals. Hence column 2 
divided by column 3 would give a crude measure of the excellence or perfec- 


10 James and Brindley, Phil. Mag. 12, 87 (1931). 


24.9 
12.4 
36.5 
69.0 
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tion of longitudinal periodicity which actually exists. This quotient is placed 
in column 4. In column 5 are given the observed coefficients of viscosity of 
these octyl alcohols as determined by Professor E. C. Bingham. The compari- 
son is now made between column 4 and column 5 in Figs. 4 and 5. The values 
are plotted with change in molecular structure. With OH stationary andCH® 
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Fig. 4. Variation of “group” perfection and coeflicient of viscosity. 


attached asa branch to the different C atoms, the comparison is made in Fig. 
4. It is to be noted that the range of the variables is large and therefore the 
correlation is striking. Only three compounds of the 22 in column four do not 
show a correlation. Similar comments may be made concerning Fig. 5 in 
which the position of the OH group is made the variable in the molecular 
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Fig. 5. Variation of “group” perfection and coefficient of viscosity. 


structure. Incidentally, it may be pointed out that the three compounds with 
which the comparison is not favorable are those in which the molecule has OH 
near one end and CH; in a branch near the other. This indicates similar rea- 
sons for the disagreement, and the nature of the assumptions leaves ample 
room for such reasons. Speculations upon these disagreements are omitted 
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as having no purpose in this paper. That the correlation in Fig. 4 is noticeably 
better than in Fig. 5 is in harmony with the fact that in the former the polar 
group for any curve pair is stationary in the molecule. It should be pointed 
out that our assumptions take no consideration of the viscosity of the less 
regularly arranged molecules, which may depend on “shape.” This is because, 
as mentioned below, these molecules are relatively few in number. Conse- 
quently the longitudinal slippage within the molecular groups is the chief 
factor in viscosity. From the foregoing evidence it now appears that the con- 
ditions producing the cybotactic condition in a liquid should be used as a 
basis for the consideration of the nature of liquid viscosity. This procedure is 
justified chiefly because of the evidence for cybotactic groups accumulated 
through x-ray diffraction experiments, but yet in part also because of the cor- 
roborative experiments here described. 

The cybotactic view can be embodied in mathematical expressions only by 
very crude approximations, for the nature of the molecular fields is not under- 
stood. One such may be by the assumption of Andrade" as to a temporary 
union of molecules of one layer with another. This may be regarded as rec- 
ognizing the existence of non-rigid somewhat orderly regions or groups in 
which, for example, molecules having a long axis will slip by one another in 
the direction of this axis. Andrade’s theory has not been published so that it 
is impracticable to comment further on its conformity with the concept of 
groups advocated by the author. 

A different approach to a theoretical consideration may be borrowed from 
Ornstein’s” theory of liquid crystals. If the molecule is unsymmetrical, hav- 
ing a long axis, it is assumed that a molecule exerts a couple upon a neighbor- 
ing one, the potential energy being proportional to the cosine of the angle be- 
tween their axes and to a function of the distance of separation of the centers 
of mass of the molecules. Boltzmann’s principle is applied. The theory finally 
leads to an expression which shows that the volume of the well-ordered re- 
gions decreases with an increase in temperature. From the experiments with 
x-rays it has become evident that, since the coherent diffraction with liquids 
is of the same order of magnitude” as that of the same mass in the form of 
crystal powder, the volume of the molecular groups is a large fraction of the 
total volume. Thus, if within the groups or well ordered regions the viscosity 
were greater than in the ungrouped molecules, the volume of the groups 
would be important in determining the measured value of the viscosity. An 
increase in temperature, decreasing this volume, would decrease the viscosity, 
which is in accord with experiments. In order to compute the effect, one 
would need to develop a theory for the dependence of viscosity upon the vol- 
ume of the groups present when that volume is a large fraction of the whole. 

The two theories are not contradictory, but refer to different aspects each 
without any claim of completeness. Andrade’s theory emphasizes the effect of 
momentary group formation, which interferes with slippage. Ornstein’s 

1! E, N. da C. Andrade, Nature, April 12, 1930. 


12 Ornstein, Zeits. f. Kristall. 79, 90 (1931). 
13 Stewart, Phys. Rev. 37, 9 (1931); See Fig. 1. 
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theory assumes a group which changes its size with temperature. In view of 
x-ray evidence concerning liquid diffraction it is reasonable to suppose that 
both conditions exist. It is significant that both causes lead to the correct 
sign of the change of viscosity with temperature and that both theories are in 
essential agreement with the cybotactic group view advocated by the author 
though as a matter of expediency they consider the conditions only in part.“ 

It is evident from the foregoing that a theory of viscosity which involves 
all the important aspects of the nature of a liquid is yet ahead, but that the 
theories of Andrade and of Ornstein are distinctly valuable. The cybotactic 
view would indicate the desirability of closer approximations in theory to the 
molecular fields existing in corresponding crystals. But until such fields are 
well understood the bases of theories proposed must of necessity be limited. 

The reader is reminded that the correlation found between cybotactic 
group perfection and viscosity is presented because it seems opportune. The 
- correlation is intrinsically not highly satisfactory. But the results do show an 
unmistakable relation, in spite of the various approximations that are of 
necessity made. This conclusion is however sufficient to emphasize the justifi- 
cation for the basis of viscosity theory similar to that given by Andrade. Not 
only does the temperature variation of viscosity point to an assumption of 
momentary union of molecules, but all x-ray diffraction experiments in liq- 
uids would urge the essential correctness of the assumption. 

It isa pleasure to thank Professor E. Emmet Reid of Johns Hopkins Uni- 
versity for the octyl alcohols used, Professor E. C. Bingham of Lafayette 
College for the viscosity data, and Dr. H. A. Zahl who, asa research assist- 
ant, took the x-ray data involved. 


4 There has just come to the attention of the author the earlier suggestions of Raman 
(Nature 111, 532 and 600 (1923). He assumed two states of aggregation in the liquid “solid” 
and “vapor,” and that the viscosity was proportional to the relative numbers of molecules in 
the two states. Raman’s assumptions, while not those of the author, are closely similar. Raman's 
expression for the viscosity of a liquid is the same as Andrade, n = Ae(b/T), where 7 is the viscos- 
ity coefficient, A and b are constants and T is the temperature. This formula agrees remarkably 
well with observed temperature variations. See also Iyer (Ind. J. of Physics, V Pt. IV, 371 
(1930) for a discussion of the significance of A and b in Raman’s suggestion. 
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ABSTRACT 


The method introduced by Ornstein is applied to calculate the Brownian-motion 
mean-square deviation for strings and for elastic rods, the surrounding medium being 
a gas. For the string, a varying tension and elastic binding at the ends are supposed, 
and a formula is obtained for the mean-square deviation of any point at time ¢, hav- 
ing started with a given deviation of that point; the result contains infinite series. 
This result is specialized to the string with fixed endsand constant tension. For the mid- 
point, and for a limited time interval, the series are summed; for t— ~, the result is 
given for all points, agreeing with that given by Ornstein for the mid-point. Elastic rods 
are treated similarly, and similar results are obtained. The effect of gravity, when 
the rod is vertical, is introduced by a simple and consequent preturbation method, 
and a formula is obtained for the mean-square deviation of the lower end; this agrees 
closely with Houdijk’s experimental results. The time dependence given by the com- 
plete formula cannot yet be tested, for Houdijk gives only long-time mean values in 
his publication. 


INTRODUCTION 


1. Most of the theoretical work on Brownian motion has been concerned 
with only one degree of freedom, and it is the purpose of this paper to apply 
the method first introduced by Ornstein! to cases in which there are more (in 
fact, an infinite number) of degrees of freedom. The systems to be treated 
are: I. the stretched string, and II. the elastic rod. The first has been treated 
by Ornstein? and the second by Houdijk,* but in each case results were ob- 
tained only for > (that is, only “equipartition” values were found); our 
extensions will consist principally in giving the dependence of the mean- 
square deviation on the initial deviation and on the time, but we also treat 
a more general string before specializing to a particular case, and give a better 
treatment of the effect of gravity in the case of the rod. 

In general our treatment will follow the lines of that used by Uhlenbeck 
and Ornstein‘ in their second (exact) calculation for the mean-square devia- 
tion of a harmonically-bound particle in Brownian motion, where they use 
the method of Ornstein. In this method one starts from the equation of mo- 
tion and certain assumptions about the influence of the surrounding medium 
on the particle, and calculates directly the mean values sought, making use 
of certain properties of a canonical ensemble (a large number of similar, but 


1L. S. Ornstein, K. Akad. Amsterdam Proc. 21, 96 (1919), (in English). 

2 L. S. Ornstein, Zeits. f. Physik 41, 848 (1927). 

* A. Houdijk, Archives Neerlandaises des Sciences Exactes et Naturelles, Series III A, 
11, 212 (1928). 

4 G. E. Uhlenbeck and L. S. Ornstein, Phys. Rev. 36, 823 (1930). 
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independent, particles) in evaluating constants which appear in the calcula- 
tion. It will be of interest to record their result here, for it is of the same type 
as those which we shall obtain; with a slight change of notation, it is: 


kT kT 
=— + c0s wt + —— sin (1) 


mas” 


where s is the displacement from equilibrium position, ¢ the time, # the mass, 
and w the (undamped) natural frequency in 27 sec., 8=f/m, where f is the 
damping force per unit velocity, and w,’ = w*— 6?/4. This result, like all those 
obtained by this method, is not subject to the restriction (which must be im- 
posed on results obtained by certain other methods) that ¢ must be large 
compared to 8~', hence the term “exact.” 

Now it is well known that the vibrating string may be treated by means 
of its normal vibrations, and that each normal vibration obeys the equation 
of the harmonic oscillator; also, we shall show the same to be true of the rod. 
Thus we may, so to say, consider in each case the system to be an assembly of 
damped harmonic oscillators, each having for its frequency that of the cor- 
responding normal vibration. The deviation of any point will then be deter- 
mined by the displacements of all the component “oscillators,” and similarly 
for the squared displacement, velocity, etc. Thus one can foresee that the 
treatment will not be essentially different from that for the harmonic oscilla- 
tor itself, the additional elements necessary being: (1) the deduction from our 
assumptions (about the influence of the surrounding medium on the system) 
of results which will take the places of analogous assumptions for the individ- 
ual “oscillators,” (2) the treatment of the sums which result, and (3) a cer- 
tain averaging process which is more complicated than that necessary for a 
single oscillator, and which will arise when we wish to make the known initial 
conditions apply to only one point of the string or rod. 


I. THE BROWNIAN MOTION OF A HOMOGENEOUS STRING 


2. We consider the Brownian motion of a homogeneous string (i.e., one 
with constant linear density p) of length L, surrounded by a gas. The string 
is bound elastically at its ends and is under a tension 7(x) which may vary 
with the distance x along it. The equation of motion of the string is: 


at ax\ ax 
where f is the friction coefficient and F(x,f) is the fluctuating force. This may 
be written: 


Os 
p’— + p— + A(z, (2) 
Ox Ox? 


Os 
ot? at 
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where 8 =f/p, p=7/p, A = F/p. The conditions to be satisfied at the ends are: 


Os 
hgs(0, t) — (=) = 0 
z=0 


Os 
- (2) =0 
Ox z=L 


where /:9 and /; are the ratios of elastic constant of binding to tension at the 
two ends. 

The assumptions which we make for this case are the natural generaliza- 
tions of Ornstein’s assumptions for the simpler cases, namely that the influ- 
ence of the surrounding gas may be split up into two parts; (1) a systematic 
frictional force, —f(0s/0/) per unit length, where f is a constant depending on 
the nature of the gas and its pressure, and (2) a fluctuating force, F(x,t) per 
unit length, about which we make further assumptions in terms of A (x,f): 


(3) 


A(x, t) = 0 (4) 


A (x1, t,)A (xe, to) => o(x1 — ty ts) (5) 


where ¢(x,f) is even in both x and ¢ and has a sharp maximum at (0,0). The 
mean is taken over a subensemble, each member of which started at t=0 
with a given shape and distribution of velocity along it. 

If we consider the homogeneous equation obtained by omitting the last 
term from (2), the usual treatment by separation of variables gives rise to 
two differential equations, of which the “space” one is a slightly-specialized 
case of the Sturm-Liouville equation. This equation, together with the bound- 
ary conditions, defines in the usual way the orthogonal eigenfunctions X,, 
which we shall assume normalized, and which satisfy the following differen- 
tial equation and boundary conditions: 


px.” + p'X,' +X, = 0 (6) 


and 
hoX,(0) — X,’(0) = 0 


7 
— bX.(L) — X."(L) = 0 


where X, is the corresponding eigenvalue. 
We now return to Eq. (2), and expand s(x,t) and A (x,t) each in a series of 
eigenfunctions with coefficients which depend on the time: 


s(x, 0) = -(8) 


n=1 


A(x, 1) = X,(x). (9) 


n=1 


Substituting these expansions into (2), equating to zero each term of the 
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sum which results if we transfer all terms to the left-hand member, and using 
(6), we obtain as the equation for S,(¢): 

Sa” + + AWSn = An(l). (10) 


We can write down at once the general solution of this, which is: 


S,(0 2S,,'(0 
= k wrt + S,(0) cos e-Bt!2 


2wn 


(11) 
+ — sin — v)dv 
Wn JO 


where 
wn? = — 38? (12) 


and we restrict ourselves to the case in which all the eigenvibrations are period- 
ic by assuming 


An > 36". 


S,(0) and S,’(0) are clearly the n-th coefficients of the expansions of the ini- 
tial displacement and velocity, respectively. 

3. Asa preliminary step, which will furnish us with results to be needed 
later, we shall calculate the mean-square deviation of any. point for simple 
initial conditions, supposing that at ¢=0 the string is at rest in its equilibrium 
position. This means that S,(0) =.S,’(0) =0, and denoting by S*° the mean- 
square deviation for these initial conditions, we obtain 


= —Z,*X,%(x) (13) 
1 Wn? 
where 
t 
f sin wo, (t — (14) 
0 


because the double sum which results directly from (8) is reduced to a single 
sum by the fact (proved in Note 1, on the basis of assumption (5)) that T,Jn 
=0 if m#¥n; this has the meaning that the different eigenvibrations are un- 
correlated, in so far as they arise solely from the fluctuating force. 

For J,2 we get an integral similar to those occurring in the paper of Uh- 
lenbeck and Ornstein;‘ using the results of Note 1, we find 


2 — p-ht) — Yn —Bt j 
7,20) + et(w, sin 2w,t — 48 cos 2w,t)} (15) 
where 
+20 +20 
Yn = Vn(v)dv, a, = Yn(v) COS w,vd2, 
vi(v — w) = A, (0)A,(w); 
thus 
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To determine the constants a, and yn, we make use of the same devices 
as were used by Uhlenbeck and Ornstein for the harmonic oscillator; that is, 
we equate the mean potential energy of each eigenvibration (the mean being 
taken over a canonical ensemble) to k7/2, and the correlation between devia- 
tion and velocity to zero. In this way we obtain the result: 


2BkT 
p 


(17) 


The calculations are given in Note 2. 

One might fear that the assigning of the potential (and kinetic) energy 
kT /2 to each eigenvibration would give rise to convergence difficulties, since 
it makes the total energy of the system infinite, but this is not the case. We 
inquire only about the mean-square deviation, and the series which result 
are all amply convergent. However, there is a further point which may seem 
strange, namely that we found a, and y, to be equal and independent of n. 
Their equality (which follows from only our initial assumptions and the lack 
of correlation between deviation and velocity, the use of the equipartition 
energy not being involved) would indicate that the correlation function, 
¢(x,t), is infinitely sharp in both x and ¢, and this one cannot believe.® However 
this difficulty becomes serious only at high frequencies, and seems to indicate 
that our assumptions must not be used where one is concerned with times 
that are too small, say of the order of magnitude of the time between succes- 
sive molecular impacts on any small length considered. However, this limita- 
tion is much less stringent than that which had to be imposed on certain 
earlier work, where the results were not valid for times of the order of magni- 
tude of 8 or less, and on account of the convergence properties of our 
solutions, it brings in no difficulties here. The independence of 1 is to be un- 
derstood in a similar way. 

By substitution of (19), (17) becomes: 


2prn 28 
and we obtain from (15): 
p 1 An 2wn? 28 
+ w, sin 2,f + $8 cos 2uut)} . (19) 


n 


+ w, sin 2w,t — $8 cos duu (18) 


Taking the limit of this expression for ‘>, we obtain for a canonical en- 
semble: 


3? = — F(x) (20) 
where: 4 
Fa) = (21) 


§ Quite analogous questions must be raised in the case of the harmonic oscillator. 
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4. We are now ready to calculate a quantity which is more easily meas- 
ured than that given by (21), namely the mean-square deviation of a given 
point of the string, after having started at ¢=0 with a given initial deflection 
of that point. Let this given value be C, so that: 


s(x, 0) =C 


for the particular value of x under consideration; this value will be taken to be 
the same throughout this discussion, so that in this section x is a constant. 
this means that: 


EX, (x)S,(0) = C (22) 


and it is the value of this linear combination of the S,(0) which is to be given; 
otherwise we are to average over a canonical ensemble. That is to say, we 
~ consider a canonical ensemble of strings and, fixing on some particular num- 
bers for x and C, pick out of it at ‘=0 a subensemble, all members of which 
have the deflections of the x-points equal to C. We then follow these strings 
in their motions, and it is the squared deflections of their x-points, averaged 
over this subensemble, which we wish to calculate. 

To this end one may first calculate s?°°’*, which is the mean-square devia- 
tion of a subensemble, each member of which has initially the same given 
shape and velocity distribution along it. This means that for each member, 
S,(0) and S,’(0) are the same; the difference in behavior of the different 
members arises only out of the fact that the fluctuating force, F(x,f) varies 
from member to member. Next one calculates °°, which is the mean-square 
deviation of a subensemble, each member of which has initially the same 
shape, and hence the same set of S,,(0), no attention being paid to velocities. 
This is to be obtained by averaging 52° over the S,’(0), using the facts 
that S,’(0) =0 (which follows from the lack of correlation between displace- 
ment and velocity in a canonical-ensemble) and that S,"(0) has the value 
corresponding to equipartition of kinetic energy. The final result sought is 
to be obtained by averaging s2°e over the S,(0) with the restriction (22). 

We find: 


n=l m=1 pr 


where 


B,(t) = 


Wn 


sin w,t + cos wt). (24) 


Now 


f f exp (— V/kT)dS,(0)dS2(0) - - 
Cc Cc 


s?2 


f fl exp (— 
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where V is the potential energy given in Note 2, and the C written under the 
integral-signs (an infinite number of them are implied) means that the in- 
tegrations are to be performed with the condition (22). Using (23) and inter- 
changing summations and integrations we obtain aresult which contains the 
quotient of two integrals. This quotient is evaluated in Note 3, and using 
this, we obtain as the final result: 


=c aT 4 [c: aT ] [ 0G B 


2 
(25) 
where 
X,? sin wrt 
(26) 
n=1 
This is in complete correspondence with Eq. (1) for the harmonic oscillator, 
in which (sin @,/) /@; plays the same part as G(x,f)/ F(x), and 1/w* corresponds 
to F(x). It is interesting to observe (as can be shown to follow at once from 
the form of (25)) that this mean-square deviation never crosses the equiparti- 
tion value, and further, that the curves corresponding to a given value of 8, 
but to different values of C, differ only in scale, when referred to the equipar- 
tition line. These statements are true also for the harmonic oscillator. 
5. As an example we consider the string with fixed ends and constant 
tension. For this case, we find: 


2L sintars/L Lfs x 
n? a’\L L? 
where 
a= (=) = wave velocity. 
m 
This gives 
kTL ( x ~) (27) 
(x) = —-——}. 
T L L? 


The other result to be specialized is (25). In this there appears, in addi- 
tion to F(x), the function G(x,f) and its time derivative. The corresponding 
series contain both x and ¢ as variables, and in this general form we have not 
been able to sum them. However, if we restrict our attention to the mid- 
point of the string, we can further simplify matters, for we shall show in Note 
4 that for the interval 0<t<L/a, we may write: 


2L sin (n2a2e?/L? — 


G(L/2, 


& i. 2at 
{sinh (Bt/2) — 1 ,(8t/2) \ 


dG(L/2,t) 2at 
— = {cosh (8t/2) — To(8t/2) \ 


® For the mid-point this gives the value k7L/4r, which has been given by Ornstein, 
reference 2. 
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where 
I,(z) = (iz) 


and J,(x) is the Bessel function of order ». Using these expressions and reduc- 
ing, (25) becomes: 


ATL kTL 2at 
SL/2, = ; (31/2) + (28) 


T T 


for: 
Ost<L/a. 


In Fig. 1 we have plotted some curves showing how s:° depends on the 
time. For these we have taken a = L = 1, 8 =1,2,3,4, and C? =0 and = 3kT/4r. 
For 0<¢<1 (28) was used; for later times it was necessary to use the series 
themselves, although it was found possible to replace 8 by zero in these 


3 kT 
T T 
T 7 
\ Mean-square deflection vs. time 
for midpoint of string 
equipar- 
0 | 2 
b 
Fig. 1. 


series without introducing too great an error. The apparent cusps in the 
curves at ¢=1 are curious; they are not in fact quite cusps if 8 is different 
from zero, but the difference is not apparent to the eye with the scale used. 


II. THE BROWNIAN MOTION OF AN ELAsTic Rop 


6. We shall first treat, in the same manner as for the string, the problem 
of the Brownian motion of an elastic rod which has one end clamped and the 
other free, and later consider the effect of gravity. We take these end con- 
ditions because they are the ones most easily realized in experiments; the 
problem could as readily be carried through for any other combination of 
the usual conditions. 

The equation of motion of an elastic rod under no forces is given by Ray- 
leigh’ as: 


7 Lord Rayleigh, Theory of Sound (London. Macmillan, 1894), vol. 1, p. 258. 
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rE dts r? 


where E=Young’s modulus, r=radius of cross-section (assumed circular 
and constant), d=volume-density; other symbols are as for the string. The 
third term of the first member arises out of the kinetic energy of rotation of 
the cross-sectional laminae; it is neglected by Rayleigh in his further treat- 
ment, and we shall do likewise. Adding the damping and accidental-force 
terms, we obtain: 


ats 
(29) 


Taking the origin at the clamped end, and the end conditions (also given 
by Rayleigh) are: 


0, = 0 for 


0°s 
— = =0 for zs=L 
Ox? 


We make the same assumptions about A (x, ¢) as for the string. 

If we consider the homogeneous equation obtained by replacing the 
second member of (29) by zero and separate the variables as usual, the 
resulting “space” equation is: 

dx* 
where A is the separation parameter. The situation is the same as that ob- 
taining for the Sturm-Liouville equation for, as Rayleigh shows, this equa- 


tion, together with the boundary conditions arising out of (30), gives rise 
to a complete set of orthogonal eigenfunctions: 


X, = 6,[a,(cos m,x/L — cosh m,x/L) + (sin m,x/L — sinh m,x/L)] (31) 
where m, is the mth positive root of the equation: 


cos m-cosh m + 1 = 0 (32) 


os m, + cosh m, 
a, = - (33) 


sin m, — sinh m, 


An = 4dL4 (34) 


and the coefficients 6, are chosen for normalization. Rayleigh discusses the 
roots of (32) and calculates the first few, giving formulas from which the 
rest can be found. In addition he shows that: 


1591 
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s= 
= 
(30) 
\ 
4 
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= 4 1 (35) 
and 
= (36) 


We shall have occasion to use these results. 

Returning to Eq. (29), we proceed just as for the string and expand 
s(x, t) and A(x, t) each in a series of eigenfunctions with coefficients which 
depend on the time; in the same way as before, we obtain Eq. (10) for S,(é), 
so that Eqs. (8)—(12) of article 2 apply as well as to this case as to the 
string. 

7. The calculation of the mean-square deviation of any point, supposing 
that at ¢=o the rod is at rest in its equilibrium position, follows here exactly 
as for the string; we may take all the equations of that article to apply to 
the present case. To obtain Eq. (17), however, we must use for the potential 


energy: it 
= 
8 Jo R? 


where R is the radius of curvature of the rod at the point. In view of the 
approximate straightness we may replace this by: 


(d*s\2 
V= — } dx. 
8 0 Ox? 
Using this, together with the differential equation and boundary conditions 
for the eigenfunctions, we again arrive at (B) of Note 2. The corresponding 


expression for the potential energy of the mth eigenvibration becomes, on 
using (36): 


V,= (37) 


The further calculations are identical, and we again arrive at (17) where 
now p=m7r’d. Hence results (18), (19) and (20) are valid for this case also; 
substituting for A, by (34) in (20) we obtain for the canonical-ensemble mean- 
square deviation of any point x: 


X,2(x) 


wrtE 


AY = 


(38) 


and for the free end, using (36) and (35) we obtain the result already given 
by Houdijk’: 


A4L*kT 


3rrtE 


(39) 
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The calculations of article 4 for the string, in which we found an expression 
(given by Eq. (25)) for the mean-square deviation of a given point x, after 
having started at =o with a given initial deviation C of that point, apply 
just as well to the rod. The general result becomes especially simple for the 
free end because the series converge quite strongly on account of the rapid 
increase of m,. Taking only the first terms, and using 1/2 for m,‘ instead of 
12.4 (since this makes the value at ¢ =a strictly correct), we obtain: 


s(L,t) cos — sin 
3ar'E 


where: 


8. Houdijk® has observed the Brownian motion of the lower ends of 
thin filaments which were clamped vertically at their upper ends and were 
otherwise free, the surrounding medium being air. It is necessary in this 
case to take into account the effect of gravity, and we shall now modify 
the foregoing treatment in this regard. We shall assume that a rod under 
gravity executes the same eigenvibrations as without it and that their ampli- 
tudes will bear approximately the same ratios to each other, the effect of 
gravity being to increase the potential energy associated with each. We shall 
restrict our attention to the free (lower) end, and we may with good ap- 
proximation assume that the form of the rod is given by the first eigen- 
function. 

To obtain the contribution, AV;, of gravitation to the potential energy, 
we treat the rod asa string under the tension pg(Z —x), where we again use 
p for the linear density; thus we have: 


=. 
av, = J (L (=) (41) 


this is completely equivalent to multiplying the total mass by the distance 
through which its center of gravity is raised in bending it to a given shape. 
In accordance with the approximation mentioned above, we write: 


= §,(t)X,(x) 


Substituting in (41), using the expression (31) for X,(x), and using the fact 
that to our present approximation, s°(L, 2) =4/L-Sj (t) we obtain: 


0.98 p 


s*(L, t) 


To the same approximation, 


SPE, 
wi? = Ay — = 
y 
3° 
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so that 
rriEm, + 3-96pgL' kT 
Vi+ AV; = t) = —- 
32L3 


Subsituting wr*d for p and /2 for m,‘, we obtain: 


s*(L) = kT . (42) 
+ 


This formula is practically identical with the one given by Houdijk, the 
only difference being that he has the number / where we have 0.98, and this 
difference is much too small to be significant in the comparison with experi- 
mental results. We have given the above derivation because we believe it 
to be more consequent then Houdijk’s. His observations agree very well 
with the values predicted by this formula. The closeness of agreement is 
indicated by the fact that he uses it to determine Avogadro’s number, JN, 
(substituting R/N for k) from his observations, finding as the average of ten 
determinations the value 6.36 X 10, which differs from the accepted value 
of 6.06 X 10°53 by only 5 percent. 

Concerning the dependence of the mean-square deviation on the initial 
conditions and the time, to adapt formula (40) to this case we need only 
replace the equipartition value given there by the second member of (42). 
This formula cannot yet be tested, for Houdijk gives only limiting values 
in his publication. 


NOTES 


Note 1. We are to investigate the quantity J,/,,; it is clear that if we write it as a double 
integral, it will contain under the integral signs the quantity A,(v)A,,(w), and by using (10) 
we obtain for this: 


wf 
0 
Now let x—y=u and y=z; using (5), 
= dz f — + )X,(2)du. 
0 


But ¢(u, v—w) differs from zero only for u very little different from zero, hence we replace 
X,(u+z) by X,(z) in the integrand, and by using the orthogonality property we obtain. 


An”) = — w) 


— wv) = — w)du 


where 


So that 
=0 for n¥m. 


This procedure is of course not rigorous unless ¢(u, v—w) is infinitely “sharp” in u, which we 
have not assumed. 
For the string with fixed ends and constant tension, however, the eigenfunctions are 
sines, and in this case we may improve the argument. We have: 
mrs 


2 L 
An(2)An(%) = as — w) [ cos — — - sin du. 
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When integrated. the first term of this gives zero because in the integration over u the inte- 
grand is an odd function, and the second term gives zero in the integration over z if nm be- 
cause of the orthogonality of the sines. If n =m, however, we obtain: 


+e 
= f — w) cos du = y,(v — w). 
It is clear from this that for this case, ¥, should be expected to depend on n. in that it will be 
diminished for very high values of » if ¢ is not infinitely sharp in its dependence on u, and there- 
fore we have allowed for this also in the general case. 

Note 2. We are to determine the constants a, and y,. The potential energy of the system, 
which includes the potential energy of the binding at the ends is: 


vo tn} ae + hnop(0)s2(0, t) + p(L)s°(L, Dt. 


When we substitute (8) into this, interchange summations and integration, and integrate by 
parts (using (7) and the orthogonality property), we find: 


V = 5p > (A) 
or 


where V, is the potential energy of the n-th eigenvibration. In a similar manner, although much 
more simply, we find for the kinetic energy: 
K = 3p DS,” 
K,, = 49S,"2. 
For t— «, the subensemble which started at ¢=0 from rest and equilibrium position will 
become a canonical ensemble; thus: 


lim = =" S22) = = 
tex 2 2 


Substituting (16) into this, we obtain the relation: 


p 


If we similarly equate the kinetic energy of the n-th eigenvibration to 7/2 we obtain, not 
another relation, but the same one again, as might have been expected from the results for the 
harmonic oscillator. To confirm this statement, one must calculate S,,"*(«) in the same way 
that we have calculated S,*(«). 

To get another relation we make use of the fact that in a canonical ensemble of strings 
there will be no correlation between the displacement and the velocity for any point. Thus, 
writing u=ds/dt: 


x x 1 
w= 


n=l mal 


nX m 


where J,, is an integral similar to J,,. Now it is clear that J,J, will contain under the integral 
signs the quantity A,,(v)A,,(w), and we have shown that this vanishes unless m =n. Therefore, 
the double sum reduces to a single sum. Our requirement that Lim;.,, su®=0 gives the result 
and putting this into (B), 

238kT 


a = = 


p 


Note 3. The ratio of integrals to be calculated is. 
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f s.s.(0) exp bas asso) 


= 


| [exp [ — p 27 
c 1 
where the integration are to be carried out with the condition: 
N,S,(0) = C. 
n=l 


Let us first take the integrals to be only N-tuple, and the summations correspondingly to go 
only from 1 to N, afterward taking the limit for N—> «. Now introduce the new variables: 


The Jacobian of the transformation of course does not matter, being the same in the numerator 
and denominator; this gives us: 


N 
¢ 
J Cy J ( ++ dyy 
N 1 


and the condition now becomes: 


L,, nN = 


where 


(UT 
a, = x,(—) 


We now rewrite each integral so that the integrations over y, and y,, are the last ones; these 
integrations are carried from — © to +, and the condition is satisfied by keeping constant 
N 
> = Cum = CN — an¥n — Am¥m 
j=1 
in the integration over the remaining N—2 variables, where the double accent signifies that j 
does not take on the values and m. 

The integration over this hyperplane, whose distance from the origin is C,.»D)..~!*. where 
Dum =>.''a;?, is carried out by rotating our coordinate system so that one of the axes coincides 
with the normal; the condition is now satisfied by keeping this variable constant and integrat- 
ing over the others from — © to + «. This transformation involves no calculation because the 
variables appear in the integrand in an invariant form, and we obtain: 


+e 4@ 


We now take the limit for N+ by appropriately changing the definitions of C,» and Dum. 
The remaining integrations are carried out in a straight-forward manner by transforming the 
expression in the exponent onto its principle axes, etc. We obtain: 


F2(.x)AnAm p 


In the above discussion we have assumed nm; a similar calculation for Ln», shows that 
the general result may be written: 


— 
pr ) 
», = §,(0) —— 
) 
N 
Dany, = Cy 
n=l 
| 
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Lam = | + 


Note 4. We have to consider: 


0G(L/2, t 2L 1 
1) =—- — cos (n2a2x?/L? — 


ot ncaa 
Let 
H(t) = —cos (hn? — 
nodd n? 
where 
nar 
thus, 
aG 


2L 
G(L/2,) = =; f + A. 


We now make use of a method due to Versluys.’ He shows by making a Taylor expansion 
that: 


d cos kat d? cos kat 


Uta 
= V -cos k,l 
where: 
c= — 
2a 


and the operation V through which cos &,¢ is transformed into cos (&,,2 —w*)"*t is independent 
of k,,; it may be written as follows: 


1 rat t 
H(t) = cos =V-> — cos 


nodd n* L 


Thus we have: 


as it can be proved (according to Versluys) that here the operations V and & can be inter- 
changed. Now: 


1 at 2 
>— cos —at/L) for OSts L/a 
n* 4 


We find: 
bed 


~ (2p)! 


= cosh xt = cosh }pt 
and 


(ut) 
V-t=t = (1 (ut) = (38). 


®’W. A. Versluys, Proc. Acad. Amst. 31, 670 (1928). 


r? a 
=—-:- }. 
A) 4 (: L ) 
| 
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Therefore 
L 2at 
2at 
G= sinh — |; 


here we have used the fact that 
= ifs) 


and evaluated A so as to make G(L/2, 0) =0, which gives A =0. 
For other intervals than the one used above, the series 


1 
— cos (nrat/L) 
n? 
represents a “saw tooth” function having discontinuities in its first derivative at the points 
nL/a,n=1,3,5--- and the attempt to extend the calculation past the point ¢=L/a was not 
successful. 
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TRANSITION PROBABILITIES AND QUENCHING 
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ABSTRACT 

The effect of foreign gases upon the fluorescence of sodium vapor excited by the 
second line of the principal series has been investigated. The gases used were helium, 
nitrogen, and hydrogen and the intensities of both the 3303A line and the D light 
were observed. From the variation in intensity of the 3303A line as gas is added it is 
concluded that the presence ofan inert gas has no appreciableeffect upon the relative 
transition probabilities in the 3*P state of sodium. With nitrogen or hydrogen as the 
added gas the D light intensity variation followed that of the 3303A line very closely 
but with helium a marked increase in intensity was produced by the first gas added 
with a decrease at higher pressures. This increase was explained as due to a transfer 
of sodium atoms from the 3*P to the 32D state by collisions, thus increasing the num- 
ber of atoms which radiate the D light. In addition to this increase in number the 
collisional transfers produced an increased “Doppler width” in the D light which 
persisted up to pressures well over 100 mm of helium and caused a decreased absorp- 
tion of the fluorescence light. The bearing of this work on the difference in the inten- 
sity ratio of the 22S—3?P and 1°S—3?P transitions as reported by Weiss for an arc 
and by Christensen and Rollefson in fluorescence is discussed. It is concluded on the 
basis of experimental evidence that any explanation of the difference which depends 
upon multiplicity of the 3*P state is incorrect. An explanation of this difference based 
upon the assumption that the life period of an excited atom varies inversely as the 
transition probability of the radiation emitted is presented. It is shown that recent 
work on the life periods of atoms in the 2°S, state of mercury at least partially sup- 
ports this assumption. A new type of sodium arc with increased intensity and stability 
of operation is described. 


HEN transitions by radiation are possible from one energy level to two 

or more lower energy levels, the relative numbers of each of these pos- 
sible transitions is designated by what is known as the transition probability. 
This transition probability has generally been assumed to be a constant, in- 
dependent of the method of excitation or of the environment of the radiating 
atom. 

Recent investigations concerning the transitions from the 3P state of 
sodium by Weiss,! by Christensen and Rollefson? and by Prokofjew® have 
seemed to indicate that the transition probabilities in this case are dependent 
upon either the method of excitation or the environment of the radiating 
atoms. 

Figure 1 shows the different possible transitions from the 3P state of 
sodium. For convenience in discussion they are labelled (a), (b) and (c). The 


1 Weiss, Ann. d. Physik 1, 565 (1929), 
2 Christensen and Rollefson, Phys. Rev. 34, 1157 (1929). 
3 W. K. Prokofjew, Zeits. f. Physik 58, 255 (1929). 


1599 


1600 N. E. BERRY AND G. K. ROLLEFSON 


fine structure of the terms is not shown. The investigation by Weiss! con- 
cerning the radiation in a low-voltage arc shows the ratio of the probabilities 
of transitions (b) and (a) to be 25 to 1. The results of the investigation of 
Christensen and Rollefson? on the fluorescence of sodium vapor excited by 
the 3303A radiation from a sodium are show this ratio to be 1.7 to 1. R. 
Ladenburg has made the suggestion that the method of correction for ab- 
sorption used by Christensen and Rollefson may be in error due to the change 
in absorption coefficient with wave-length over the breadth of the line. With 
the formulas and tables presented in a paper by Ladenburg and Levy‘ the 
theoretical correction has been calculated. It is found that for the measure- 
ments taken with the center of the exciting cone at a depth of 3 mm approxi- 
mately 80 percent of the D light should be absorbed while the absorption of 
the 3303A is too small to have any appreciable effect upon the calculation. If 
the data obtained by Christensen and Rollefson are recalculated and the 
tneoretical correction for absorption introduced, a value of 5.7 is obtained. 


b 


3P 
3D 

° 

2s 

« 
2P 
1S 
Fig. 1. 


The calculation of this correction is, however, subject to serious errors due to 
the data upon which it was based. The experimental arrangement used by 
Christensen and Rollefson? was such that a fairly constant temperature could 
be maintained but no attempt was made to obtain an accurate measurement 
of the actual temperature of the fluorescence tube. A variation of approxi- 
mately 15°C in the temperature produces a change of a factor of two in the 
vapor pressure of sodium. If the temperature used were fifteen degrees too 
high the correction for absorption would change to approximately 66 percent 
giving a ratio of 3.4. The data found for the vapor pressure of sodium itself 
do not agree within a factor of two. 

That some error is involved is indicated by the fact that the ratios cal- 
culated from the data at two different depths differ by over twenty percent. 
The only experimental errors which might contribute to such a discrepancy 
are the photometric ones which do not exceed ten percent. If we assume that 
this discrepancy is due to an incorrect value for the vapor pressure of sodium 
and repeat the calculation for different pressures we find the same value for 


* Ladenburg and Levy, Zeits. f. Physik 65, 189 (1930). 
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both depths if we select the conditions so that the corrected ratio is 3.4. We 
feel that this represents the best value which can be obtained from the data. 

The results of the calculations carried out by Prokofjew* based upon the 
methods of wave mechanics, give a value of 2.1 for the ratio of these two 
transition probabilities. 

The value of this ratio calculated by Christensen and Rollefson on the 
basis of their measurements of the relative intensities of the 5890A and 3303A 
radiation in fluorescence depends upon the assumption that the probability 
of transition (c) is negligible with respect to (b), Fig. 1, since both of these 
transitions must eventually result in the radiation of 5890A. In order to test 
the validity of this assumption the calculations carried out by Prokofjew* 
were extended to give an estimate of the relative probabilities of transitions 
(b) and (c) and it is found that this ratio is large enough (of the order of 50 to 
1) that radiation due to transition (c) may be neglected. 

In this investigation the effect of the addition of foreign gases upon the 
fluorescence of sodium, excited by 3303, is studied. In order to carry out the 
investigation quantitatively it was found necessary to design a new type of 
arc of greater intensity and stability of operation than any of those thus far 
described in the literature. 


quartz _ from 
window pump 
| discharge tube 


—— sodium cup 


sodium 
cathode chamber 


| 
iocm scale 


Fig. 2. 


Figure 2, drawn to scale, gives the design of the arc. The quartz window 
and removable cathode are both sealed to the Pyrex with Dennison sealing 
wax. The electrical leads through the Pyrex are of tungsten and the anode is 
a cylinder of sheet nickel sealed to the tungsten wire with German silver. The 
cathode is of metallic sodium held in place by the cathode chamber, as shown 
in the diagram, with the electrical contact made directly to the tungsten 
wire. 

The cathode chamber is made removable to facilitate refilling in case this 
becomes necessary. The sodium is introduced by placing a tube containing 
purified metal in the charging tube, as shown in the diagram, with one con- 
stricted end inserted in the small hole in the cathode chamber, sealing off the 
end of the charging tube, evacuating, and then heating the charging tube 
until the sodium melts and runs down. The discharge tube and sodium cup are 
placed inside a larger tube of the same shape to prevent the hot sodium from 
coming in contact with the wall which must remain vacuum tight. The 
sodium in the cup can be introduced in small tubes which are cut short enough 
to allow them to be inserted through the front of the arc before the quartz 
window is attached. The cup and discharge tube are equipped with heaters 
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and temperature controls, although the heat produced by the discharge is 
generally enough to maintain a sufficiently high temperature in the discharge 
tube. Argon is circulated through the arc as indicated, by means of a mercury 
pump with two liquid air traps filled with beads to remove the mercury vapor 
from the gas stream. 

The sodium used is purified by first heating it for several hours, under 
vacuum, in such a way that it continually distills on to the sides of the flask 
and runs down again. This is done to expel occluded gases, especially hydro- 
gen. When a very high vacuum is obtained the sodium is distilled through a 
side tube of large diameter and collected in tubes. 

This arc is similar tothat designed by Christensen and Rollefson'which we 
shall hereafter refer to as the “old type,” but differs from it in several im- 
portant respects. In the old type the cathode was heated and used as a part 
of the light source. In the new type it is not heated but is allowed to cool as 
much as possible and is not used as a part of the light source. The entire 
radiation, with appreciable intensity, is produced in the discharge tube in 
which the vapor pressure of sodium is controlled by the temperature of the 
sodium cup, the temperature of the discharge tube being always kept slightly 
higher. One advantage of this is the more accurate control of the vapor pres- 
sure of sodium which it affords, this being one of the chief factors involved in 
producing a discharge with constant intensity. 

It is also found that the cool cathode eliminates a large degree of uncer- 
tainty of operation which was experienced with the old type. The trouble was 
undoubtedly connected with some sort of surface phenomenon, for it was al- 
ways observed that whenever the “active point,” usually visible on the sur- 
face of the cathode, was replaced by a diffused glow over the entire surface, 
the current dropped to a very small value with a corresponding decrease in 
intensity. This behavior was usually followed by complete failure. It was 
often found, however, that after allowing the cathode to cool, the are could 
again be started at its normal current and also that heating the cathode toa 
higher temperature would result in breaking the discharge or reducing the cur- 
rent. It was further found that, whenever the J/a line was present in the 
spectrum of the discharge, almost certain failure of the arc occurred. In view 
of this fact a tube of hot copper oxide was placed in the stream of circulating 
gas which reacted with the hydrogen changing it to water vapor which was 
removed in the same liquid air traps used to remove mercury vapor. This, of 
course, could remove only that portion of the hydrogen, present or produced 
in the back of the arc, which diffused into the circulating stream. 

These difficulties are all eliminated in the new type of arc. The entire sur- 
face of the cathode chamber is usually found covered with sodium and the 
“active point” is seen to travel in a very devious path all over the surface. 
Even when the /7a line is present in the spectrum of the discharge in appreci- 
able amounts, this arc operates quite satisfactorily. In the old type whenever 
the cathode chamber was removed, after a few hours operation, it was always 


5 Christensen and Rollefson, Phys. Rev. 34, 1154 (1929). 
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found to be cracked and had to be replaced. In the new type the cathode 
chamber does not crack and can be used again if refilling becomes necessary. 

When the vapor pressure of sodium in the discharge tube is too low the arc 
will “flicker” but as the vapor pressure is increased the flickering ceases and a 
very steady discharge is maintained. As the vapor pressure is still further in- 
creased the intensity of the 3303A line gradually decreases. The optimum 
pressure is very easily obtained by increasing the temperature of the cup 
until the flickering just ceases. 

The arc operates quite satisfactorily with about 0.5 cm of argon circulat- 
ing through it. At lower pressures of argon the sodium diffuses out of the dis- 
charge tube quite rapidly, while increasing the pressure decreases the inten- 
sity of the 3303 line due to the quenching effect. 

One of these arcs has been operated with 220 volts direct current at 2.5 
amperes for about 150 hours and it seems in as good a condition as when new. 
This are was operated with as low as 90 volts but some difficulty in starting it 
was encountered without the higher potential. A high frequency spark was 
used to start the arc. 

This current of 2.5 amperes is by no means the maximum possible. By 
using less resistence in series with the arc the current can be increased to 
several times this value and one of these arcs was operated at 6 amperes for a 
period of one-half hour with perfectly satisfactory results. 

For studying the fluorescence the apparatus assembly was identical with 
that described by Christensen and Rollefson with the addition of a small- 
diameter quartz tube, with a graded seal to Pyrex, leading from the fluores- 
cence tube to the apparatus used to introduce varying pressures of foreign 
gases. The mean free path of sodium atoms in the pure vapor is so large, at 
the temperatures used, that the leak of sodium vapor through this tube is 
negligible. The foreign gas was always introduced while the fluorescence tube 
was cold, in order to prevent sodium vapor from being swept to the front and 
condensed on the window. It was found that addition of the foreign gases in- 
creased the necessary temperature of the hot air stream used to prevent con- 
densation of sodium on the windows. An air stream of about 400°C was used 
with the fluorescence tube at 180—200°C. It was also found that with the air 
stream at this temperature, the temperature of the fluorescence tube neces- 
sary to cause “browning” was very much greater than when the air stream 
was kept at 280°C. This indicates that “browning” is preceded by condensa- 
tion of sodium. 

The assembly was constantly checked for stray light by making exposures 
for long periods with the fluorescence tube cold. 

The helium gas used was passed through charcoal at both liquid air and 
liquid hydrogen temperatures. The nitrogen was passed through a tower 
filled with copper turnings and ammonium hydroxide to remove oxygen and 
then through a liquid air trap. The hydrogen was made electrolytically and 
was passed over hot copper to remove oxygen and then through charcoal at 
liquid air temperature. 

The Wratten and Wainright panchromatic plate was used and a standard 
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developer and development procedure was adopted in order that blackenings 
on different plates might be compared. All the plates used were from the 
same box. All the photographs used to plot any one curve were taken on the 
same plate. The exposures of the fluorescence excited by 3303A radiation were 
taken over periods of one-half hour, one hour, two hours and three hours. The 
longer exposures were used in order to get blackenings of a density most ac- 
curately determinable, when the intensity was diminished by the addition of 
foreign gases. Photographs were also taken of the fluorescence when excited 
by D light. When ascreen of approximately 10 percent transmission was in- 
serted in the exciting beam, exposures of 10 seconds, 20 seconds, 40 seconds 
and 80 seconds gave satisfactory blackenings. 

The photographic blackening densities were determined with a Zeiss 
microphotometer. All the photographs of the fluorescence and those taken to 
obtain the blackening—intensity calibration curves were photometered with 
_the same adjustments of the instrument, and the readings were recorded on 
the same arbitrary scale. The blackening of any photograph could then be 
translated into intensity in terms of percent of an arbitrary standard. 

The calibration curves were obtained with a direct current helium dis- 
charge operated by a 600 volt battery assembly at a current of 0.36 milli- 
amperes in the case of the longer exposures and 0.8 milliamperes for the 
shorter exposures. The current was easily controlled to within 2 percent by 
gradually decreasing the resistance in series as the operating voltage of the 
battery decreased. 

This discharge has strong lines at 5875A and 3187A as compared to 5890A 
and 3303A in the sodium fluorescence. A consideration of Harrison's work in 
spectral photometry, indicates that the use of these lines for calibration pur- 
poses is justified within a limit of 2 percent accuracy. For the longer-exposure 
calibrations a filter of CrCl; solution in a quartz vessel was placed between 
the discharge and the spectrograph. This absorbs a certain percentage of the 
5875A radiation which is the more intense of the two and by varying the 
concentration of the solution the blackening produced by the two lines can 
be made approximately equa!. This makes it possible to determine the 
calibration curves for both wave-lengths at the same time. For the calibration 
curves used with D-light excitation the CrCl; filter was not inserted since 
only the intensity of the 5875A line was needed. 

Screens, calibrated for transmission with a thermopile, were used to re- 
duce the intensity by a known fraction. The screens were kept moving and 
when two screens were used simultaneously they were moved in opposite 
directions at all times. 

Photographs were obtained of the fluorescence excited by 3303A radia- 
tion and by D light with varying pressures of helium, nitrogen and hydrogen 
in the fluorescence tube and the resulting intensity curves are given below. 

In Fig. 3, which shows the effect of helium on the fluorescence, curve A 
gives the variation in intensity of the 3303A line, the dots represent intensities 
with the fluorescent cone at a depth of 3 mm from the observer’s side of the 
fluorescence vessel and the crosses are for a depth of 10 mm, the circles re- 
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present a theoretical quenching curve. Curve B gives the intensity of the 
“D” light when excited by 3303A the fluorescent cone being at a depth of 3 
mm, curve C gives the intensity of “D” light with the cone at a depth of 10 
mm. Curve D gives the intensity of D light excited by D light. In each case 
the intensities are in terms of the intensity with no helium present. 

From the energy-level diagram for sodium, Fig. 1, it may be seen that the 
decrease in intensity of the 3303A line may be explained in two different ways. 
It may be due to transfers, by collisions of the second kind, of atoms in the 3P 
state to any one of the other four states designated. In other words it may be 
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Fig. 3. 


purely a quenching phenomenon. Also, it may be due to a change in the rela- 
tive transition probabilities, effected by the presence of the helium, in favor 
of transitions “b” or “c”. A combination of these two effects is also possible. 

If the collisional transfers occur to either the 3D, 2S or 2P state the effect 
upon the relative intensities of the 3303A and 5890A radiation is exactly 
the same as that produced by a change in the relative transition probabilities. 
However, the dependence of each of these effects upon the pressure of foreign 
gas may serve as a method of distinguishing them. 

A theoretical quenching curve is determined by the expression for the frac- 
tional decrease in intensity 
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100 =7/(7 +7), 


where 7 is the mean life of the excited atom, 7 is the mean time between 
effective collisions and J is the percent of the intensity of the unquenched 
radiation. At the pressure designated by /:;2 at which the intensity has been 
reduced 50 percent it is evident that 7 is equal to 7, and we then have the 
following relations 


T = k/p; T= k/ 


where / is the pressure at constant temperature and & is a proportionality 
factor. We may then write 
100 — J = (1) 
ky + 1+ 
‘Replacing pi. in Eq. (1) by the value obtained from any quenching curve 
gives the theoretical formula for that curve. 

The small circles near curve A, Fig. 3, represent points on a theoretical 
quenching curve with the value for fp). taken from curve A. The excellent 
agreement between the observed and calculated curves is evidence in favor of 
the supposition that the decrease in intensity of the 3303A radiation is due 
to a collisional effect and that the presence of helium has no apparent effect 
upon the relative transition probabilities. 

Any effect upon the transition probability which depends upon the inter- 
action of the excited sodium atom and a foreign gas molecule, at the instant 
of radiation, such as the effect of the electrostatic field, would be directly pro- 
portional to the pressure and independent of the life period of the excited 
atom since only its position at the instant of radiation is of importance. This 
straight-line relation might be slightly altered by the second order effect of 
multiple interaction. If the time required for the act of radiation is finite and 
if at any time during the act, interaction with a foreign gas molecule is 
effective in changing the transition probability the change in intensity will 
take the form of a quenching curve, but the value of 7 will be different from 
that in the true quenching formula and the two effects cannot be superim- 
posed. The two phenomena are indistinguishable only in case the effect of 
the foreign gas molecule is such that at any time during the normal life period 
of the excited atom, that interaction occurs, it may be caused to radiate or be 
so affected that when it does radiate its relative transition probabilities will 
have been changed. In case successive collisions are effective in changing the 
transition probability, the intensity variation will depend upon some higher 
power of the pressure. 

Curve D, Fig. 3, gives the observed intensity for D light when excited by 
D light, and when compared with the data obtained by Mannkopff® using a 
resonance lamp for excitation it is evident that a considerable amount of 
increased absorption has occurred due to the pressure broadening of the ab- 
sorption line. This is to be expected since the center of the incident D line is 


6 Mannkopff, Zeits.f. Physik 36, 315 (1926). 
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very markedly absorbed and at the point of observation the excitation is due 
mainly to the remaining broadened portion. Consequently, the intensity is 
greatly affected by any broadening of the absorption line. In the case of the 
3303A excitation, since the amount of absorption is very small there is 
still sufficient intensity in the center of the incident line at the point of obser- 
vation to render the broadening effect negligible. This is verified by the close 
agreement between curve A and its theoretical quenching curve. 

Curves B and C, Fig. 3, which give the intensity variation of D light when 
excited by 3303, show the resultant of two effects—the increase in intensity 
due to collisional transfer of atoms from the 3P to the 3D, 2S or 2P states, 
and the decrease in intensity due to complete quenching of atoms in any one 
of these states. 

Boeckner? found that the probability of caesium atoms in the 4P state 
being transferred by collision to the 5D state was approximately twenty 
times that of being transferred to the 3S state. The energy difference in the 
first case is 0.043 volts and in the second case 0.18 volts, a factor of approxi- 
mately 4+. By analogy it seems certain that most of the collisional transfers 
from the 3P state of sodium will be to the 3D rather than to the 2S state, 
since the ratio of the energies involved is almost identical with that in the 
caesium atom, as are also the important quantum numbers. It may certainly 
be assumed that the number of atoms transferred to the 1S state, an energy 
difference of approximately 30 times as great as that between the 3P and 3D 
states, will be negligible. The increase in intensity due to the collisional trans- 
fers is not solely a matter of increasing the number of atoms radiating D light 
but also involves a decrease in the absorption because of an increased “Dop- 
pler width” of the fluorescence light. If it were not for the latter effect curves 
B and C should be identical, however, with this change in absorption the ob- 
served rise in intensity of the D light will be greater for the greater depths. 
The two curves will coincide when enough collisions occur between the time 
the atom is changed from the 3?P state by a collision and the time at which the 
quantum of “D” light is emitted to restore the atoms to the normal distribu- 
tion of velocities. From the results we have obtained it is obvious that this 
does not occur except at pressures well in excess of 100 mm of helium which 
means that the fast moving excited sodium atoms retain their high speeds for 
a large number of collisions. The fact that at high pressures the “D” light in- 
tensity drops below that which would be calculated from Mannkopfi’s data 
on quenching indicates that under these conditions some quenching to the 
state occurs. 

Figure 4 gives the results obtained when nitrogen and hydrogen were in- 
troduced into the fluorescence tube. In each case only the data for the 3303A 
line are plotted as the curves for the “D” light did not differ from these to any 
marked degree. The absence of any increase in the “D” light intensity such as 
was found with helium is taken to indicate that for these gases the quenching 
process involves returning the sodium atom to the 1°S state. On the nitrogen 


7 Boeckner, Bur. Standards J. Res. 5, 13 (1930). 
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curve the dots represent the experimental points and the circles give the 
theoretical form for the quenching curve. From the close agreement between 
the two sets of points we may conclude that nitrogen has no pronounced 
effect upon the transition probabilities in the 3°P state of sodium. 

The data for the hydrogen curve are subject to some uncertainty due to 
the fact that the presence of hydrogen seems to accelerate the reaction be- 
tween sodium and quartz causing a change in the transmission of 3303A 
through the windows. However, the observed points follow a theoretical 
quenching curve so well that it may be said that hydrogen has no effect on 
the transition probabilities. 

The most probable source of error in the measurements is in the variation 
in the intensity of the arc and in the temperature controls throughout the 
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apparatus. This was checked by taking a series of consecutive photographs 
of the fluorescence, as used in the experiments. These were taken over a 
period of 4 hours and a deviation of not greater than 10 percent in the inten- 
sity was observed. The accuracy of the photometry was well within this limit. 
It seems, therefore, that an error of not greater than 10 percent is to be 
expected in the measurements. 

The results of this investigation demonstrate that there is no apparent 
effect upon the transition probabilities in the 3P state of sodium when the 
excited atoms are subjected to the presence of an inert gas. Therefore, some 
other phenomenon must be responsible for the difference between the inten- 
sity ratio obtained by Weiss and that obtained by Christensen and Rollefson. 

A separation of the 3P level into two or more levels having different tran- 
sition probabilities and different populations might be assumed as a possible 
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explanation. This separation may or may not be the nuclear hyperfine struc- 
ture. Let it be supposed that in the pure fluorescence the number of collisions 
during the mean life capable of transferring excited atoms from one of these 
states to the other is negligibly small. The radiation observed might be sup- 
posed to come largely from a state in which the ratio of the probabilities of 
transitions (b):(a) is small, with a smaller amount coming from a state in 
which this ratio is much higher. The high pressure of inert gas present in the 
arc as used by Weiss, due to transfers by collisions of the second kind, would 
tend to make the population in both states equal. It is then evident that the 
ratio of the intensities of these two transitions would be immediately in- 
creased. 

This same effect, however, should be observed when inert gas is introduced 
into a fluorescence tube. It should appear in the investigation presented here 
as a decrease in the intensity of the 3303A radiation on the addition of helium. 
An obvious assumption would be that at least every kinetic theory collision 
would be effective in transferring atoms between states differing by so small 
an amount of energy as must be assumed between such states as those being 
considered here. At 10 mm pressure of helium, sodium atoms in the 2P state 
undergo on the average 4.5 kinetic theory collisions during the mean life of 
the excited atom. The figure for the 3P state should be at least as great. It is 
therefore to be expected that equilibrium between states within the 3P state 
should be reached at this pressure. A change in the ratio of the probabilities 
of transitions (b) and (a) from 1.7:1 toa ratio of 25:1 would result in a 90 
percent decrease in the intensity of the 3303A radiation. From curve A, Fig. 
3, it may be seen that at 10 mm pressure the intensity of the 3303A radiation 
has been decreased only 50 percent. This seems to be conclusive evidence that 
the explanation presented above is not valid. 

The difference in the method of excitation has been suggested as a possible 
explanation, but if this difference is postulated as a method of putting atoms 
into different states within the 3P state, the argument is subject to the same 
objection presented in the preceding paragraph. In the arc there should be 
complete equilibrium and in the fluorescence equilibrium should be quickly 
established on the addition of inert gas, but this is found to be not the case. 
If it is assumed that the method of excitation causes some permanent change 
in the 3P state as an entity, the above objection no longer holds. 

In general it may be said with some degree of certainty that the experi- 
mental evidence obtained in this investigation presents a very serious objec- 
tion to any explanation of this disagreement in intensity ratios which depends 
upon a difference in transition probabilities of states within the 3P state. 

Another possible explanation suggests itself when one makes an assump- 
tion concerning the actual mechanism of radiation of which so little is known. 
It seems not impossible to imagine that this mechanism is such that when 
more than one transition is possible, on the average that transition of greatest 
probability will occur in the shortest length of time; or, in other words, that 
the life period of the excited atom varies inversely as the transition proba- 
bility of the radiation which occurs. This may be stated in another way: that 
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the chance of that radiation occurring which has the least probability in- 
creases with increasing life of the excited atom. It is doubtful that there is as 
yet any experimental evidence which can conclusively prove or disprove this 
assumption. 

If this assumption is made, however, the explanation sought is imme- 
diately forthcoming. The measurements of Weiss were made by observing the 
radiation from sodium atoms in the 3P state in the presence of argon at a 
comparatively high pressure. It is then to be expected that something over 90 
percent of the atoms in the 3P state were transferred to the 3D state before 
they could radiate and the relative intensities measured were of the radia- 
tions emitted by only those atoms which had survived this collision process. 
The number of collisions increases with increasing life period, consequently 
more of the atoms with shorter life periods than of those with longer life 
periods will survive the collision process. The relative intensities of the radia- 
tions will then change in favor of that one having the shorter life period; or on 
the basis of the assumption suggested above, the relative intensities would 
change in favor of the transition with greatest probability. In the case of the 
3P state of sodium it would then be expected that the ratio of the intensities 
of the transitions (b):(a), Fig. 1 would be greater in the presence of a high 
pressure of argon than in the pure fluorescence, since transition (b) is the one 
of greatest probability. 

The assumption suggested above is at least partially vindicated by the 
work of Randall’ and of Richter? who found independently and by entirely 
different methods that the life periods of the atoms in the 28S, state of mer- 
cury appear approximately four times as great when the 5461A radiation is 
observed as when either the 4358 or 4047 line is observed. As an explanation 
of this it was suggested that the life periods and transition probabilities might 
be different for each hyperfine structure level, and Frisch and Pringsheim'® 
attempted to demonstrate this by exciting mercury atoms to the 2°S; state by 
different methods but found no variation in the relative intensity. 

Mrozowski" gives some theoretical evidence against the possibility of any 
influence of nuclear moments on the life period but suggests that there is 
some sort of separation of the 2°, state into states with different life periods 
and different transition probabilities. 

In the investigation carried out by Randall no complexity was observed 
in the constant k which was used in the formula C~** to describe the falling off 
of intensity with time after excitation. This indicates that all of the atoms 
radiating a particular wave-length had the same life period, and therefore 
probably existed in the same state. This prerequisite would be complied with 
if all the radiation was assumed to come from the same level but from atoms 
whose life periods depended upon the wave-length radiated. 

Another very serious objection to any explanation of this difference in life 


§ Randall, Phys. Rev. 35, 1161 (1930). 

® Richter, Ann. d. Physik 7, 293 (1930). 

1 Frisch and Pringsheim, Zeits. f. Physik 67, 169 (1930). 
4 Mrozowski, Zeits. f. Physik 68, 278 (1931). 
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periods which depends upon a multiplicity of the 2°S, state is encountered 
when we consider the experiments which have been performed demonstrating 
the extremely large efficiencies or collisional radii for processes involving such 
small energy differences as there must be between such states." It seems al- 
most necessary to assume that in the experiments performed by Randall 
complete equilibrium between the populations of such states must necessarily 
have been established, and if this were the case a difference in life periods 
could not have been measured. It is also impossible that there could have been 
only a partial equilibrium since Randall found that varying the pressure had 
no effect upon the life periods measured. It seems therefore almost necessary 
to assume that either the life periods of atoms in any excited state may de- 
pend upon the wave-length radiated or else that there are states within the 
one state with different life periods and transition probabilities between which 
strong argument in favor of the explanation based upon a change in relative 
intensity due to quenching, which is presented above concerning the disagree- 
ment in the intensity ratios in the 3P state of sodium. 


12 Experiments by Wood and Mohler, Phys. Rev. 11, 70 (1918), have shown that when Na 
vapor is excited by a single D line and the temperature of the fluorescence is above 220°C, both 
D, and D; appear in the fluorescence due to transfers by collision from one member of the doub- 
let P state to the other. Datta, Zeits. f. Physik 37, 625 (1926), in experiments on the depolariza- 
tion in the resonance fluorescence of sodium finds an effective radius of approximately 10~* cm, 
or approximately ten thousand times that of the normal kinetic theory radius. 
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A NOTE ON LOCAL MOMENTUM IN WAVE MECHANICS 
By Lioyp A. Younc* 
MassAcCHUSETTs INSTITUTE OF TECHNOLOGY 
(Received September 21, 1931) 
ABSTRACT 


The present paper shows the exact relations between dynamical quantities of classi- 
cal theory and their wave mechani al analogues. A new quantity local momentum is 
defined and discussed and the Bohr quantum condition is revived in a form com- 
patible with modern theory. 


THE one-dimensional Schrédinger equation for a particle moving in 
¢ a force-free field is 


+ =0 (1) 


where p and Pp’ are quantities proportional to the momentum and energy of 
the particle respectively. This equation possesses the particular solutions 


yt 
= Amen iv 


Atetipz 


representing the streaming of particles in the positive and negative directions 
of x. The constants A* and A™~ are arbitrary and are used to normalize the 
intensity of the stream of particles to any desired quantity. The correspond- 
ing wave equation for a general scalar potential field V(x) is 


+ V(x)]y = 0. (3) 
We may assume particular solutions of this equation of the form? 
yt = At(x)etvPar (4) 


and adopt the terminology local amplitude for A+(x) and local momentum for 
P(x). Both A+(x) and P(x) may be taken as real quantities (since any complex 
number may be written in the form ae with a and @ real). Substitution of 
(4) into (3) leads, upon separately equating real and imaginary terms to zero, 
to the following differential equations for A+(x) and P(x). 


At” — Atp? + [E — V(x)]A+ = 0 (Sa) 
2A+’/P + P’At = 0. (5b) 


* National Research Fellow. 

1 Throughout this note units are chosen in such a manner that all equations may be 
written in their simplest form. It is extremely easy to rewrite all results in the usual system 
of units. 

* This substitution is well known in mathematics but its use in wave mechanics has been 
extremely limited, 
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The second of these gives an immediate relation between A+ and P; namely 
At = Pp-1/2 (6) 


Eq. (5a) may then be written in terms of P(x) alone 


2 
(7) 
dx? 


or if we define the quantity local kinetic energy by the relation T* = P? we have 


2 


This equation is exact and is the wave mechanical analogue of the classical 
conservation of energy law. 

Now we have as particular solutions of the wave equation corresponding 
to pure travelling waves in the case of free motion® 


yr = at P-/2eifPdz 


= Paz, (8) 
For the corresponding probability densities we have 
= P 
(9) 
=a-a/P. 


The most general real solution of (3) representing the wave solution for a 
discrete state of the system may be written 


y = aP-!!2 cos| f Pdx + phase factor. (10) 
z0 


If the range of x is, for example, from —« to © we may show that in order 
that y satisfy the usual boundary conditions we must have 


f Pdx = nr (11) 
where is a positive integer. Since y, is the m-th characteristic solution of a 
Sturm-Liouville differential equation it must possess m-1 roots in the finite 
region of x. This is just the number of roots possessed by cos /Pdx. It is easy 
to show that P(x) does not vanish for finite x by a simple study of Eq. (7). 

2. The comparison of the preceding equations with classical equations is 
extremely interesting. Eq. (7a) is to be compared with the classical equation 


T+V=E 


in which T is the ordinary kinetic energy. The probability densities (9) be- 
come identical with the classical expressions when the local momentum is re- 


’ With A and P depending on x either of the Eqs. (8) is capable of describing combinations 
of progressive and standing waves. As an example write ae'*+be~'”* in the form A(x)eiS Paz, 
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placed by the ordinary momentum. {Pdx is the wave mechanical action in- 
tegral and Eq. (11) is the analogue of the most fruitful equation of modern 
physics—the Bohr-Sommerfeld quantum condition 


pdx = nh. 


The local momentum P becomes in the limit (in the sense of the correspond- 
ence principle) equal to the classical momentum. 

3. Asan example the local momentum for the two lowest states of the har- 
monic oscillator is plotted (Fig. 1) as a function of x along with curves of the 
classical momentum p(x). The scale of x has been so chosen that the p(x) 
curves which are usually pictured as ellipses are here shown as circles. For all 


Fig. 1. Comparison of local and classical momentum for the first two 
states of the harmonic oscillator. 


states the area corresponding to the shaded area for the lowest state is 7 2. 
This alone will show that P(x) and p(x) must approach one another for high 
quantum states. 

4. The present note is not intended to be complete and further investiga- 
tions are in progress 1s¢ on the fundamental nature of P and 2nd the applica- 
tion of the results of this paper to various quantum theory problems. In con- 
clusion the writer wishes to express his appreciation to Professor G. E. Uhl- 
enbeck who aroused his interest in the problem of the relation between quan- 
tum and classical physics and to Professors J. C. Slater, P. M. Morse and N. 
H. Frank, of the Massachusetts Institute of Technology, and to M. H. John- 
son, Jr., of Harvard University, for their comments and criticism of the manu- 
script of this note. 


Author's Note Added in Proof: Attention should be called to two articles 
which are related to this note namely H. A. Wilson, Phys. Rev. 35, p. 948 
and W. E. Milne, Phys. Rev. 35, p. 863. Neither of these writers, it is ap- 
parent, realized the rich physical content of their equations. 


| 
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VALENCE FORCES IN LITHIUM AND BERYLLIUM 


By J. H. BartLett, Jr. AND W. H. Furry 
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(Received September 2, 1931) 


ABSTRACT 


With the nodeless wave functions of Guillemin and Zener, the method of Heitler 
and London is applied to determine how two normal lithium atoms, and also two nor- 
mal beryllium atoms, influence each other (as a function of the distance). For the di- 
atomic lithium molecule in the ground state, the equilibrium distance is calculated 
to be 2.4A, and the heat of dissociation to be 1.09 volts. The experimental values are 
2.67A (Harvey and Jenkins) and 1.14 volts (Loomis and Nusbaum), respectively. Two 
normal beryllium atoms repel each other. 


AY ACCURATE determination of the heat of dissociation and of the 
equilibrium separation of the nuclei in a diatomic molecule demands, if 
one uses the method of Heitler and London,! that the eigenfunctions of the 
individual atoms be known to a high degree of precision. Guillemin and 
Zener,” and later Zener* have succeeded in finding eigenfunctions for the 
atoms in the second row of the periodic table (starting with lithium), which 
are simple in form and give a quite accurate value for the ionization potential. 
This indicates that the valence electron is represented quite well, and that 
one should expect these eigenfunctions to be suitable for use in calculating 
the molecular constants. 

In the present paper, we have made use of such functions. The first part 
is devoted to a revision of a calculation made by Delbriick,* who used atomic 
functions which gave a value of 3.9 volts for the ionization potential of 
lithium, as against the experimental value of 5.37 volts. In the second part, 
we investigate the interaction of two beryllium atoms, each in the normal 
state at infinite separation. 


I. MOLECULAR CONSTANTs OF LI» 


Since Delbriick* has shown that the K-shells make only a very small 
contribution, we shall neglect them entirely. Accordingly, the lithium prob- 
lem reduces to one which is analogous to that treated by Heitler and London,' 
the only difference being in the form of the atomic wave functions. We shall 
calculate (a) strictly along the lines of Heitler and London, using “nonpolar” 
wave functions, i.e., those which allow only one electron on each atom at 
infinite separation, and (b) according to the modification made by Slater,’ 
which admits wave functions with two electrons on one atom and none on 
the other (corresponding to Li~ and Lit, respectively). 


1 W. Heitler u. F. London, Zeits. f. Physik 44, 455 (1927). 
2 V. Guillemin u. C. Zener, Zeits. f. Physik 61, 199 (1930). 
3 C. Zener, Phys. Rev. 36, 51 (1930). 

4M. Delbriick, Ann. d. Physik 5, 36 (1930). 

5 J.C. Slater, Phys. Rev. 35, 509 (1930). 
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Unless otherwise stated, the notation used throughout this paper will be 
the same as that used by one of the writers previously.® For s electrons, a (1) 
will denote the wave function describing electron 1 on nucleus a. 

We shall use the nodeless functions, namely 


a(1) = etc. 


(a) Calculation with nonpolar wave functions only 
The zeroth approximation functions are: 


X(S*):y = a(1)b(2) + a(2)d(1) 
= a(1)d(2) — a(2)d(1). 


The energies are: 


J+&A 
IS(S*):E = 
i-S 
where 
K= 


= f 


r de 


These energies are relative to the energy at infinite separation. 
Writing 


f [a(1) ]2[6(2) 


f a(1)b(1)a(2)b(2)do 
r= f = [a(1) 
f = 


6 J. H. Bartlett, Jr., Phys. Rev. 37, 507 (1931). 
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we have 


2 
J=—-24+j 
j 


2 
K = >” — + k. 


For the normalization, 27c?/x°=1/48. From the previous paper,‘ 
J = (4/9) (41 + is) + 05/9. 
Making the transformation 
a = (R/2)(X+ 4), b = (R/2)(A — 


and using Neumann’s expansion, 


2 
r 


4 


Ai 
R Xe Ai 


2d) 
The possible values of 7 are 0, 2, and 4. 


= (ex/2)(x/144) { so(44) — (3) [s0(24) + so(42)] + (§)[s0(04) + 50(40)] 
— (2/15) [s0(02) + so(20)] + (4/9)s0(22) + (1/25)s0(00) } 


where® 


S,(m, n) = f f e~*2!2\ 
1 1 


and 
KR. 


Now let 


x Ae 
1 1 Ae 


{n particular, 
vo(m, n) = (3/2)[so(m, n + 2) + so(n, m + 2)] 
— (3)[so(m, m) + m)]. 
Then 
= (a/2)%(«/90) { (1/9)v2(22) — (2/21)v2(20) + (1/49)v2(00) }. 
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For a=5, one finds k‘® =0.1876« and k*® =0.0012«, so that the latter 
contribution is almost negligible. 

We shall omit the further details of the calculation, which is quite easy, 
and give the results. 


TABLE I. Jntegrals and energies. 


a | a=3 4 | 5 6 7 | 8 | 9 | 200 
5 0.7916 | 0.0642 | 0.5316 | 0.4001 | 0.2968 | 0.2081 (0 1405 | 0.0914 
I's 4408 | .4022 | 3564 | .3138 | .2772 | .2403 | .2200 | .1995 
| .4324 | 13835 | .3289 | .2738 | .2221 .1761 | 1368 | 1045 
ix .3367 | .3177 .2909 | .2740 | 22527 .2316 | 22121 .1948 
kik .2856 | .2379 | .1888 | .1432 | .1022 | .0714 | .0477 | .0302 
| (—.0251 |—.0614 |—.0641 |—.0548 |—.0400 |—.0207  —.0173 
| | .203 | .0555 | .0332 | .0194 | 


With a value’ of « = 1.26, the equilibrium distance is found to be 2.44 and the 
heat of dissociation is 1.09 volts. This is to be compared with the experimental 
values of 2.67A and 1.14 volts, respectively.7:> Delbriick obtained values of 
4.6A and 1.4 volts, which indicates that the atomic wave functions did not 
describe the behavior of the valence electron over a sufficient range. This is 
traceable to the fact that he used a wave function with a large radial node, 
while we have used a nodeless function. 


(b) Calculation with polar wave functions included 
When we allow the possibility of two electrons being on one atom, then 
we have four possible resulting states. The wave functions are 


SY y= da(1) + ba(1) + ba(1) 
| da(2) + ba(2) as(2) + 63(2) 
AN a(t) — dot) 

| + ba(2) as(2) — b3(2) 
AY y= da(1) — ba(1) ag(1) + b3(1) 
da(2) — ba(2) ag(2) + b3(2) 

SY = da(1) — ba(1) as(1) — b3(1) 

da(2) — ba(2) ag(2) — bs(2) 


where a and £6 specify the two possible spin orientations. 

The function y; will give an approximation to the normal state, but the 
state represented by y2 can exert a perturbing effect, so that the correct zeroth 
approximation to the wave function of the normal state is a certain linear 
combination of and yo. 

The secular equation is 


Hy,—E 
Hie Hx. — E 


7 A. Harvey and F. A. Jenkins, Phys. Rev. 35, 789 (1930). 
8 F. W. Loomis and R. E. Nusbaum, Phys. Rev. 37, 1712 (1931). 
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where 


’ Ho. = 


v1 f |2dv 


Vit 


1/2 


there being no off-diagonal term containing E as a factor, because the wave 
function is orthogonal to a—b. 
Let us now abbreviate as follows: 


Hy. = 


f [a(1) ]2[a(2) ]2(2/r)do 


f [a(1) }2a(2)b(2)(2/r)dv 


2 € 2 


2 
= — S27 — + 


2L+27+4K + 8)” 
(2 + 251/2)2 
2L+ 23+ 4K — 8)” 
(2 — 251/2)2 


Hy = 2Ey + 


II 22 = 


12 


~ 


It is to be noticed that in addition to the “coulomb” and “exchange” in- 
tegrals we have a new integral typified by J’’. This keeps appearing in the 
subsequent calculations, and is in general of the same order of magnitude as 
the other integrals. , 
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fo e~**[y5(ka)/ka + 


xi 
= («/288){ 24%, — 2414/24 — 1895/25 — — 
= .3633k. 
Ifx = 1.26, i = 6.2 volts. 

This value of 7 is larger than the ionization potential of lithium, which would 
indicate a negative electron affinity. No accurate calculations of the electron 
affinity of lithium have been made. 
Calculation of 


We may calculate j’’ in two different ways, and thus obtain a check. The 
first way is direct, and the second requires the Neumann expansion. Here we 
the first method. 


-f{ (2/r)a(1)6(1) [a(2) 


Setting y=kxa, 


R+a 
b2dbe~*?/2 = 
| 


R—al 


= ( f + {a9 — ary + 
+ ydye-¥ | ys(y) + yTa(y)} {bo + diy + bey?} 


f yd ye¥ + aly) {ao + aay + | 
where 
m=2+at+a?/4 a=h =} 
b =1-—<a/2. 
The calculation gives: 
— = — («/72a) { 2e-#!2(134.01 — 56.531a + 13.3125a2) 
— — 2A5 + Ag) + (a/2)8(As — 444 + 
+ (a/2)5(A 4/2 — + 9A2/2) + (a/2)4(3A3 + 341) 
+ (a/2)3(3A2 + 641) + (a/2)?-6Ai Ja 
+ — 245 + Ag) + (a@/2)9(5A5 — + 343) 
+ (a/2)5(12.544 — 1543 + 4.542) + (@/2)4(1843 — 1542 + 3A1) 
+ (a/2)3(1542 — 641) + (@/2)?-6A1 Joa} 


VALENCE FORCES IN Li AND Be 1621 


where the subscript a after the bracket indicates that the A’s inside have a as 
an argument. 


Taste_ IT. 

a a=3 4 5 6 7 s 9 10 
j'/6 0.3155 | 0.2834 | C.2482 | 0.2124 | 0.1762 | 0.1426 | 0.1132 | 0.0876 
L/« . 1364 -0589 -0505 -0690 .0946 .1207 .1443 .1643 
J''/« .0787 |—.0204 |—.0489 |—.0490 |—.0413 |—.0318 |—.0230 |—.0167 

/k .1098 -0133 |—.0159 |—.0197 |—.0160 |—.0110 |—.0069 | — .0042 
K ‘« .0439 |—.0550 |—.0782 |—.0704 |—.0550 |—.0373 |—.0236 |—.0147 
—2Eo)/x | =.0908 |—.0181 |—.0531 |—.0536 |—.0412 |—.0217 |—.0004 |+.0188 
| «7888 .6392 .5028 .3972 .3229 .2745 . 2331 . 2029 
.0639 .0679 .0708 .0747 .0786 .0832 .0880 .0928 
1S /« -0850 |—.0250 |—.0620 |—.0657 |—.0574 |—.0435 |—.0298 |—.0194 


The 'S state referred to in Table II is the nonpolar one. It is seen that the 
two methods (a) and (b) of calculating the molecular constants lead to prac- 
tically the same results. In what follows, we shall calculate by method (a). 

II. INTERACTION OF Two NorRMAL BERYLLIUM ATOMS 

There is but one possible state for the molecule when the two atoms are 

each in a 'S state, and that is the 'S state. We assume the wave function to be 


= 


where P refers to a permutation of 1, 2, 3, 4 and a, is the order of P. The 


energy is 
f 
= 
where 
4 8 4 4 4 2 
H = 4;+—- (—+=)+ 
R \Qj b; i<j Vij 
Then 


k= 
Summing over P’’, and setting P=P’P’’"!: 


fl | H 
P 


E= 
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Splitting off the unperturbed energy, 


E- 
where 
- 8 4 + 4 4 2 2 2 2 
= H’(13) + W’'(14) + W’(23) + W’(24) 
2 ? 
H'(ij) =—-—-—+— 


b; a; "3; 


The condition of spin orthogonality gives nonvanishing contributions 
from P=1, (13), (24), (13)(24) only. The contributions to numerator and 
denominator of the expression for E— £, are: 


P Numerator Denominator 
1 4J 1 
(13) = (24) 
(13) (24) 4SK S*. 
Then 
+ SK) — 2(K + SJ) 48°77" 
(1 — 
a | a=3 | 4 | | 6 | 7 8 | 10 

1D /« 0.840 | 0.584 | 0.392 | 0.251 | 0.162 0.099 | 0.058 | 0.028 


The 'X state is seen to be a repulsive one. 


DISCUSSION 


The calculations for lithium show that good results may be obtained with 
simple wave functions. The success here justifies, we believe, the use of sim- 
ilar functions in the more complicated problems. 

One would expect that two normal beryllium atoms would behave toward 
each other as do two normal helium atoms. This expectation is given support 
by our calculations, which show that the resulting molecular state is repul- 
sive. 

However, it is not at all obvious that two beryllium atoms, one of which 
is in the normal state, and the other of which is in the first excited state, 
should repel each other. The character of the states resulting from this con- 
figuration will be determined in the concluding installment of this paper, 
which is to follow shortly. 
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(Received August 14, 1931) 


ABSTRACT 


If it is possible to describe the state of an atom by the addition of several vectors, 
and if one assumes the wave function for any state of a configuration to be a linear 
combination of product functions for that configuration, then one can determine the 
coefficients in the linear combination by a simple method. Examples are given. The 
usual interval formula is not applicable for 2p*, where nonsplitting is the case. 


INTRODUCTION 

N A previous paper,' the writer has investigated, for two equivalent 2p 

electrons, the stages between (/s), or Russell-Saunders, coupling and (jj) 
coupling. As a zeroth approximation, the wave functions for the intermediate 
case were assumed to be linear combinations of product functions associated 
with 2p*. The secular equation could be solved rather readily when the func- 
tions used to determined its matrix elements were those linear combinations 
associated with the various terms (such as *P2) of Russell-Saunders coupling. 
Such linear combinations were found by solving an appropriate secular equa- 
tion. The purpose of the present paper is to call attention to an apparently 
little-known method which enables one to write down these linear combina- 
tions directly. 

1. If there exist two independent states y,,,4 and y,,,%, which may be 
represented by vectors A and B with projections m4 and m, respectively, 
then the total system may be written as ¥n4*Wn,%. If the two vectors com- 
bine to form a resultant vector C with projection mc, then this state will have 
the form Pre = Where m4+mp=mc. The coeffi- 
cients Sem mp,*? are known,? at least if we restrict the quantum numbers to 
integral and half-integral values. If y,.,* refer to electrons 1 and 2, and Wn, 
to electron 3, the resulting function will not be antisymmetric with respect to 
interchange of any two electrons, in general, and determinant wave functions 
must be constructed. 

For convenience, the coefficients for B=} and B=1 are listed. 


TaBLe Sémgng 


mp=—} mp=} 

1-1 

24+1 2A+1 
A+mcet+}\'? 

21+1 2A+1 


1 J. H. Bartlett, Jr., Phys. Rev. 34, 1252 (1929). See also Phys. Rev. 35, 229 (1930). 
2 E. Wigner, Gruppentheorie (Vieweg, 1931) S. 206. 
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Taste II. 


Cc mp=—l mp=0 mp= 
242441) A(2A+1) 24(2.1+1) 
2A(1+1) 2.4(.1+1) 
poet +4} t—me \(1—me : 1+ mco+1)(. 1)(.A+-me) 
24+ (2.1+1)(1+1) 2.1+1)(2.142) 


Table II has been given in a different form by Wigner.’ The form above 
seems to be handier and more symmetrical. 

2. A simple example is that of two equivalent p electrons. Let the wave 
function Yn, be denoted by (#4, mz). We shall determine the space 
function by combining the /-vectors, and the spin function by combining the 
s-vectors. The product of these two functions will then be represented by a 
vector Z and a vector S, together with their projections m, and ms. It will 
be a linear combination of individual product functions and need not have 
the required antisymmetry property. If, however, we replace each individual 
product function by the corresponding determinant, the linear combination 
of these determinants will be our required function. In the case of two elec- 
trons, S;=} and S:=3, resulting in wave functions symmetric or antisym- 
metric in the spins. The space factor turns out likewise, and so we do not need 
to introduce determinant functions. This is only a special case, however. 

The space factors for 2p?, m,=0 follows! 


S:(4)"2{(1, — 1) — (0,0) + (- 
D:(8)"/?{ (1, = 1) + 2(0, 0) + (— 1, 1)} 
P:(3)"?{(1, — 1) — (- 1, 1)}. 


Since these are either symmetric or antisymmetric in the two electrons, 
it is only necessary to multiply by the appropriate spin factor to obtain a 
wave function which is antisymmetric. 


For m; = 1, P:(3)"2{ (1, 0) — (0, 1)} 
D:(3)"?{ (1, 0) + (0, 1)}. 

For m, = — 1, P:(3)'/2{(0, — 1) — (— 1, 0)} 
D:(3)"?{(0, — 1) + (— 1, 0)}. 

The spin functions are: 


s = 0 — a(2)8(1)} 


3 E. Wigner, Gruppentheorie, p. 208. 
* These functions agree with those in the previous paper, reference 1. 


MANY-ELECTRON WAVE FUNCTIONS 1625 


m, = 1:a(1)a(2) 
= 1m, = 0:(3)"/{a(1)8(2) + a(2)8(1)} 
m, = — 1:8(1)8(2). 
‘a(1) denotes that function of electron 1 corresponding to m,=}3, and B(1) 
corresponds to m,=—}. 


If now, we wish the functions for *P, 7=0, 1, and 2, then the coefficients 
St tnym, are what are required. For m=0 (and for the other values of m also) 
the form of the wave function is the same as for m,=0 above,' i.e.: 


(1, — 1) — (0,0) + (— 1, 1)}. 


The parentheses refer here to m, and m, however, instead of to m), and mp. 

3. A more complicated example is furnished by the configuration 2)% 
which has for terms ?P, 2D, and 4S. When there are three electrons described 
by vectors /;, Jo, 1; and s;, s2, s; then we may suppose the resultant of /; and /. 
to be] and that of s,; and sz to be §. The total wave function characteristic of a 
state (/, s, m), m,) may be written as 


moms, (Lisi; miyms,/1) 
mims,/2) mrms,/3) 
where P is a permutation of (123) and 7, its order. Thus we may proceed 
from determinant wave functions for two electrons, if it proves to be con- 


venient. If we try to build up the *D5,2, m,=2 from 2p? 'Dz and 2p then the 
functions for 'D are: 


m, = 2 (3)"/2| | 


m=1 | at(1)8"(2)! — | @"(1)8"(2)| }. 
For 2), 
m, = 0 a"(3) 
m, = 1 a'(3) 


(where the superscripts now denote the magnetic quantum number). 

The only possible function for =2 is then (1/6)!? |. 
One does not need to resort to the vector addition method to deduce this re- 
sult. 

For j =3/2, m =3/2 there are three possible states, namely *D, ?P, and 4S. 
The *D may be considered as arising from 2p *P and 29, or else from 2p? 'D 
and 2p. The same wave function is obtained in either case, which seems at 
first surprising because the 'D and *P terms have not the same energy. But 
if we consider that the added electron is equivalent to the other two, the rea- 
son is apparent. If a nonequivalent p electron should be added, then we 
should obtain two 7D terms with different energies. 
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For 2p* some of the wave functions follow: 

2Dim, = 1, ms = 4:(1/12)"/?{ | | — | B°(1)a"(2)a"(3) | | 
3:(1/6){ | | + 2| | 

+ | | } 

2(1/12)"?) | | + | | | 

| | + | | | 

= my = 3/2:(1 (1a"(2)a7"(3) | 

m, =O my = 3:(1/18)"?} | | + | | 
+ | B(1)a"(2)a-1(3) | | 
= (4/5) "2 al(1)3"(2)8°(3) | — (1/10) | 
32, m = | | + | |. 

4. Suppose now, to verify the correctness of the linear combinations, that 
we calculate the energy levels of 2p*, 7 =3,2, for (jj) coupling. This necessi- 
tates finding the matrix elements of (/-s)i+(/-s)2+(/-s)s. Given two deter- 
minantal wave functions m(1) n2(2) n3(3) and my n3'(3) , then 
the matrix elements will not vanish only when not more than one of the n’s 
is different from an n’. If 2) and the matrix element is 
(nz If the matrix element is 12’) 
+(ns 

The matrix elements of (/-s) are? 


m, = 0, ms = 


= 1 mm, = 


m= 


(m,, my| my, mr) = 
(a, B, m, + 1) = (X/2) + 1) — + 
(8, a, my — 1) = (X/2) + 1) — — 1)] 

The secular equation is then: 
(5/4)'2 0 
(5/4)! —e 1 

0 1 —e| 
The roots are €=0 and +3/2, agreeing with what one would expect from ele- 
mentary considerations. When the electrostatic interaction is not negligible, 
then one must solve the cubic equation by applying the well-known formulae. 
It is seen that the diagonal terms in the matrix of (l.s) are zero, which means 
that the *P and *D of 2° do not split up, as is the case! with 2s2)*. This is 
not what one should expect from the formula AE =const. [j(j+1)—/(/+1) 
—s(s+1)], showing that the range of applicability of this formula is limited. 


One can verify the fact that no splitting occurs by a consideration of *D35/2 
and *Pj/2. The displacement must be the same for (/s) coupling as for (jj) 


5 W. Heisenberg u. P. Jordan, Zeits. f. Physik 37, 268 (1926). 
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coupling, where it is zero, a result that one can obtain without using wave 
functions. 


DISCUSSION 


The vectorial method of finding correct linear combinations seems to be 
quite general, but does not, of course, apply when the resulting state cannot 
be represented as a vector which is the sum of several component vectors. 
For instance, the transition from (/s) to (jj) coupling involves a disturbance 
of symmetry so that one cannot find the wave functions for the intermediate 
cases by the above method. But it becomes much easier to find these func- 
tions if one knows the proper functions for (/s) coupling. The problem re- 
duces to that of solving a secular equation for a given j and m, the degree of 
this equation being the only practical limitation, instead of the number of 
electrons. 

Note added Sept. 8, 1931: The correct linear combinations can also be 
found by a method due to N. M. Gray and N. A. Wills (Phys. Rev. 38, 248, 
1931). The present writer believes, however, that the vectorial method, due 
to Wigner, is the simpler. 
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ABSTRACT 


Following the method of Giittinger and Pauli' four angular momentum vectors 
are treated in matrix mechanics. Analytic formulas are obtained for the matrix com- 
ponents of the spin-orbit interaction of two electrons in LS coupling. Since the elec- 
trostatic energy in LS coupling is a diagonal matrix whose elements may be calculated 
by Slater's method, this gives the complete energy matrix. Then for any two electron 
configuration one easily obtains the secular equations whose roots give the energy 
levels in intermediate coupling. In this manner the secular equations are worked out for 

- the configurations p*, p- p, d?, d-d, and d: p. 


INTRODUCTION 


N THE theory of complex spectra the effect of the electrostatic repulsion 
of the electrons on the energy levels of an atom has been reduced in many 
cases to the calculation of a few radial integrals.* By this method it is always 
possible to calculate the multiplet separations for two electron configurations 
with such accuracy as is afforded by a first order perturbation theory. In 
order to obtain more detailed information about the energy levels it is neces- 
sary to include in the perturbation problem the interaction of the spin each 
electron with its own orbital motion. This has been done for two electrons 
when one is in an s state.’ Also partial information (in some simple cases com- 
plete) about the secular equations has been obtained by Goudsmit.* 

It is easy to see why the spin-orbit interaction has not been dealt with by 
Slater’s method. In this method it is not necessary to find the wave function 
for a given state of the atom. For due to the high degree of degeneracy re- 
maining in the problem after the application of the perturbation, it is possible 
to find all the energy levels from the invariance of diagonal sums. When the 
spin-orbit interaction is included, much of this degeneracy is removed so the 
diagonal sum method loses its effectiveness. 

The essential difficulty with Slater’s wave functions is that the square of 
the total angular momentum, J’, which is an integral of the equations of mo- 
tion, is not diagonal when these wave functions are used. Consequently the 
secular determinant when computed with these functions, is not factored ac- 
cording to J values as it should be. The proper linear combination of Slater's 
functions to make J? diagonal may be found by studying the angular momen- 
tum operators.’ With these proper functions as a basis the matrix of the spin- 


1 Giittinger and Pauli, Zeits. f. Physik 67, 743 (1931). This will be referred to as 1. 

2 J.C. Slater, Phys. Rev. 34, 1293 (1929). 

’ Houston, Phys. Rev. 33, 297 (1929). 

4 Goudsmit, Phys. Rev. 35, 1325 (1930). This method has recently been extended by D.R 
Inglis, Phys. Rev. 38, 862 (1931). 

° Gray and Wills, Phys. Rev. 38, 248 (1931). 
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orbit interaction would be factored according to J values. However for the 
general two electron configuration this appears to be a lengthy process. So in 
this paper we attempt to calculate the spin-orbit interaction in LS coupling 
directly from the matrix equations.® 


ELIMINATION OF THE QUANTUM NUMBER JV, 


If L is the total orbital angular momentum, S is the total spin angular 
momentum and J their resultant, then 


J=L+S 
Laht+h (1) 
S=s,+ S82 


where J, and J, are the orbital and s; and s2 are the spin angular momenta of 
electrons 1 and 2 respectively. Then the following commutation relations are 
valid 


[7.,4.] = 0 
[J,4,] = [A.J,] = (2) 
,,B] = 0 


where A is any vector which is a function of the spin and orbital momentum 
vectors and B is any scalar formed from these vectors. In these equations 
angular momentum is measured in units of #/2z7. In particular Eqs. (2) 
hold for h, J, s; and s.. Now we suppose that J? is diagonal with the charac- 
teristic values J(J+J) and J. is a diagonal with the characteristic values ./,, 
|, |<J. Then from reference 1 we find that the solutions of Eqs. (2) are 


(4. + 


JMy J 
= My 


(4,4 = DIG FM + FM + 


JoM J (3) 
= J +1)? 2 


J 
(4. + = + + My 1}? 
J J 
= Aya(J? — 


In particular if A= J, then A} =1 and Aj,,=0. 


CALCULATION OF L AND S 


The calculation of S is exactly the same as in reference 1. We now suppose 
that L? and & are also diagonal with the characteristic values L(1+J/) and 


® We should also note another possible method of obtaining the matrix of the spin-orbit 
interaction by those famous é’s and y's, which may be simple for one experienced in their pe- 
culiarities. H. Weyl, Gruppentheorie und Quantenmechanick Kap. III; H. A. Kramers, Amst. 
Akad. 33, 953 (1930). 
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. S(S+J). This is possible since the matrices L?, S?, J? and J, all commute with 
one another. Then from reference 1 we find for S 


+N +55 +1) - LE +1) 
+ 1) 
4J2(2J — 1)(2J + 1) 


J sunt 
The last equation follows from the Hermitean character of the components 
of S. 


The results for L may be obtained from the above by interchanging Z and 
S. This gives 


y JU+1)4+L(L +1) — S(S +1) 
+ 1) 
4J2(27 — 1)(2J + 1) 


The minus sign before the component nondiagonal in J occurs in extracting a 
square root. The minus sign must be used in order that (L.+S.)i574145 =0 
as is required by the fact that J? commutes with all components of J. Of 
course all components of LZ and S are diagonal in Z and S as all components 


of both L and S commute with Z? and S. 


DEPENDENCE OF J;, 12, s; AND $2 ON THE QUANTUM NUMBER J 


In the following formulas we use / for /; and J. and s for s; and sz when- 
ever the formulas apply for both subscripts. We find the dependence of J on 
J from the equation 

L SJ’ My 
The calculation is exactly the same as the calculation of the coordinate 
matrix in reference 1. Hence we have the result 


LSJ +1) + L(L + 1) — S(S + 1) 


= Irs 1) 
4(J + 1)2(27 + 1)(27 + 3) 
4(J + 1)*(2J + 1)(2J + 3) 


L-1SJ = ary + 1)? 
2 
= lr-is 
4J2(2J — 1)(2F + 1) 
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The remaining terms may be obtained by interchanging the upper and lower 
indices. 
For the dependence of s on J we use the equation 


LS J’ My 
[L. — = 0. 


With J’=J—1 and J’’=J+1 we have 


LSJ-1 LSJ-1_LS’s 
Liss = (7) 


With J’=J, J’’=J+1 and with J’=J, J’’=J—1 we obtain the following 
two equations in exactly the same manner as Eqs. (15’) and (16’) are ob- 
tained in reference 1. 


LsJ LS’J+1, LSJ LSJ 
{J+ 1)Lisy + Siss41 — = 0 (8) 
LsJ LS’J-1, LSJ LSJ 
{JLisy — J — + = 0. (9) 
With S’=S in Eq. (7) we obtain 
LSJ LS_ LSJ 
Siss41 = — SrsLiss4i 


ts 

~ sis( ) (10a) 
4(J + 1)?(2J — 1)(2J + 1) 

From Eq. (8) with S’=S we have 


LSJ _ LSJ LSJ LSJ+1 


sissLissx1 = + Leas — JU + 2)Liss+1 
LsJ tsJ (J + 1) + S(S + 1) — L(L + 1) . 


10b 
LsJ LS UU +1) (10b) 
From Eg. (7) with S’=S—1 we have 
LSJ-1 LS J LS J-1 Ls-1J 
LsJ Sxs—1s41 = Sis—-w Lis-1w+1 


or 
1 Ls J 
4y2(2F — 1)(2J + 1) 
= SLS— 
+ 1)°27 + 1)(2F + 3) 
Ls J ts 
71 = ) (10c) 
4(J + 1)°(2J + 1)(2J + 3) 
From Eq. (8) with S’=S—1 we have 


stats Ligases = + — U + 
= — 
+ 1)? 
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Finally from Eq. (9) with S’=S—1 we obtain 


(L+S+J)(J-L+S- (10e) 
4J?(2F — 1)(2J + 1) 


Ls 
S$zs—1s—1 = 


The remaining components may be obtained by interchanging the upper and 
lower indices. Formulas (10a) to (10e) can, except for sign, be obtained from 
Eqs. (6) by interchanging Z and S. 


DETERMINATION OF ETC. 


If we suppose that L’, S*, L. and S, are diagonal, then L, J, and J; will be 
related to each other in the same manner as J, L and S in the above calcula- 
tion. S, s;, and s2 will also be related in this manner. Then we can obtain the 
components of J, and /; and of s; and s2 in this representation by a substitu- 
tion of the appropriate quantum numbers in Eqs. (4) and (5). Now suppose 
we make a unitary transformation to a representation in which J?, L*, S? and 
J, are diagonal. Such a transformation leaves L?, S*? and J, invariant and so 
can only have components between states of the same L, S and Jy, values. 
Between two sets of L, S and MJ, values, the matrix components of J and s 
will have a constant factor 173 and s/.. This factor which is determined by 
the substitution of the appropriate quantum numbers in Eqs. (4) and (5), 
will not depend on J and will remain after the transformation. The ether fac- 
tor will depend on J and is just the factor we have determined above. Hence 
we have 


wi —h(24+ 1 


2L(L + 1) 
L(L + 1) + + 1) — + 1) 
2L(L + 1) (11) 
L 8 LoS 
41°(2L — 1)(2L + 1) 
rs = S(S +1) + si(s, + 1) — 52(s2 + 1) 
= 
= 25(S + 1) 
S(S + 1) + so(s2 + 1) — + 1) 
25(S + 1) 
Ls Ls 
Sizs-1 = = 
452(2S — 1)(28 + 1) 


Remembering that in our case s; = 52=}3, the formulas for s; and sz reduce to 


LS *LS 


Sits = Sets = } 
1LS-1 2Ls-1 = 3 
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SUMMARY OF FORMULAS 


\LSIMy LSS _\LSIMy , LSJ 
ily) = (S2 + 


= {J + F My 
LSJMy LSJ L SJMy, LSJ 
My/SL'S'S = My 
My LSJ Mp , 888 
= (S2 + i8y) 


=+ {JU F My +2)}' 


My LSJ LSJ My, LSJ 
= = {J +1)? - My?} 12 
Mz LSJ My LSJ 

= (s, + isy) 


=F {V+ + 
LSJ Mzy,LSJI LSJ My,LSJ 
= = (J? — 


LSJ 


L 
* -( 


+ 1)2(2J + 1)(2J + 3) ) 
J(J +1) —S(S +1) + L(L +1) 
(J + 1) 
LsJ (S +54+J+1)(L+S+1 


— 1)(2J + 1) 
4(J + 1)2(27 + 1)(2J + 3) 


L SJ 
= -( 
L 


LSJ ,L 


(‘ 
+ 1)? 


L sJoL Ss 
= 


472(2J — 1)(2J + 1) 
4(J + 1)?(2J + 1)(2J + 3) 


L ss Ss 


L SJ.L 
= 


+ 1)? 
4J2(2J — 1)(2J + 1) 


LS 
Siss+i/Sis = 
+ 1)2(2J + 1)(2J + 3) 
J(J +1) —L(L+ 1) + S(S + 1) 
iss/SLS 


1/2 
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Siss—1/SLs = 
4J?(2J — 1)(2J + 1) 


ey 
LS—1J+1/SLS-1 40 + + + 3) 
ie 


= + 1)? 
= 

4J?(2J — 1)(2J + 1) 
YLS+1J+1/ SLS41 4 + 1)2(27 + 1)(2J + 3) 


wg 
LS+1lJ-1 LS+1 4J2(2J 1)(2J 1) 
LS _ +1) +40 +1) — + 1) Ls _ L(L+1) +12(l2+1) 
2L(L + 1) = + 1) 
Ls L Ss 
lit-is = 
— 1)(2L + 1) 
Ls 
4(L + 1)2Q2L + 1)(2L + 3) 
= } 
1LS-1 2LS—1 2 (2S — 1)(25 + 1) 


1LS+1 2LS+1 (2S + 1)(2S + 3) 


THE MATRIX OF THE SPIN-ORBIT INTERACTION 
We wish to obtain the matrix of a;(J,;-s:) +a@2(J2-s2). From Eqs. (2) we 
know that this expression commutes with J? and J,. It will therefore be di- 
agonal with respect to the quantum numbers J and M,. By matrix multi- 
plication we have 
DG. — + hdres 
pee 


My I'S | LSJ My 
+302 + ily) — My + My 


L’S J+1 LSJ L'SJ 
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+JQI 
Substitution from our previous formulas into the above equation yields the 
following result for the matrix components of the spin-orbit interaction. 
(1-s) 
L L-18 
= { } 
(1-8) 
= { (L+S—J)(J 41) } 
(1-8) 
L-18 


= {J "2 


LS JM 
(I-s) 


= 


LSJMy 


=}(Iis)(sis) {JJ+1)-L(L+1) —S(S+1)} 


Ls JM 
(1-s) 


= 


L S JMy 
(1-8) 
L+1S 


L SJMg 
(1-s) 


{ 


L s 
(1-s) L+1S+1JMy 


These formulas apply for both electrons. In conjunction with the expressions 
given above for 1/3 and s/$ they completely determine the matrix of the 
spin-orbit interaction. 


THE CONFIGURATION p? 

In this case /;=/,=1 and a; =a2.=a. The multiplets are 'D, *P and 'S. The 
energy matrix calculated from the above formulas is given below. It is suffi- 
cient to give separate matrices for each J value as there are no components 
between states of different J value. 

'Ds 5P» 
| 
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3P, 
jut sp, [| —a/2 
3P, 1S, 
3P —a 1/2 
0 ( 
1s, | —(2)'a 0 


From Slater’s paper we find for the electrostatic energies in terms of his 


radial integrals 
'D: F° + 1/25F? 


F° — 5/25F? 
1S; F° + 10/25F*. 
We now measure energies from the *P; level. Then adding the electrostatic 


energies to the diagonal terms and setting the determinant of the energy 
matrix equal to zero, we obtain the following secular equations. 


J=2 WW? — W(3/2a + 6/25F*) + 6/25F*a = 0 
=1 W=0 
J=0 — W(15/25F?) — 9/4a? — 15/50F*a = 0. 
These equations determine the energy levels in intermediate coupling in 


terms of the coupling parameters a and F*. They have been previously ob- 
tained and discussed by Goudsmit.’ 


THE CONFIGURATION 


In this case also /; =]. but now a; a2. The multiplets are singlet and trip- 
let D, P and S. From our formulas, the energy matrix is 


3Ds 
J=3 | + a2) 
D2 | Harta) — as) — a) 
J=2 'Dz | — 3(3/2)"(a, — az) 0 + ae) 
— ag) (2)"/?(a, + az) + a2) 
3D, 3P, IP, 
0 + ae) 0 


7 Reference 4. To agree with Goudsmit’s results we must set a/2 =A and 3/25 F' =X in the 
above equations. 

* In the secular equations the parameters never appear in the denominators of fractions. 
An expression such as 6/25 F? must always be taken to mean (6/25) F*. 
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| So 
— as) 0 


For the electrostatic energies referred to the *D multiplet we find by Slater’s 


method’ 
3p: 0 


1D: 2/25G? = a 

3P:  — 6/25F? + 2G” — 4/25G? = 
iP: — 6/25F? + 6/25G? = y 

8S: 9/25F? — 9/25G? = — 3/2y 

1S: 9/25F? + + 11/25G? = 8. 


Measuring the energy levels from the *D; we obtain the following secular 
equations 


J=3W=0 

J=2 3/2(a, + a2)} — — + a2)(4a + 58) 
+ — 3/4(a, + a2)aB + 3a,a2(a + 28) = 0 

J=1 Wt — dy + + - + 
+ + a2)(— 98 + Sy) + 9/4(ai? + a2? + 3a,a2)} 
— 3/287? + + a2)(78 + 24y) + 3/32(a1 + a2)2(128 — 7) 
— 3/32(a; — a3)y — 27/8aya2(ai1 + a2)} + 15/8(a1 + a2)By? — 5/8(2a5 
+ 293 + 5a,a2)y? =0 

J=0 — 3/2(a, + a2)} + 85 — 3(a1 + a2)(B + 25) + = 0. 


THE CONFIGURATION d? 


In this case /,; =/,=2 and a; =a2.=a. The multiplets are 'G, *F, 'D, *P and 
1S. From our formulas the magnetic energy matrix is 


G, 
1G, 0 a 
J=4 
Fs a 3/2a 
¥, [ 
1D, 3P, 
— 2a — 2(3/5)!/?a 0 
J=2 | — 2(3/5)'/%a 0 (21/10)'/%a 
0 (21/10)!/2a 3a 


8 E. U. Condon and G. H. Shortley, Phys. Rev. 37, 1025 (1931). 
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3P, 
= 1 | 4a 
—a — (6)!/2a. 
J=0 
IS, | — 0 


By Slater’s method’ we find for the electrostatic energies referred-to the *F 
multiplet 

1G: 12/49F? + 10/441F4 = 

0 

ID: 5/49F* + 45/441F4 = B 

15/49F? — 75/441F4 = y 

1S: 22/49F? + 135/441F4 = 6. 


Measuring energies from the *F; level, we find the following secular equations. 


J=4 W2- Wat 5/2a) + 2aa = 0 

J=3 -W=0 

J=2 y) — — + 2y) — 25/402} — 3/2aBy 
— 3/20a2(108 + 21y) = 0 

J=1-W+y7=0 

J=0 W2- +8) + v6 + 3a(y — 8) — 25/40? = 0. 


THE CONFIGURATION d-d 


In this case },=/,=2 but a:4%a2. The multiplets are singlet and triplet 
S, P, D, F and G. From our formulas the magnetic energy matrix is 
J=5 G lata 


5G, 1G, 5Fy 
— 3(5)"*(a, — a2) — aa) 
J=4 | — — a) 0 3(a, + a2) 
— a2) 2(a1 + a2) (ai + az) 
3G; IF; 3D; 
°Gs — 5/4(a, + a2) 4(3/7)"?(a, a2) — 3/2(1/7)"(ai + a2) 0 
*Fs 3(3/7)"*(a, — a2) — + a2) — 2(1/7)/2(a, — a2) 
Ws | —3/2(1/7)"*(a,+a2) — — a2) 0 (3/7)"/*(a, + a2) 
*Ds 0 3(a:+a2) 
— (a + a2) — — + a2) 0 
(2/5)"*(a, — az) — i(a + a2) — — a2) (7/5) "(ay — a2) 
1D, — (3/5)"*(a, + a2) — — ae) 0 3(21/10)"*(a,+-a2) 
0 — a2) 3(21/10)"/*(a, + a2) + a2) 
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3D, 
3D, — + a2) 4(7)"2(a, — a2) — + a2) 0 
— a2) — 4(a; + az) — 3(2)"*(a; — a2) a, — a 
— + a2) 3(2)"/?(a, — ae) 0 3(2)"/2(a, + a2) 
0 a; — a2 3(2)'/*(a, + ae) 0 
3Po 
tut — + a2) — + a2) 
So | — + a2) 0 


Now we could proceed as before, that is add the electrostatic energies to 
the diagonal terms of the above matrix and then expand the determinant of 
the matrix in order to obtain the secular equations. But in this case the ex- 
panded fourth order equations are so complicated that it seems preferable to 
leave them in the form of fourth order determinants, as the determinants are 
probably easier than the expanded form to handle numerically. For this rea- 
son we do not give the expanded form for the secular equations. 


THE CONFIGURATION d-p 


In this case we have ];= 2 and /,=1. The multiplets are singlet and triplet 
P, D and F. From our formulas the magnetic energy matrix is 


IFS 8Ds 
| — 1/6(2a, + a2) — — a2) — 
J=3 | — (3)"?(2a, — az) 0 (1/6)'/*(a, + a2) 
8Ds | 3(2)"*(a;— a2) (1/6) + a) 1/6(5a; + a2) 
3F, 3D» 1D» 
— + az) 4(7/5)"(a, — a2) — 0 
3D, 4(7/5)"*(a, — a2) — 1/12(5a, + a2) a2) — a2) 
‘Dz | az) 0 3(2/5)"/*(a + a2) 
0 2(3/5)"*(ai— a2) + a2) i(3a; — a2) 
sD, 
— + a2) — a2) — 3 (6)"*(a; + a2) 
J=1 *P i(3)"/*(a, — az) — }(3a, — az) — 4(2)"*(3a, + a2) 
Py | — + a2) — + a2) 0 


J=0 sp, | — 3(3a; — a2) 


For the same reason as the previous case we do not give the expanded form of 
the secular equations. 


MANY ELECTRON CONFIGURATIONS 


Our formulas for four vectors may be applied to give the secular equations 
relating the levels arising from a common parent term. We take /, and s; for 
the orbital and spin momentum of the ion and J, and s2 for the orbital and 
spin momentum of the added electron. Then the formulas for the matrix of 
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the spin-orbit interaction apply directly when we remember that s; is no 
longer restricted to the value 1/2. We must use Eqs. (11) for ace. . 

We consider first the addition of an s electron to a *P multiplet, a case al- 
ready treated by Goudsmit.‘ The multiplets are *P and *P. Remembering 
that ,=1=L, s,=1, and s:=1/2 we have from Eqs. (11) 


LS 


his =1 
ica = 0 
uw S(S + 1) + 5/4 (2/3 for 4P 
Sits = —_ = 
sie 25(S + 1) for 2P 


LS — $*)(S? —} 
™ 
— 1) 


Our formulas for the matrix of the spin-orbit interaction give 


*Ps)2 
J =5/2 *Psjo | ay 
| 3/2 *P 
J = 3/2 | 
aja | — 3(5)'?ay 341 
*Pijs 
| — — $a 


Let a be the electrostatic energy of the ?P multiplet referred to the ‘P. Then 
measuring energies from the ‘P;,2 level we obtain the following secular equa- 
tions 


J= 5/2 -W=0 
J=3/2 W? — (a — 24,)W — $/3aa, = 0 
J=}3 W? — (@ — 5a,)W — 8/3aa, + 6a,? = 


As another example we consider the addition of a p electron to a 'P mul- 
tiplet. The multiplets are 2S, ?P and 2D. From Eqs. (11), remembering that 
L= a 5,=0, $2=1/2=S, we have 


0. 
= 0 
Ls 
= 1 
lis =} 
9 — 
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Then we find for the matrix of the spin-orbit interaction 


*Ds/2 
*Ds/2 *P 3/2 
442 
| 


Let a be the electrostatic energy of the ?P multiplet referred to the 2D and 
B be the electrostatic energy of the *S referred to the °D. Measuring energies 
from the *D;,2 level we obtain the following secular equations. 


J=5/2 -W=0 
J = 3/2 W? — (a — 2a2)W + 5/8a2(az — 2a) = 0 
J=} W? — (a+ — 3/2a2)W + — }a2(a + 28) + = 0 


THE ADJUSTMENT OF THE PARAMETERS 


In the secular equations that we have given the coefficients are functiors 
of the radial integrals F*, G* and a; and a2. Until these integrals can be calcu- 
lated they must be treated as parameters which may be adjusted to fit the 
experimental data. In simple cases this may be accomplished easily by using 
the sums of energies for each J value. These sums are always linear in the 
parameters so that if we set the various sums equal to their experimental 
values, we obtain a linear set of equations for the parameters. In more com- 
plicated cases we will not obtain enough equations to determine the parame- 
ters in this way and more laborious calculations will have to be made. How- 
ever these calculations will be useful for other quantities besides the energy 
levels may be found in terms of the same parameters. Thus in the following 
paper the g values for intermediate coupling are calculated in terms of these 
parameters and in a later paper the writer will treat the question of intensi- 
ties in intermediate coupling. 

In conclusion the writer wishes to thank Professor Pauli for suggesting 
the method of treating this problem. 
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ZEEMAN EFFECT IN INTERMEDIATE COUPLING 


By D. R. INGLIs AND M. H. JouNson, Jr. 
UNIVERSITY OF MICHIGAN AND HARVARD UNIVERSITY 


(Received September 4, 1931) 


ABSTRACT 


A method is given for calculating g-values in intermediate coupling when the ma- 
trix of internal energy of the atom (spin-orbit plus electrostatic interaction) is known 
in LS coupling. The transformation from the states of LS coupling to the states of 
intermediate coupling, in which the internal energy matrix is diagonal, is then readily 
determined in terms of the parameters expressing the relative magnitudes of the inter- 
actions. The coupling parameters are ascertained from the measured energy levels. The 
transformation so determined is applied to the matrix of the energy due to an external 
magnetic field, as known for LS coupling. The diagonal terms of the transformed ma- 
trix contain the g-values of the states of the atom in intermediate coupling. Applica- 
tion of the method is made to the configurations p?, p* and d?. Agreement with the 
available experimental g-values is satisfactory, being as good as the agreement of 
energy levels to be had from a first order calculation. 


HE “anomalous” Zeeman effect for two-electron configurations with one 

s-electron has been treated by Houston.' Goudsmit* has extended the 
treatment to another special type of configuration, p? and p*. The energy 
level problem for general two-electron configurations has been treated in the 
preceding paper in a manner which makes possible an easy method for cal- 
culating g-values in intermediate coupling. The method applies to any atom 
of which the matrix of the perturbing energy of the electrons is known in LS 
coupling. 

Zeeman effect (as distinguished from Paschen-Back effect) is concerned 
with an external magnetic field sufficiently weak that the magnitude of the 
total angular momentum is a constant of the motion. Then the components 
of the energy matrix between states of different values of J may be neglected. 
In LS coupling L?, S? and J, are diagonal matrices (being constants of the 
motion), and they commute with L, and S,. Thus the energy due to the ex- 
ternal field, (L.+2S.)H, has matrix elements only between states with the 
same quantum numbers L, S and M,. As we neglect the elements between 
states of different J value, this Zeeman energy is a diagonal matrix in LS 
coupling. From Egs. (3), (4) and (5) of the preceding paper, we have the 
familiar result 


LSJMJ LSJ LSJ 


A(L, + = HMs(Liss + 


(J +1)+S(S4+1)-LIL+1 
= HM, (1) 


= HMygiss 
giving the Landé g-values in LS coupling. 


1 W. V. Houston, Phys. Rev. 33, 297 (1929). 
*S. Goudsmit, Phys. Rev. 35, 1325 (1930). 
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If we know the matrix of the internal energy of the atom in LS coupling, 
we can find the transformation, R, which carries it to diagonal form. R will 
have no components between states of different J and My, as the internal 
energy commutes with J? and J,. Hence it is sufficient to consider together 
states with the same J and M,. 

The matrix of the energy due to the external field is diagonal in LS cou- 
pling, and has the elements HMyg,, where g; is the g-value of a state speci- 
fied by the quantum numbers L;S;J;. This matrix may be transformed to 
intermediate coupling: 


= HMyRgR". 


We treat the energy due to the external field as a perturbation of the atom 
in intermediate coupling, expanding in powers of the perturbation parameter 
II. The first order corrections to the energies are the diagonal elements of 
the perturbing energy matrix. The g-values are defined by the coefficients 
of the first power of JJ in.the energies,* so they are the diagonal terms 


ge’ = = R*(kI). (2) 


APPLICATIONS 


The configuration p*. Here the levels with J=0 are not split up by the 
field and the level with J =1, *P,, has g=3/2 for all couplings. For the levels 
with J =2 the matrix of the g-values in LS coupling is 


ID, 
1D,| 1 0 
0 3/2 


Using the energy matrix from the preceding paper (with *P; as reference 
level), we find for the transformation matrix, 


212(e, — 1) 
R(k2) = 


[2(ex pad 1)? + 


In these equations €, = W;/a, where W;, is the energy of a state in interme- 
diate coupling (a solution of the secular equation for J =2 in the preceding 
paper) and a is the parameter of spin-orbit interaction. We find for the g- 
values in intermediate coupling‘ 


3 The g-values are thus independent of the nondiagonal elements of the transformed ma- 
trix, and therefore small elements of the matrix that are nondiagonal with respect to J? in LS 
coupling do not affect the g-values. 

* With Goudsmit’s method,? which applies especially to this case, we obtain the formula 

5 1/ 1-X / a 


—€) 
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2(e, — 1)? + 3/2 


— 1)? +1 


This formula has been applied in calculating the values listed in Table I. The 
parameters have been determined simply from their relations to the energy 


Tabce I. Energies and g-values of the configuration p*. 


Sn J 5p? Pb I 6p? 
J=0 2 2 1 0 J=0 2 2 0 
v obs. 15471 6921 1736 0 —1692 | 21639 13639 2831 0 —7817 
x obs. 7.39 3.31 0.83 0 —0.81 | 2.96 1.87 0.39 0 —1.07 
ex calc. 7.34. 3.35 0.78 0 —0.76 | 2.97 1.85 0.41 0 —1.08 
g (LS) 1.00 1.50 1.50 1.00 1.50 1.50 
gx’ calc. 1.042 1.458 1.50 1.205 1.295 1.50 
gx’ obs.* 1.050 1.420 1.501 1.230 1.209 1.501 


* E. Back, Zeits. f. Physik 43, 309 (1927). The g-values for Sn I observed by Green and 
Loring (Phys. Rev. 30, 574, 1927) agree with Back’s, except that they have 1.46 instead of 
1.42u, in better agreement with the theoretical value and with the g-sum rule. 


sums. The energy values calculated from these parameters are also listed, and 
are seen to agree with the observed levels as well as is to be expected from a 
first order calculation. 

The configuration p*. For this case the multiplets are 7D, *P, and *S. The 
g-values for *D5/2 and *P;,/2 are independent of the coupling. For the levels 
with J =3/2 the equation for the energies has been given by one of us® as 


Ws + — W(9a?/4 + 6X?) — 15NXa?/4 = 0. 


The energies of the states in LS coupling are known, and contain no term in 
the first power of a. This and the selection rule that AL=0,+1 and AS=0, 
+1 for the matrix components of the spin-orbit interaction limit the energy 
matrix to the form 

* 


O 0 
*P3j2| a, 2X ae 
O a@g —3X 
with 7D; /2 taken as reference level. This yields the secular equation 
Ws + W2X — Wa? + a? + 6X?) — 3Xa,? = 0. 


(his equation 13). Application of this formula also gives the results of Table I. It differs from 
ours in form, since his method is a solution of a secular equation directly for energies, and in- 
volves no transformation coefficients. It is equivalent to solving the equation 


gH — — g'H e12 


=0 
21 —e—g'H 


where the terms without H vanish, ¢ being a solution for zero field. When we go to determinants 
of higher order, the coefficient of H involves nondiagonal elements. A direct solution of the 
determinant becomes increasingly unwieldy, and Goudsmit’s method fails with too few rela- 
tions to determine the coefficients. 

5D. R. Inglis, Phys. Rev. 38, 377 (1931). 
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Comparison with the above determines® 
= 5a?/4 
as? = a? 
For the transformation matrix we find 


€k 
R(k2) = (ex + 3X/a)R(K3) 
1 


[1 + (5/4ex + 1)(ex + 


R(k3) = 


In LS coupling 
*Dsj2 * P32 
4/5 O O 
g=?P32.| 0 4/3 O 
0 0 2 


Hence for the g-values in intermediate coupling we have 
en? + (4.2/3 + 1)(e, + 3X/a) 
+ + + 3X/a) 


The comparison with experimental data’ is indicated in Table IT. 


TaBie IT. Energies and g-values of Bi I, 6p*. 


J=1} } 23 13 1} 
v obs. 17728 6223 0 —4018 — 15437 
ex obs. 1.81 0.637 0 —0.41 —1.58 
ex cale.5 1.73 0.637 0 —0.44 —1.62 
g (LS) 4/3 2/3 6/5 4/5 2 
gx’ cale. 1.25 1.25 1.66 
gx’ obs. (1.26) 1.225 1.65* 


* A tentative value kindly communicated to us by R. F. Bacher. The other measured value 
is taken from his dissertation (Michigan, 1930). The value in parentheses is known only from 
the measurements of the others through the sum rule. 


The configuration d*. In this case the levels with J=4 and with J=2 are 
of interest. For the levels with J =4, we find the following transformation 
matrix when the energy matrix of the preceding paper is used and *F; is 
taken as reference level: 


6 A similar determination is possible in other very simple cases where we know the secular 
equation from consideration of extreme couplings. In these few cases we are not dependent upon 
the preceding paper, or the method of Gray and Wills, for the energy matrix. 

7 The only further measurements of “anomalous” g-values for interesting configurations of 
which we are aware are for Ne I, 2953p. Here the magnetic parameters may be estimated from 
the doublet separations of Ne II and Na I, but we have found no satisfactory fit for the energies, 
so no g-values could be calculated. 
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€, — 2 1 
[ (ex — 2)?+ (42) [ (ex — 2)?+ 1]'/2 
In LS coupling we have 
pling GF, 
G;| 1 0 
5/4 


Then, in intermediate coupling, 
(e, — 2)? + 5/4 


For the levels with J = 2 the transformation coefficients are 

R(K2) = | 12 + 21 

S(ex + 3/2)? 10(e, — y/a — 1)? 
R(k3) = Sin J R(k2) 
— y/a—1 
where y = (15/49) F°— (75/441) F*. From the matrix 
1D. 3P, 


2/3 0 0 
g='D.| 0 O 
0 3/2 
we get the g-values in intermediate coupling, 
, 132 + + 3/2)*} — v/a — 1)? + 63( + 3/2)? 
{48 + 20(ex + 3/2)2} (ex — — 1)? + + 3/2)? 


CONCLUSION 


8k 


The agreement of calculated Zeeman effect with experiment, judged by 
percentage discrepancy, is usually® considerably better than the agreement 
of observed and calculated energy levels, after adjustment of the radial-in- 
tegral parameters. In judging calculations of g-values, however, one must 
bear in mind that they vary between quite narrow limits while the parame- 
ters of energy vary all the way from the parameters of LS to those of (jj) 
coupling. A fairer criterion of agreement of an intermediate-coupling g-value 
is then the relative error in the deviation from the extreme-coupling g-value. 
One cannot expect greater accuracy in the calculation of g-values than in the 


8 See also reference 1; Laporte and Inglis, Phys. Rev. 35, 1337 (1930); J. Bakker, Natur- 
wiss., 18, 1100 (1930). 
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calculation of energy separations in a first-order treatment of this sort. A 
disagreement of energy levels with theoretical values causes a maladjustment 
of parameters, which makes an error in the g-value calculated in terms of the 
parameters. In addition, there are errors due to second-order contributions of 
the states of other configurations to the g-values directly. In Tables I and II, 
the agreement of the g-values with experiment is entirely satisfactory. 

Application of the method has here been made to only a few of the sim- 
plest cases.* Calculation of g-values of other two-electron configurations should 
be of interest with extension of the experimental data. For more than two 
electrons, the calculations are also possible, but are limited by the difficulty 
in determining the energy matrix for configurations in which the same multi- 
plet appears more than once. 


* Footnote added in proof, October 14: Calculations for p? by the method of Goudsmit, cor- 
responding to and agreeing with Table I, are given by Green and Loring (Phys. Rev. in print). 
In the preparation of Table II, the magnetic data for Sb I (H. Léwenthal, Zeits. f. Physik 
57, 828 (1929); Green and Loring, Phys. Rev. 31, 707 (1928) were overlooked. They agree 
satisfactorily with the theory: 


J 1) 23 1} 1} 
ex obs. | 1.86 0 —0.38 —2.79 
cale. 2.51 1.86 0 —0.46 | —3.02 
gy cale. 1.267 2/3 65 0.908 | 1.955 
gx obs. 1.280 0.668 1.205 0.898 | 1.967 
For this configuration, a =3520, Y =3270. For As I, 4°, which is near (LS) coupling, the pre- 


dicted g-values are 1.319, 2 3, 6 5, 0.825, and 1.988. 

It has been remarked (Green and Loring, Phys. Rev. in print; L. A. Young, W. V. Hous- 
ton, in conversation) that much of the disagreement between theoretical and experimental 
energy levels may be due to our neglect in the Hamiltonian of those terms corresponding to 
coupling of the spin of one electron to the orbit of the other, and to spin-spin interaction, which 
assume importance in the triplets of He and Li*. These neglected terms become relatively 
small linearly with increasing effective nuclear charge. They are thus expected to be smaller 
for the configurations p’s and d*s than for ps, ds, p*p, etc. It has been apparent (reference 8) 
that the agreement is indeed more satisfactory in the former cases, provided there be no over- 
lapping of configurations. 


TABLE II, A. g-values of Sb I, 5p’. 
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ABSORPTION SPECTRA OF SALTS IN LIQUID AMMONIA 


By R. W. Woop 
Jouns Horkins UNIVERSITY 
(Received September 21, 1931) 


ABSTRACT 


A preliminary investigation of the modifications in appearance and position of 
absorption bands of colored metallic salts and organic compounds dissolved in 
anhydrous liquid ammonia. 


HE absorption spectra of solutions of metallic salts, having narrow ab- 
sorption bands, in anhydrous liquid ammonia have not been studied so 
far as I have been able to discover. 

The bands are modified in a very striking manner, due chiefly, I believe, 
to the nature of the solvent rather than to its low temperature, which is only 
— 38 degrees, scarcely low enough to account for the observed changes. 

The first experiments were made with solutions of salts of the rare earths, 
not all of which were soluble, however. The most striking results were ob- 


Ammonia nitrate 23° absorption 
0.8 mm neodymium 


Absorption same crystal—180° 


Solution in liquid NH; 


Solid residue from NH; solution 


Solution in water 


Fig. 1. The absorption band in the yellow. 


tained with neodymium ammonium nitrate, the rather broad double bands 
in the yellow, shown by water solutions, breaking up in five rather narrow 
and completely separated bands. The ammonia was drawn from an inverted 
iron tank directly into a Dewar flask, the operation being performed in the 
open air, of course. The liquid can then be handled in the same way as liquid 
air. Incidentally, it may be mentioned that the liquid forms a convenient 
constant low temperature bath. 

The solutions were contained in a small cylindrical Dewar flask of fused 
quartz placed in front of the slit of the spectrograph, at such a distance as to 
focus the source on the slit. 
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The absorption band in the yellow is shown in its various modifications 
in Fig. 1, reproduced as a negative, i.e., the dark absorption bands are shown 
white. The upper spectrum is that of a crystal of the double salt, 0.8 mm in 
thickness at room temperature. The next below that of the same crystal at 
— 180 degrees, the crystal in this case being mounted just above the surface 
of liquid air, which was boiling quietly in the Dewar flask. Here we find ex- 


tremely narrow absorption lines. Below this is the absorption of a solution of 
the salt in liquid ammonia, a group of five rather narrow bands well separated 
but much expanded. 

On evaporation the ammonia solution deposits a glassy crust on the floor 
of the Dewar flask, this substance being insoluble both in ammonia and in 
water. This seems to be a somewhat unique case, a solid residue by evapora- 


Fig. 3. 


tion, which is insoluble in the solvent. I have not yet tried evaporation in 
vacuo or in a hydrogen atmosphere, which I suppose is the next logical pro- 
ceeding to see whether a chemical change has resulted from contact with the 
air. The absorption spectrum of this solid residue is shown below that of the 
ammonia solution. 

Below this is given the spectrum of a water solution, the band being very 
broad and shifted towards the red. All five spectra are in exact coincidence. 
Potassium permanganate dissolves readily in ammonia giving a purple solu- 


= == 
Fig. 2. 
2810 
2860 — 
2925 | 
2990 — 
3050 — 
3133— 
3195 — 
3200—- 
3340 
| | 
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tion similar in color to the water solution. The absorption bands in the green 
are, however, much less diffuse, and the contrast between the bright and dark 
regions of the spectrum is much greater than in the case of an aqueous solu- 
tion. The upper spectrum of Fig. 2 is that of the ammonia solution, the lower 
that of a solution in water, the iron spectrum dividing the two for compari 
son. 

A previously unrecorded set of bands was found in the ultraviolet, but 
they appear only with a very dilute solution, showing a bare trace of purple 
color by transmitted light. These bands are shown in Fig. 3, with their wave- 
lengths indicated. Continuous absorption is given for this region in all refer- 
ences that have come to my knowledge. I have observed a very faint trace of 
them in photographs made of a dilute water solution, though I doubt if I 
should have noticed them, if their presence had not been indicated by the 
ammonia solution. Both photographs are reproduced as positives, the absorp- 
tion bands being dark. The wave-lengths of the ultraviolet bands were de- 
termined from the very narrow spectrum of the cadmium spark superposed 
on the absorption spectrum. 

Many aniline dyes, and other fluorescent and nonfluorescent compounds 
are soluble in liquid ammonia, the absorption bands being modified in an 
analogous manner, and it appears probable that useful filters for suppressing 
certain spectrum regions may result from a further investigation of these 
solutions. The work is to be continued. 
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THE APPEARANCES OF THE FORBIDDEN LINES AND 
THE INTENSITY MODIFICATIONS OF THE SPEC- 
TRA OF MERCURY, CADMIUM AND ZINC 
UNDER HIGH FREQUENCY EXCITATION 


By J. OkuBo anp E, MatuyaMa 
Tounvuku IMPERIAL UNIVERSITY 


(Received July 27, 1931) 


ABSTRACT 


With an oscillator of frequency 3 X10’ cycles per sec. the intensity modifications 
of the spectra of mercury, cadmium and zinc were studied. The singlet series and the 
intercombination lines which begin on the singlet levels were strengthened as has been 
observed by previous investigators in the case of mercury and the results were ex- 
tended to the case of cadmium and zinc. Further, the intensity relations of the forbid- 
den line 1S—2), of mercury were studied under this condition of excitation and also 
1S—2p,,3 of cadmium were observed. The relations between the lines and the bands 
are discussed. Some consideration is also given to the conditions of excitation from the 
intensity modifications of lines. 


N RECENT years, many experimenters have drawn attention to the 

luminous phenomena produced in gases at very low pressures by a high 
frequency electrical oscillation with comparatively low potentials. Many 
efforts have been made to investigate the exciting and the ionizing processes 
of gases under these circumstances. However many unsolved questions 
still remain. The results of the spectroscopic observations of mercury show 
that the intensities of the lines show remarkable differences compared with 
those in the arc. The results generally may be summarized as follows; all the 
singlet series and the lines which begin on the singlet levels are strengthened 
while the triplet series and the lines which begin on the triplet levels are 
weakened or remain unaltered. Obviously, under these circumstances, the 
atoms or molecules are excited or ionized under conditions noticeably dif- 
ferent from those in the usual arcs, or in Geissler tubes and it is very desirable 
to study this more fully and to extend the spectroscopic observations to 
other gases and vapors. 

The present paper is a report of some experimental work in this field 
extending it to the vapors of cadmium and zinc as well. It also describes the 
appearance of forbidden lines in addition to the intensity modifications of the 
series lines that were observed. 

The arrangement of the apparatus used, as is shown in Fig. 1, is quite sim- 
ilar to that used by S. Tolansky!' in his investigation of mercury. The dis- 
charge tube was made of transparent fused silica 15 cm long with a 2 cm 
bore around which were wrapped two thin strips of tin, 2 cm wide, that 
served as electrodes which connected it with a secondary circuit coupled with 


1S. Tolansky, Proc. Phys. Soc. A42, 556 (1930). 
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Lecher wires of a 10 meter oscillator arranged after the manner of E. W. Gill 
and R.H. Donaldson. The discharge is brightest for a given length of the 
secondary circuit, and the light from this tube was observed always in an end- 
on view. The plate voltages applied to the valve were from 300 up to 600 volts 
while the plate current was about 20 m.a. The vapors were evaporated from 
the metals placed in the middle of the tube, which was coaxially heated by a 
cylindrical electric resistance furnace 30 cm long and 9 cm in diameter. 


EXPERIMENTAL RESULTS 


1. Mercury. Since the first observation of J. R. Clark,? and M. Ponte* 
many investigations of the intensity modifications of the spectra in mercury 
have been carried out. Recently S. Tolansky,' using an electrodeless discharge 
and extending the region of observations from A7000A to A2400A, obtained 
the general results on the intensity modifications already referred to. He also 
examined the fine structures of lines A45461A and A4916A. 


L 


Fig. 1. The high frequency oscillator circuit for exciting the vapors. 


In the present experiment, the spectra were photographed in the region 
from A7000A to A2000A. The observations of Tolansky on the strengthening 
and the weakening of the singlet and the triplet lines are confirmed and in 
addition it was observed that the forbidden line 1S—2), is emitted in this 
discharge and also that the inteasities of some unclassified lines are markedly 
reduced with rise of temperature. 

The forbidden line 1S—2p, is observed weakly in the spectra emitted 
from the vapor at room temperature. Heating the tube caused the discharge 
to become brighter and the line 1S—2; was much more strengthened than 
the neighboring diffuse triplet lines 22 — 12d and 2p2— 13d as is shown in Figs. 
2a and 2b which are reproductions of the photometric curves of spectra 
emitted from the vapor at 70°C and at the room temperature respectively. 
From the figure, it is also observable that the vapor at 70°C is able to emit 
only lines classified in the sharp and the diffuse triplet series with remarkable 
regularities of intensities while there are found, at room temperature, some 
spark lines \A2224A, 2260A, and 2262A in addition to the triplet lines with an 
irregular distribution of intensities. It is very interesting that a change of tem- 


2 J. R. Clark, Nature 120, 727 (1927). 
* M. Ponte, Nature 121, 243 (1928). 
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perature of some fifty degrees has such a considerable influence on the inten- 


sities of the lines. 
T. Takamine* has already, in the case of the so-called branched arc, in- 


vestigated the dependence of the intensities of the forbidden line 1.5 —2),, and 


NN - 2 
b 
Sap, 
i! 
2p-3S Hg Cd 
| 2P-4Dq— 


qT 
me 


Zn 

Fig. 2. (a) The photometric curve of the forbidden line S-2/; and its neighbouring lines 
of mercury at 70°C. (b) The same, at room temperature (at about 20°C). (c) The spectra of 
mercury, the photometric curve of which has shown in (a). (d) The appearances of the for- 
bidden lines of cadmium (2); was missed in the reproducing process). (e) The spectra*of cad- 
mium showing the development of higher members of the singlet series under the high frequency 
excitation. (f) The spectra in the same region in a vacuum are with a hot cathode. (g) The 
spectra of zinc showing the developments of higher members of the singlet series under the high 
frequency excitation, (h) The spectra in the same region in a vacuum are with a hot cathode. 


the neighboring classified and unclassified lines on the current density. He 
found that, except in observations at the part near the main arc, the forbidden 
line is strengthened very rapidly at first and, after attaining a maximum, 
decreases again slowly with increase of the current density. All other neigh- 


* T. Takamine, Zeits. f. Physik 37, 72 (1926). 
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boring lines gradually are enhanced with the current density. With this ob- 
servation on the branched are in mind, the enhancement of the forbidden line 
in the case given in Fig. 2a may be accounted for as being due to the increase 
of the current density with rise of temperature. However, as the vapors are, 
in both cases, under quite different conditions of excitation, the spectra 
emitted are not similar and therefore it will be adequate to seek for other rea- 
sons that the forbidden lines in this experimental condition are much more 
strengthened than other neighboring lines. Probably the main causes are the 
increase in number of low speed electrons and in the frequency of collisions 
between atoms and electrons resulting from the increase of pressure. 

It is very interesting to observe that the band at 2345A is lacking in the 
spectra in the high frequency excitations, in spite of the fact that it is strongly 
emitted in the branched and the distilled arcs. T. Takamine® has already found 
that the band enhances hand in hand with the forbidden line and has sug- 
gested that the conditions favorable to exciting the forbidden line are also 
the conditions favorable to forming the molecules emitting the band at 
2345A. However, in the high frequency excitation, it was found that the for- 
bidden line was observable independent of the band and it seems that there 
are, at least in this case of excitation, no intimate connections between the 
line and the band. On the contrary the band at 2482A seems to have some 
relation with the forbidden line, as only this band has appeared strongly in 
the vapor at about 70°C at which the line enhances, while it disappeared 
at room temperature. 

This band has been explained by Condon as the nuclear diffraction band, 
and suggested that it is emitted by the Hg, molecules excited in the initial 
state from which the molecule separates into the normal and the metastable 
p; atoms. The above mentioned relations between the band and the forbidden 
line seem to favor his suggestion regarding the initial level of the band. 


2. Cadmium. The vapor was evaporated from Kahlbaum cadmium placed 
in the tube which was heated coaxially with a cylindrical electric furnace. 
The pressure of the vapor was estimated as about 0.05 mm Hg. 

Careful examination of the spectra obtained showed that the singlet 
series especially the singlet diffuse series, are strengthened and were observed 
with moderate exposures up to the line 1P — 12D. 

In consequence of the fact that atoms excited in D-levels are strongly 
concentrated, the intercombination lines which begin on D-levels are also 
strengthened and 7 members in the p-D combination are easily observed. 
The p-S combination lines are also strengthened as are the P-D combinations. 
Similar to the observations of Tolansky in mercury, the intercombination 
lines beginning on the triplet levels undergo generally slight intensity modi- 
fications. 

It is worthy of notice that four intense lines of pp’ combinations in the 
are are lacking in this case of excitation. As the lines, according to the classi- 
fication of R. A. Sawyer,' begin on the triplet levels, the intensity reductions 


4R. A. Sawyer, Jour. Opt. Soc. Amer, 13, 431 (1926). 
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will be due to the decreasing of the number of atoms excited to the initial 
levels. 

The forbidden lines 1S-2P, and 15-2); were clearly observed as in the 
case of mercury and they are reproduced in Fig. 2d. 


3. Zinc. Similar observations were made on the vapor of zinc. Just as in 
the case of the former two metals, the singlet series, especially the singlet 
sharp series lines enhanced while triplet lines remained unaltered. Ten mem- 
bers of the singlet sharp series and 4 members of the singlet diffuse series were 
observed. The intercombination lines were not so well excited as in the case 
of cadmium and the resonance line was markedly strengthened. 

It is also to be regretted that the forbidden lines were not found in this 
case. 

Under the conditions involved in high frequency discharges, the vapors 
are excited at very low pressures with comparatively low voltages and it is 
to be expected that the spectra of comparatively high potentials will be 
emitted because of the increase of mean free path of electrons. The excitation 
functions of spectral lines has been studied by R. Seeliger and his coworkers 
and recently more carefully and quantitatively by W. Hanle.’:* He has 
shown that, in the cases of helium, neon and mercury, the maximum of the 
excitation functions of triplet lines are sharp while those of singlet lines are 
flat and lie about thirty or more volts higher than the former. Considering 
that the electrons having velocities corresponding to about twenty volts pre- 
dominate in this discharge and that the excitation functions of the lines are 
determinable with the initial levels, the strengthening of the singlet lines and 
of the intercombination lines beginning on the singlet levels and the reduc- 
tions of the triplet lines and the intercombination lines which begin on the 
triplet levels are well accounted for. 

In the branched arcs, the forbidden lines vanish when the current density 
through the tube is increased to the point at which the p-d lines show sensible 
broadening. Since the vapors in this experimental condition are at very low 
pressures and the current density is small, the interatomic field will certainly 
be very weak and this will also be one of the favorable conditions for the 
appearance of the forbidden lines. It is also true that a slight rise of tempera- 
ture in the case of mercury brings the vapor to a more favorable condition as 
the result of the increase in pressure and in the numbers of electrons. 

The assumption that the atoms are, in the high frequency discharge, more 
uniformly excited with electrons having higher velocities than in the case of 
arcs, accounts for the intensity modifications of spectra in this discharge. In 
the cases of mercury and helium we have many detailed studies by many 
authors on the excitation function and the influence of pressure on the spec- 
tral intensity. From this point of view further photometric studies of the 
spectra of mercury and helium under this excitation condition will be very 
interesting. The experiment is now in progress and will be reported on another 
occasion. 


5 W. Hanle, Zeits. f. Physik 56, 94 (1929). 
® W. Hanle, Phys. Zeits. 30, 902 (1929). 
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ABSTRACT 


An expression is derived for the current 7 between two electrodes, one of which 
emits (with uniform current density Jo) electrons with an initial volt velocity, Vo, 
when the electrodes are placed in a gas at such a pressure that the electrons suffer only 
elastic collisions. If V is the voltage between the electrodes, \ the mean free path of an 


electron, the current is given by 
t = (167/3)Ip\Co 
where C is the electrostatic capacitance between the electrodes and 
= (V/Vo)in(t + V/V). 
If the emitted electrons have a Maxwellian velocity distribution, this equation is 
applicable with slightly modified values of ¢, Vo now being replaced by 7/11600 
volts. 


N SOME recent investigations! it was observed that the electron current 

from a negatively charged electron-emitting electrode in neon at 1 mm 
pressure did not reach a saturation value, but continued to increase with 
increasing applied potential, although the currents were so small that space 
charge effects could be neglected. The conditions of the experiment were 
such that the electrons, which were probably emitted with a uniform initial 
velocity, suffered elastic collisions with gas atoms, and the mean free path was 
so short that the energy gained from the field between collisions was small 
compared to the initial velocity of electrons. It was thought that under these 
conditions, electrons leaving the electrode would, as a result of the elastic 
collisions, diffuse back to the cathode. The following paper contains the der- 
ivation of an expression for the current from an electron-emitting electrode 
as a function of voltage under these conditions. 

The motion of slow electrons moving in a gas under the influence of an 
electric field has been considered theoretically by Hertz? for conditions similar 
to those stated above except that the electrons were assumed to have zero 
initial velocity. In these investigations he obtained the following expression 
for the drift velocity of an electron 


(1) 


where v is the velocity of an electron along its path; v, the drift velocity of an 
electron in direction of the field; y = (e/m)(dV/dx) is the acceleration of an 
electron in the direction of the electric field; and d is the electronic mean free 


1 See a recent letter to the editor. I. Langmuir and C. G. Found, Phys. Rev. 36, 604 (1930). 
? Hertz, Zeits. f. Physik 32, 278 (1925). 
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path. In this equation the 2nd term in the right member represents the effect 
of diffusion, the diffusion coefficient D being 


D = 


If the electron velocities were everywhere uniform throughout the gas as 
has often previously been assumed in considering the mobility of electrons, 
the effect of the field would be to cause a drift with velocity v,=yA/v. 

The 1st term in the right member of Eq. (1), however, is only 1/3 as great 
as this expression for the mobility. This is due to the fact that in Hertz’s deri- 
vation the electrons were assumed to make only elastic collisions with gas 
- molecules and thus their velocities increase as they move into regions of more 
positive potential. There is thus a thermal effusion effect by which the elec- 
trons tend to move back against the field. The result is that the net drift is 
only 1/3 as great as if no increase of electron velocity occurred. 

Assuming that the electrons start from the electrode (0) with a uniform 
velocity corresponding to Vo volts, and that they suffer only elastic collisions 
with gas atoms, their velocity at any point is given by 


(3)mo* = (V + (2) 


where V is the potential at the point relative to that of the emitting elec- 
trode. 
Differentiating, we obtain 


dn y dn 
(3) 
dx dv 
Combining Eqs. (1) and (3), the drift velocity is 
1 dn 
n dv 


It is not, in general, necessary that the maximum concentration gradient 
should lie in a direction coinciding with that of the maximum potential gra- 
dient. For the sake of simplicity, however, let us consider those cases in which 
at each point these two directions do coincide. The equipotential surfaces are 
then also surfaces of equal concentration n, and n is thus a single-valued func- 
tion of V. We shall also restrict ourselves to cases in which the currents are so 
small that space charge effects are negligible, i.e., the potential distribution is 
given by integration of Laplace’s equation. 

Consider now a tube of force of small cross-section reaching from the 
emitting electrode (0) to a second electrode (1) which is at potential V;. Let 
A be the cross-sectional area of the tube at any distance s measured along the 
tube and let L be the number of lines of force ({E,dA) contained in the tube. 


e dV 
vdy = — —dx = ydx 
m dx 
and the concentration gradient is thus 
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Then 
dV/ds = L/A. (5) 


The acceleration is then 


(6) 


e L 
¥ 
A 


m 
The drift current 7, along the tube of force is 

is = (7) 
Therefore, combining Eqs. (6) and (7) 


V's iym 


(8) 


Substituting in Eq. (4) we obtain 
(9) 


Assuming that the free path \ is the same throughout the length of the 
tube of force, then since 7, is also constant Eq. (9) may be integrated giving 


n = ——I1n (<) (10) 
v 


where c is a constant of integration. 

To determine the integration constant we can insert the boundary condi- 
tion that the concentration at the electrode 1 (anode) is zero. 

Putting =0 for v =v, we find c=7, and Eq. (10) becomes 


v 
n in( ‘). (11) 
v 


At any point in the gas the random current density’ is 
T. = (})nev. (12) 


Inserting the value of m from Eq. (11) and expressing v in terms of V in 
accord with Eq. (2) we obtain 


is(V + Vo) + 


V+ Vo 


(13) 
4 Ly 


In Eq. (9),24 andZ are constant along the tube of force. We have, however, 
postulated that the equipotential surfaces lying between the two electrodes 
are identical with the surfaces of equal concentration and therefore m, v and 
dn/dv are constant over any equipotential surface. We see then by Eq. (9) 
that the ratio 74/L, which is constant along any tube, must also have the 


3 See I. Langmuir and K. T. Compton, Rev. Mod. Phys. 3, 221 (1931). 
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same value for all tubes in the field and thus must be equal to 7/L, where 7 is 
the total current between the electrodes and L, is the total number of lines 
of force passing between the electrodes. 

If all the lines of force which emanate from one electrode pass to the other, 
i.e., if the algebraic sum of the charges of the two electrodes is zero, then 


L, = (14) 


where C is the electrostatic capacitance between the electrodes in cm. 
Replacing i, and L in Eq. (13) by i and L, we thus obtain the result 


3 i WV+V VitV 
lo V + Vo 


Let us denote by J, the random current density at the surface of the ca- 
thode as calculated from this equation, by placing V =0. In order that the 
presence of the electrode shall be compatible with the conditions that we have 
assumed in the neighboring gas it is clearly necessary that the electrode should 
emit electrons (of uniform velocity corresponding to Vp volts) with a uni- 
form current density Io which thus corresponds to the saturation current den- 
sity. The electrons must also be emitted in random directions, i.e., according 
to Lambert’s cosine law. 

If we have an emitting electrode which fulfils these conditions, we may 
thus calculate the current 7 that passes to the anode: 


167 
i= (16) 


where the function ¢ is defined by 


Vi/Vo 


17 
(“= ~) 
In | — 
Vo 


Values of ¢ for various values of V/V» are given in Table I. 


TABLE I. Currents produced by electrons emitted with uniform velocity. 
@ ts defined by Eqs. (16) and (17). 


Vi/Vo Vi/Vo Vi/Vo 
—1.0 0 0.1 1.049 3 2.165 
—0.99 0.206 0.2 1.097 4 2.480 
—0.9 0.390 0.3 1.140 5 2.79 
—0.8 0.496 0.4 1.189 6 3.08 
—0.6 0.655 0.6 1.276 8 3.64 
—0.4 0.784 0.8 1.360 10 4.16 
—0.2 0.895 1.0 1.445 15 5.42 
—0.1 0.949 1.5 1.637 20 6.58 
0 1.000 2.0 1.820 30 8.75 


As the anode voltage is raised the current increases in proportion to ¢. 
Since the electrons are emitted with velocities corresponding to Vo volts, the 


1660 IRVING LANGMUIR 


anode current falls to zero only when a retarding voltage of Vo volts is ap- 
plied. With accelerating voltages the current increases slowly but continu- 
ously. 

If both electrodes emit electrons with velocity Vo and if the potential of 

one with respect to the other lies between — Vp and + Vo, the current must 
flow both ways so that the net current is to be obtained by applying Eq. (16) 
for each electrode in turn and taking the difference of these two currents (or 
algebraic sum). When the voltage lies outside of the range — Vp to + Vo, one 
or the other of the currents becomes zero so that a single application of Eq. 
(16) suffices. 
_ It should be kept in mind that Eq. (16) is strictly applicable only at such 
high pressures that the electron free path is small compared to the distance 
between the electrodes. Otherwise the boundary conditions which we have 
used, such as n = 0 at the anode, are not valid. 

- We have seen that it was necessary for us to assume that J» is uniform 
over the cathode surface. If this condition is not fulfilled the surfaces of equal 
concentration no longer coincide with the equipotential surfaces and the prob- 
lem of the current flow is then far more complicated than for the case we have 
treated. 

It is also clear for the same reason that the foregoing method is not appli- 
able when there are ‘wo anodes at different potentials. This difficulty is ap- 
parent when we consider that according to our procedure m must be placed 
equal to zero at each of these surfaces, although they are at different poten- 
tials. This violates our postulate that # is a single valued function of V. Two 
anodes at the same potential may, of course, be regarded as a single anode 
and Eqs. (16) and (17) are then applicable. 

Practical applications of Eq. (16) will usually be made with electrodes of 
simple shapes. Substituting the well-known expressions for the capacitance 
in Eq. (16) we obtain: 

For parallel planes, the net current per unit area flowing between the elec- 
trodes is 


I, = (18) 


The current that flows is thus inversely proportional to the pressure and 
at high pressures may be very small compared to the saturation electron emis- 
sion Jo. 

For coaxial cylinders the net current per unit length is 


ip = In (11/70). (19) 


Here J, is the current density of the electron emission corresponding to 
saturation from the emitting electrode regardless of whether this is the outer or 
the inner cylinder. The radii of the cylinders are 7; and 7. 

For concentric spheres the total current is 


i = — (20) 
‘ See p. 198 of reference 3. 
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It should be noted that if the saturation current density Ig from the inner 
and the outer cylindrical (or spherical) electrodes are equal, the actual cur- 
rents remain unchanged if the relative polarity of the electrodes is reversed, al- 
though the total saturation currents, if they could be obtained, would be pro- 
portional to the areas of the emitting electrodes. This conclusion can readily 
be tested by experiment. 

The source of the electrons from the emitting electrode may be one of 
many kinds, for example, photoelectric or thermionic. A case of particular in- 
terest in connection with a study of the un-ionized (or weakly ionized) re- 
gions beyond the end of a neon arc’ is the liberation of high velocity electrons 
(ca. 10 volts) from the surfaces of electrodes by the action of metastable atoms 
which diffuse to these electrodes. The metastable atoms are generated 
throughout the gas by the action of ultraviolet light (broadened resonance 
lines) from the arc, at a rate proportional to the inverse cube of the distance 
from the end of the arc. Let us calculate the relative current densities J of 
emitted electrons from the inner and outer cylinders under these conditions. 

If the electrodes are at a considerable distance from the end of the arc 
and the radiation passes parallel to the axis, then within the space between 
two cylindrical electrodes of short lengths we may assume a uniform rate of 
production of metastable atoms. The diffusion of these to the two electrodes 
is a problem essentially similar to that’ of the potential distribution between 
cylinders if the space contains a uniform space charge p. 

Imposing the boundary conditions V =0 at the surface of both cylinders, 
we find that the potential gradient at any point of radius 7 is 


= = Tp 2r| (21) 


a r In (r2/r;) 


where 72 and 7 are the radii of the outer and inner cylinders respectively. By 
substituting first r=r, and then r=72 we find the potential gradients at the 
surfaces of the two electrodes. The ratio of these two gradients is equal to the 
ratio of the corresponding rates of arrival of metastable atoms per unit area 
and therefore should be proportional to the ratio J,/J, of the saturation cur- 
rent densities (J)) of the emitted electrons from the two electrodes. In this 
way we find 


ro [r2? — — 2r,? In (r2/rx) 


TI, ry [r2? — — In (r2/r1) J 


(22) 


For example, if 72/7; = 10 this gives J;/Jz= — 2.62 (the negative sign merely 
indicates that the currents flow in opposite directions). 
The corresponding equation for concentric spheres is 
__ ra(re + (23) 
ri(ri + 2re) 
which gives J,/Jz= —5.72 when r2/r; = 10. 


5 See p. 213 of reference 3. 
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Thus we see that the current density J) at the inner electrode is greater 
than at the outer electrode if the electrons owe their origin to metastable 
atoms produced uniformly throughout the gas. It therefore follows from Eq. 
(19) that the net current will be greater (2.62 fold for r2/r7;=10) when the 
small inner cylindrical electrode is cathode than when the larger electrode is 
cathode, although if the currents were saturated the current in the former 
case would be smaller instead of larger (0.26 instead of 2.6 fold). 

We have thus far assumed that all the electrons are emitted with the same 
velocity Vo volts. Although this may be roughly true for electrons emitted 
under the influence of metastable atoms, it will certainly not be a satisfac- 
tory approximation for thermal emission of electrons. By summation of the 
currents from each velocity group, we may calculate the net current produced 
by a Maxwellian velocity distribution. 

The total number of electrons per unit volume which have speeds (irre- 
spective of direction) lying between c and c+dc is given by® 


exp (— me?/2kT)crde. 
Because of the relation expressed by Eq. (12) it follows that the contri- 


bution of these electrons to the random current density crossing any given 
plane is 


dI = ren(m/2rkT)*? exp (— (24) 


Applying this to the surface of an electrode which emits electrons with a 
Maxwellian velocity ditribution corresponding to temperature 7’ and current 
density J), and integrating from c=0 toc = we find 


Io = ne(kT/2axm)'? 


Eliminating ” between Eqs. (24) and (25) we obtain 
dl = 
where 
no = mc?/2kT = Voe/kT = 11600V0/T 
if Vo is the emission velocity in volts. 
To calculate the net current between the two electrodes, we may insert the 


value of dJ in place of J, in Eq. (16) and integrate from no =0 to ny =~. 
In this integration the value of ¢ is obtained from Eq. (17) by placing 


Vi/Vo 


which by Eq. (27) is equivalent to 
= Vie/kT = 11600V ,/T (28) 


if V; is in volts. 


° This is obtained from Eq. (71) of Compton and Langmuir’s article, Rev. Mod. Phys. 
2, 205 (1930), by replacing h by 1/2kT. 
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In this way we find 
i = 


where 


f 
= if 
In(l+/x) 


f ifn <0 


The reason that the lower limit of integration must be changed when 7 
is negative is that electrons whose initial velocities give yn» < —7n cannot reach 
the collector. 


(30) 


TaBLe II. Currents produced by electrons emitted with Maxwellian velocities at temperature T; 
op ts defined by Eqs. (29) and (30); n is given by Eg. (28). 


3 


or 


2.358 
2.908 
3.421 
3.913 
5.895 
8.170 
11.892 


The values of » given in Table II have been calculated from Eqs. (30) 
by Simpson’s rule or by series expansion. They are believed to be accurate 
within one or two units in the last figure. Comparison with Table I shows that 
for values of » and Vi/Vo which are equal, the values of @7 and ¢ are very 
nearly equal when 7 is greater than about —0.6. By Eq. (28) we see that 
this means that, except for large negative voltages, no great error is made if 
the thermally emitted electrons are considered to have a uniform energy 
corresponding to 7°/11600 volts. 

Experiments which will probably be described in a paper by C. G. Found 
and the writer have given results which are explicable in terms of the theories 
here presented. The writer is much indebted to Mr. Found for assistance in 
the preparation of this paper. 


(29) 
or 
or 
n or or n 
—4 0.042 - 0.892 4 
—3 0.100 1.000 6 
—2 0.236 | 1.034 8 
—-1 0.516 1.217 10 
—0.8 0.600 1.408 20 
—0.6 0.688 1.748 30 
—0.4 0.787 2.051 50 
| 
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ABSTRACT 


Review of the theory in relationship to ionized helium:—From the results of pre- 
vious workers it is shown that the theoretical values for the average life of energy 
levels of ionized helium are 1/16th as long as the life-time of the same levels of hydro- 
gen. A table of average lives for ionized helium is given which shows that the average 
life becomes progressively greater for higher quantum states. 

Experimental method for measuring the average life :—Electrons in helium at low 
pressure were confined into a narrow beam by a longitudinal magnetic field. A trans- 
verse electric field drew out the ions,formed in the beam. The light was projected on 
the slit of a spectrograph with the direction of motion of the ions parallel to the slit. 
Formulas giving the intensity of the displaced spark line as a function of its distance 
from the center of the electron beam have been derived previously. The average life 
can be obtained from the measurements of the amount of the displacements of the re- 
gion of maximum intensity of the spark line from the center of the beam. 

Experimental results and comparison with the theory:——(1) A comparison of 
displacements for the first four lines of the “4686” series of He* show that the average 
life becomes progressively greater for the higher quantum states in agreement with the 
theory. (2) Results obtained for the line 2733A 6-3 give an average life of 1.1+0.2 
X 10-8 sec. for the sixth quantum state in good agreement with 1.17 X 10-5 sec. the 
theoretical value for the mean average life of this level. (3) As the voltage of the elec- 
trons in the beam was increased the measured average life became greater which 
showed the presence of transitions into the sixth state from the higher quantum 
levels. (4) An alternative method for interpretating the experimental results is given 
which does not assume a free interchange among the sublevels. The theoretical in- 
tensity distribution of each of the five fine structure lines which make up the unre- 
solved line 2733A is calculated. It is found that the resultant intensity distribution is 
almost exactly the same as the intensity distribution calculated for the case of free in- 
terchange or in other words for the case of a single exponential decay law. The ex- 
perimental intensity curve agrees with the theoretical curve. 

Discrepancies existing among authors for values of the matrix amplitude squared 
for hydrogen :—On comparing the values for the matrix amplitudes squared for hy- 
drogen obtained by different authors, it is found that the values obtained by Slack 
and Kupper are in disagreement for the following transitions: 5,42, 6,42, 59-4, 
6041, 65-754, 60-51, 63-254, 62-43. These discrepancies do not greatly affect the 
theoretical value for the mean average life of the sixth quantum state, or the alter- 
native method for interpretating the experimental results. 

Effect of electron spin:—It is proved that the electron spin corrections do not 
alter the theoretical interpretation of the experimental results, because it is shown that 
the average life of the , /, 7, m state is independent of j, and m, and equal to the 
average life in the nonspin theory of the n, /, m state, independent of m, and also that 
the mean average life is independent of spin. 


NE of the important quantities which can be calculated from the quan- 
tum theory is the average rate of radiation of energy produced by transi- 
tions occurring in atoms. Theoretical considerations give directly the prob- 
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ability of transition and consequently the average lifetime in the initial 
states. It becomes possible, therefore, to test the theory by comparison with 
experiments which give numerical results for the average lives of excited 
states. The present work deals with the measurement of the average life for 
ionized helium. It is possible to obtain a direct comparison between the 
absolute values of the average life as obtained from the experiment and from 
the theory. 


Part I. THe THEORY 


Since the experimental method used for determining the average life is 
limited to those emitters which are ions, it is advisable to deal with ionized 
helium which is the simplest type of ion and one which can be treated theo- 
retically in the same manner as hydrogen. 

The average life of an excited state is equal numerically to the reciprocal 
of the sum of the transition probabilities corresponding to all of the possible 

‘transitions which can take place from the level concerned. Expressed analyt- 
ically, the average life T (n,/1, m) of the state , 1, m is given by 


1 


n’ 


T(n, = 


n’ 


where Aj, is the probability of a transition from state n, 1, m to state 
n’,l’,m’. This summation is extended over all of the lower states. We see from 


this equation that in order to obtain a numerical value for the average life a 
knowledge of the numerical values of all the transition probabilities is essen- 
tial. Schrédinger! quotes a formula for the total intensities of the lines in the 
Lyman and Balmer series given to him by Pauli, and capable of giving the 
transition probabilities. Sugiura? has calculated the transition probabilities 
for a number of the lines of the Paschen, Balmer and Lyman series lines of 
hydrogen. In a later paper® he also considered the more general case of the 
transition probability between two states in a field with a central charge Ze. 
Slack,‘ using a formula obtained by Sommerfeld and Unsiéld, has prepared a 
table of transition probabilities for a large number of transitions for hydrogen. 
Kupper, also, has calculated the values for the matrix amplitudes squared 
for many transitions in hydrogen. 

It is well known that from the classical theory the average energy radi- 
ated per unit time is given by 


1 Schridinger, Ann. d. Physik 80, 437 (1926) for the formula of W. Pauli. 

2 Sugiura, Jour. d. Physique 8, 113 (1927). 

§ Sugiura, Scientific Papers of the Institute of Physical and Chemical Research (Tokyo) 
. 193, June 25, 1929. 

4 Slack, Phys. Rev. 31, 527 (1928). 

5 Kupper, Ann. d. Physik 86, 511 (1928). 


| 
| 
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where the electrical moment P of the classical vibration is written in the ex- 
ponential form P = P,e***’'*+ P_,e-***’*, Utilizing this expression directly in 
the quantum theory, we have the following for the value of the transition 
probability,® 


= (1) 


n’,l’,m’ 


where Jj,),j., is the vector matrix amplitude given by 


<tn,l,m 


n’,l',m’ n’,l’,m’ 
24+ | [2+ | 


with the matrix elements (x, y, z)"'/;”” expressed in terms of the normalized 
wave functions Wr .m’ in the following form: 


| n,l,m 


~ Xn 


n,l,m 


Since we are not interested in each matrix element component for differ- 


ent magnetic quantum numbers m the expression "Dom | Bd fs is 
evaluated. From (1) we obtain 


m m’ 3cth 


Sugiura defines the quantity A”, as the mean probability of a transition 
by the following formula; 


n’.U’,m’ 
n,l,m 
An: = (2) 
where g;=2/+1 is the number of magnetic levels or the statistical weight 
of the /th level. This equation can be thought of as defining the transition 
probability which determines the rate at which energy is radiated from the 
magnetic levels of the initial states. It is the reciprocal of this expression 
which gives the average life, and also the quantity which when multiplied 
by g, will give the total rate at which energy is radiated from all the mag- 
netic levels and consequently give the intensity of the spectrum line. From 
the summation rule for the Zeeman components we see that Aj}, nl is also 
equal to >.™’A™.” independent of m. 
From Eqs. (1) and (2) we have the final expression for the transition 
probability A?’ as defined above, 


(3) 
Anu = 
3c*hg, 


6 See for instance, Sugiura, reference 2. 
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Sugiura has evaluated this quantity by obtaining the following expression 


for the matrix amplitude squared for the case of a central charge Ze and for 
a transition from state ton’, Ll’ 


> Dis.” | 


an Qn’ 2(1+2) 
Cra )? 
(. 5) + =) 


where is the coefficient of in the expansion of 


(4) 


n—n n—n 
n+un un+n 


and /"’ is the greater value of / and 1’, ay =h?/427?me?. Therefore we see from 
this equation that the matrix amplitude squared is inversely proportional 
to Z* for any given transition. Taking into account that v* is directly pro- 
portional to Z® we see from Eq. (3) that A”) is directly proportional to Z4.7 
Thus, in the case of ionized helium the values of the transition probabilities 
are 16 times greater than the values for the same transitions in hydrogen. 
This means that the average life of the levels in ionized helium will be 1/16th 
as long as the average life-time of the same levels in hydrogen. Consequently, 
for the purpose of calculating the average life for ionized helium we can use 
directly numerical values for the transition probabilities for hydrogen. 


The mean average life. 


The substates corresponding to different / values for a given value of n 
have for the relativistic case, energies which differ from each other only by a 
very small amount, so that it is impractical to separate the different fine 
structure lines in the measurements of the average life. 

Sugiura has calculated a mean average life T(n) =1/9°,’A " which can be 
used for comparison with experiments provided that there exists free inter- 
change or statistical equilibrium among the various sublevels of the mth 
state. A” is the average rate of transition from the state n to n’ and is given 


by 


n’ 


A, = 


7See also Sommerfeld, Atombau and Spektrallinen (Wellenmechanischer Erginzungs- 
fand) p. 96. 


m’ 
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and is called by Slack the total probability of line emission from 1 to n’. 
The intensity of the unresolved line will diminish exponentially* with the 
time, and the decay time 7 (7) will be given by 


Ds t 
(S) 


* Although it is perhaps obvious that the unresolved line will diminish exponentially with 
the time on account of averaging the rates of transitions, however it can be shown analytically 
to be true in the following manner: 

Let 1n,1(t) be the number of electrons in the n, /, state. We shall assume that 


Mn v(t) (A) 


where as before g; =2/+1 (the number of magnetic levels) and f,(¢) a factor of proportionality 
which is independent of J. Therefore, N,(t) the total number of electrons in the mth state is 
given by 


N,(t) = = f,(t) (B) 


The rate at which electrons leave the n, /th state to go to lower states n’, J’ is given by 
(t) 


2 i Mn r(t) 


dN,,(t) 
= = - As mG 


By virtue of (A) we see that 


il 
dt 


Utilizing Eq. (B), leaves 


n’ Vv 
Nn t 


dt 2 


Therefore, we have on integrating, the following 


N,(t) = N,(O)e exp — 


From Eqs. (A), (B), and (C) we find that 


Therefore, the intensity of the spectrum line corresponding to a transition from state m to n’ 
is given by 


n't n't 
l v 


We see, from this equation, that the intensity of the unresolved line willl diminish exponentially 
with the time, having a decay time the same as that given above for T(n). 


Malt) = eexp — 
de 
| 
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Effect of electron spin. 


A similar expression for the mean average life T’(m) can be written at 
once taking into account electron spin. 


T"(n) = (6) 


To determine the effect of electron spin on the values of the average lives, 
let us consider the general proof that the spin corrections will not effect the 
intensity.’ From the general theorem of spectroscopic stability® 


j,m,j’m’ ms ,mz,ms’ 
The left hand side has the usual spin coupling while the amplitudes on the 
right hand side result when the spin is completely decoupled and has separate 
spacial quantization. The matrix elements on the right side are completely 
independent of m, i.e. 


similarly for the y and z components, where 
y +| |’ +|Z,, | 
The sum- -rule assures that }>i’m’ |J7);7,” |? is independent of j, m, and 
Jn of Since there are (2L +1) (2S+1) values of j, m, or m, we 
have 


n’ 


= (25 + 1)(2L + 1) 


| 


i'm’ 


On cancelling out the factor (2L+1) (2S+1) we have the desired result. In 
addition, if we sum over m’ and Il’ then it is proved at once that the average 
life of the n, 1, 7, m state is independent of j, and m, and equal to the average life 
in the nons pin theory of the n,1, m state independent of m.** 

By virtue of the above theorem we can write at once that 


i.i’ 
7 
= 3 
7 


8 The writer is indebted to Professor J. H. Van Vleck for this proof. 

® Cf. for instance Van Vleck, Phys. Rev. 29, 740 (1927). 

** In this connection Sugiura has previously mentioned that the decay constants or aver- 
age lives for the n, / terms are necessarily independent of j as long as the sum-rule holds. 


n’ 
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By use of these equations it is seen at once from (5) and (6) that T(n) 
=T’(n). Therefore, the mean average life is independent of the spin corrections. 
In Table I are given theoretical values for the average lives and the mean 
average lives for levels up to and including the seventh state of ionized 


TABLE I. Theoretical values of the average life of ionized helium. 


Level Average life Mean average life 
mt T(n, 1), (sec.) T(n), (sec.) 
lo 
20 
1.02 1.36 <X10-* 
30 1.01 
3; 3.38 6.4 
3, 9.93 

4, 1.456 

4, 7.89 2.127 107° 
4, 2.320 10-9 

4; 4.66 

So 1.82 X1075 

51 1.49 x10-9 

5, 4.33 1079 5.38 x107° 
5; 8.73 

54 1.45 X1078 

60 2.576X1078 

6: 2.443 107° 

62 7.196 X 10-9 1.178 X1075 
63 1.471 X10-8 

64 2.682 10-8 

6s 3.906 X 1078 

70 3.286 1078 

71 3.647 X 107° 

72 1.175 

73 2.237 X1075 
74 3.373 X 1078 

75 6.449 X 1078 

76 8 


.802X 10-8 


helium. These values for levels up to and including the fourth state were 
taken from a similar table prepared by Sugiura for hydrogen. The present 
values for ionized helium differ by a factor of 16 from those for hydrogen for 
the reason given above. Since Sugiura’s table does not include levels higher 
than the fourth, the values of the average lives for the fifth, sixth and seventh 
states were obtained from Slack’s table of transition probabilities for hydro- 
gen. These transition probabilities as obtained by Slack were multiplied by 
16 to give the average life for ionized helium as listed in the table. 


Discrepancies existing among the values of the matrix amplitude squared 
for hydrogen obtained by different authors. 


A comparison has been made between the values of the matrix amplitude 
squared as obtained by Sugiura,? Slack‘ and Kupper.’ For all the transitions 
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from the second, third and fourth quantum states, the values obtained by the 
different authors are in good agreement. 

For the case of the transitions from the fifth state, Slack’s and Kupper’s 
values are in agreement with the exception of the transitions 5,4, and 
5,41. For the transitions from the sixth quantum state, Slack’s and Kup- 
per’s results disagree for the following transitions: 6,;—42, 69-41, 
6,51, 63-954, and 6:.—4;. Table II has been prepared showing the values 
of the matrix amplitudes squared for the above transitions. 

In the third column are given values calculated from Kupper’s “Spezielle 
Serien” formulae. For example, Kupper gives for the m—4,;. (4P—mnS) 
transition the following formula: 


— 4)2"-10(57n4 — 38n2 + 80)? 
3(m + 4)2"+10 


If we use the more general formula given by Kupper, called the “Allge- 
meine Formeln der Seriengruppen n—/—1=D' (n’>n)” we obtain for the 
my—4, transition a different quantity: 


— 4)2"-19(57n4 — 608n? + 1280)? 
5 X 3(n + 4)2"+10 


which is evaluated numerically in the fourth column in Table II. For the 
6o—-+4, transition this formula gives 1.59 which is the same value that is ob- 
tained from Sugiura’s formula. Also it agrees well with Slack’s values of 1.88 
but is in disagreement with 14.8 the value obtained by Kupper’s special 
series formula. For the 59—4; transition the agreement is not as good, as 
illustrated in Table IT. 


TaBLe IT. Comparison of values for the matrix amplitude squared for hydrogen.’® 


Calculated Calculated 
Kupper’s from Kupper’s from Kupper’s Calculated Calculated 
Transition table special series general from Sugiura’s from Slack’s 
formula formula formula table 

5,42 9.1 0.094 
6,42 1.21 1.26 0.013 
Sots 105. 135. 10.58 21.0 
60h 14.8 14.8 1.59 1.59 1.88 
655, 201. 1851. 1851. 1822. 
695; 247. 77 .60 
6.4; 0.48 0.284 


These discrepancies do not appreciably effect the theoretical value for the 
mean average life of the sixth quantum state. 
Part I]. THE EXPERIMENT 
The experimental method used in the present work for measuring the 
average life is similar to that previously described by the writer" for the case 


10 The values here are } the values given by Sugiura’s formula of Eq. (4). 
™ Maxwell, Phys. Rev. 32, 721 (1928). 
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of an election beam of nonuniform current density. It is necessary to modify 
slightly the derivation used previously by taking into account the more 
general case where there are a large number of levels involved instead of the 
simple case of two levels as treated before. 

On referring to the previous work we see that if 6” is the number of excited 
ions per second leaving the volume element dv lying between £ and §+dé then 
dne-*'z-® js the number of these which will arrive at a distance x from 
the lower edge of the beam without becoming deexcited, where ({(x, &) 
= [2m(x—£)/Xe]!? is the time required for the ion to go from & to x. B is 
the reciprocal of the average life of the level 7) given by 


1/8 = T(n, 1) = 1/ 
0’, 
Now the number of transitions which take place from state 7,1] to n’, 1’ in 
volume element dA lying between x and x+dx in time dt while the ions move 
the distance dx is 


8° a’ ot 
Ox 
This corresponds to a similar expression for the number of transitions occur- 
ring per second in dA obtained previously in which 8 has now been replaced 
by A™/'. The subsequent integration is unchanged so that the intensity 
formulas remain the same, except that they must now be multiplied by 
21 A”! /B(n, 1). For the previous case, this factor was obviously equal to 
unity. The introduction of the statistical weight g, takes into account the 
case in which all the magnetic levels for a given m term have the same 
probability of excitation. The equation locating the maximum of the in- 
tensity curve is given by 


This is the equation from which it is possible to determine the average life T(n, 1) 
after measuring experimentally the displacement x’ of the maximum of the in- 
tensity curve. 


Experimental arrangement. 


The experimental arrangement used, showing the electrodes, and the 
electrical diagram are given in Fig. 1. The electrodes were mounted in a 
tube through which helium was circulated at a low pressure. The parts were 
made of molybdenum because it has nonmagnetic properties and because it 
does not give out occluded gases. The source of electrons was a 7 mil diameter 
tungsten filament whose cross section is indicated at F in the figure. Placed 
directly in front of the filament was the circular electrode 1 with a rectangular 
opening at its center of dimensions 0.6 mm by 4 mm. The filament 18 mm 
long, was in alignment with this opening, so that only electrons produced 
over 4 mm of its central portion were capable of being accelerated through 
the electrode 2 by potential V;. The opening in electrode 2 was 2.75 mm by 
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6.0 mm. The electrons did not touch the edges of this opening because they 
were collimated into a narrow beam by an external magnetic field H of 2520 
gauss applied in the direction of the accelerating electric field. The electrons 
passed between the electrodes 3 and 4 between which was applied an electric 
field which served to draw the ions out of the beam. The ions moved in a 
direction perpendicular to the direction of the electron beam. The magnetic 
field maintained the electron beam in spite of the cross electric field. The 
electrons then passed through electrodes 5 and were finally collected by 6 
after receiving an additional amount of energy from the battery D. This 
procedure prevented secondary electrons from returning into the region 
between 3 and 4. 


6 
5 

G) @ 

D 


Fig. 1. Arrangement of electrodes and electric circuit. 


The electrical circuit shows how the various potentials were applied. 
Battery B with its resistances produced the accelerating potentials while C 
served to maintain the transverse electric field. The potentials Vs; and V, 
could be arranged so that the space between 3 and 4 occupied by the electron 
beam was kept at any potential desired relative to the potential of 2. The 
filament was heated by a 60 cycle alternating current, so that it was not dis- 
torted by the force exerted on it by the magnetic field. 

The light emitted from the region between 3 and 4 was projected on to 
the slit of the spectrograph with the image of the beam perpendicular to 
the slit. The direction of motion of the ions was then parallel to the slit. The 
distribution of density of the lines of ionized helium would be displaced in 
the direction of the motion of the emitters. The arc lines on the other hand 
would be undisplaced and furnished a reference point locating the center of 
the beam. 

Fig. 2 shows the arrangement of the parts in the tube relative to the 
position of the spectrograph. The filament F was held firmly in position by 
large clamps made of tantalum. This prevented any large vibrations of the 
filament due to interaction of the alternating heating current and the ex- 
ternal magnetic field. The shape of the electron beam is determined largely 
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by the size of the filament. The actual beam was 4 mm deep and approxi- 
mately 0.4 mm wide. The light emitted from the region between 3 and 4 
passed through the quartz window Q and was projected by the quartz lens 
L on to the slit S of the Hilger Ey quartz spectrograph, in the manner de- 
scribed above. The lens was focused with respect to the center of the electron 
beam. This produced, with a magnification of 1.26 times, an image of depth 
6.32 mm whose center lay in the plane of S. The spectrograph used was capa- 
ble of bringing to focus the parts of the image of the beam outside of this 
plane. The magnification of the spectrograph for the wave-length 2733A 
for example, was practically unity, so that the total magnification in this 
case was 1.26 times. 

The helium was purified by a glow discharge between iron and misch 
metal electrodes. It was then drawn through an adjustable leak and a liquid 


pole piece | 


Asa 
horn shaped a 
orn sna@ ' 

light 


pole piece 


Fig. 2. A cross section showing arrangement of electrodes with respect to 
the position of the spectrograph. 


air trap into the experimental tube and pumped finally back again into the 
purifier. The pressure in the experimental tube was generally maintained 
at 0.01 mm of Hg which means that the mean free path at this pressure was 
2 cm for the atoms and about 10 cm for the electrons. This pressure was 
sufficient to produce enough excitation for simultaneous ionization and exci- 
tation. The mean free path of the helium ions was great enough so that 
they suffered practically no collisions before radiating. Thus de-excitation by 
collisions was prevented. 


RESULTS AND DISCUSSION 


The dependence of the average life upon the state of excitation. 


Fig. 3 shows results for the first four lines of the “4686” series of ionized 
helium obtained in some preliminary experiments in which a different type 
of filament and slit system were used than were illustrated in Fig. 1. Fig. 3 
represents curves made from densitometer records taken along the lengths 
of the lines. With each of these lines there is an arc line which gives the posi- 
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tion of the electron beam. All the lines were obtained on one plate at a single 
exposure. The pressure of helium in the tube was 1.2 X10-? mm of Hg, the 
electron voltage was 500 volts and the transverse electric field was 305 
volts/cm, while the magnetic field was 2520 gauss. The electron current col- 
lected to 6 was 0.5 milliamperes and the positive ion current to electrode 3 was 
0.025 milliampere. 

The shape of the electron or in this case was so irregular that it was 
impossible to obtain values for the average life, but it sufficed for the pur- 
pose of comparing the average lives for the different lines. From Fig. 3 
we see that for the lines 4686A (4-3) and 3203A (5-3) the displacements in 
the direction of motion of the helium ions are small. However, the line 2733A 
(6-3) shows clearly a displacement in the direction in which the positive 
ions are moving. The next line of this series 2511A, (7-+3) exhibits a greater 
shift than the previous line 2733A. From Eq. (7) we see that the lines which 


1, A=4686 3, A= 2733 6-3 
2, A=3203 5-3 4,A=2511 773 


<—Direction of motion of He ions 


Fig. 3. Experimental results obtained illustrating the relative displacements 
of the first four lines of the “4686” series of He*. 


have the greatest displacements must originate from levels which have the 
longest mean lives. Therefore, these experimental results show that the average 
life becomes progressively greater for levels with larger total quantum numbers. 
This is in agreement with the theoretical values for the average life as shown 
in Table I. 


Simultaneous ionization and excitation by electron impact. 


In the derivation of the intensity formulas, it was assumed that at the 
time of collision the atom is ionized and excited. Compton and Boyce™ have 
shown that the spark lines of helium can be formed only by single electron 
impacts when the electron current densities and gas pressures are low. This 
was proven by the fact that electrons with 65 volts energy excited only the 
arc lines of helium whereas the spark spectrum was fully developed at 85 
volts. The spark spectrum would have appeared at 55 volts if it had been 
caused by cumulative action. This has been later confirmed by Elenbass® 

12 Compton and Boyce, Jour. Frank. Inst. 205, 497 (1928). See also Compton and Lilly, 


Astrophys. J. 52, 1 (1920). 
'S Elenbass, Zeits. f. Physik 59, 289 (1930). 
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who found that the 4686A line of ionized helium did not appear until about 
80 volts. 

It was found in the present experiment that with the cross field applied, 
the line 2733A became very weak as the voltage was decreased until at about 
80 volts it remained only strong enough to be measured. In order more ac- 
curately to determine the initial potential for the appearance of this line, the 
transverse electric field was removed so that the electron velooities would be 
more uniform. It was found that the line was entirely absent at 65 volts 
whereas it was visible at 82 volts. This confirms the results obtained by the 
above workers. 

We see from the previous work that the intensity of the displaced spark 
line at any given position along its length is proportional to the electron cur- 
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Fig. 4. Intensity distribution of line 2733A without the transverse field. The circle repre- 
sents the cross section of the filament drawn to scale illustrating the size of the beam in com- 
parison with the diameter of the filament. 
rent if the excitation is produced at a single collision, whereas if it is due to a 
double collision the intensity will be proportional to the square of the elec- 
tron current. Measurements of the relative intensity of both the 4686A and 
2733A lines have been made as a function of the electron current with the 
transverse field applied and the intensity was found always to be directly 
proportional to the electron current showing therefore again, that the excita- 
tion occurs at a single collision. 


Shape of the electron beam. 


In the derivation of the intensity formulas it was assumed that the inten- 
sity of the electrons in the beam increased uniformly up to the center of the 
beam and then decreased uniformly to the upper edge of the beam. Fig. 4 
shows how the intensity of the line 2733A varies along its length for the case of 
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no transverse field. This illustrates that the distribution of electrons is nearly 
the same as the assumed distribution. The dotted lines forming a triangle 
represent the distribution of electrons which give a width of the beam equal 
to 0.041 cm. The circle in the upper part of the figure represents the cross 
section of the 7 mil diameter tungsten filament drawn to scale with respect to 
the rest of the figure. 

When the electric field is applied this distribution is not appreciably 
changed as long as the velocity of the exciting electrons is greater than the 
minimum speed for ionization and excitation. This fact is demonstrated by 
measuring the intensity distribution of a suitable arc line of helium. A line 
must be selected which is not lengthened by absorption and reemission of the 
light in leaving the tube. This line must also be excited by approximately the 
same speed electrons which are capable of ionizing and exciting the helium 
atom. The helium arc line 4437A was selected because for the case of no trans- 
verse field it had practically the same distribution of intensity as the helium 
spark lines. When the field was applied the shape of the line indicated that 
the distribution in intensity was practically unaltered for the beam used here. 
The assumption of the distribution of intensity for the subsequent calculation 
of the mean life is thereby justified. 


Average life for sixth quantum state. 


Fig. 5 shows enlargements made from the actual negatives obtained with 
the experimental arrangement as given in Fig. 1. Negatives are reproduced 
here for cases with and without the transverse electric field. The line 2733A of 
ionized helium is drawn up in the direction of motion of the positive ions when 


—2733A 


—2723A 
-2763A 
—-2733A He* 


—2703A 
—2723A 


of He ions 


(1) (2) 
Without field With field 
Fig. 5. Enlargements (magnification, five times) made from original negatives obtained for 
(1) without transverse field and (2) without transverse field showing effect of motion of helium 
ions for line 2733. The adjoining arc lines located the center of the electron beam. 


Directoin of motion 


the field is applied. The lines 2763A and 2723A are two principal series lines 
of the orthohelium system. They are unaffected by the electric field and their 
densest portion locates the center of the electron beam. In exposure 2 the 
electrons had approximately 210 volts velocity, while the cross electric field 
was 740 volts/cm. The currents and pressure were the same as for the pre- 
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Center of electron beam 
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Fig. 6. Microphotometer records of line 2733A for (1) without cross field, and (2) with 


cross field. Vertical line marks center of electron beam located by helium arc lines 2723A and 
2763A. 
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vious experiment described above. The magnetic field was 2520 gauss. The 
spectrum was photographed on an Eastman speedway plate with an expo- 
sure of twelve hours. The experimental conditions for exposure 1 were simi- 
lar to 2 except that the cross field was zero and the voltage of the electrons 
was 350 volts. 

Fig. 6 shows two records made by a Goos and Koch microphotometer 
taken along the length of the line 2733A, (1) with and (2) without the trans- 
verse electric field. The vertical line locates the center of the beam as deter- 
mined by the center of the two adjoining arc lines shown in Fig. 5. This is 
accomplished by making microphotometer records for these two arc lines 
which lie on opposite sides of the line 2733A. By this means it is possible to 
correct for error produced by improper alignment of the direction of motion 
of the spectrum plate in the microphotometer. From Fig. 6 we see that for 
record (2) the line is displaced in the direction of motion of the helium ions. 
Record (1) is made from the plate shown in exposure 1 of Fig. 5. (2) is taken 
from an exposure in which the accelerating potential was about 120 volts, the 
cross field 650 volts/cm, the other conditions were the same as given above. 

In Table III are given the experimental values obtained for the average 
life determined for different energies of the exciting electrons. Jt is seen that 


Taste III. 
Average life experimental Mean average life 
Energy of electrons values for sixth quantum theoretical value sixth 
in beam (volts) state (sec. quantum state 
260 1.6+0.2x10-8 
120 1.5+0.2x10-8 
112 1.3+0.2x10-8 
100 1.1+0.2x10-8 
80 1.1+0.2x10-8 1.17 X107* sec. 


the experimental values for the average life decrease as the energy of the electrons 
is diminished, and approaches the theoretical value for the mean average life. As 
the energy of the exciting electrons is decreased there will be less excitation 
to the levels higher than the sixth. The number of transitions downward into 
the sixth state will thus decrease and cause the average life to become shorter. 
This conclusion is substantiated by the fact that as the voltage is lowered the 
intensity of the line 2511A coming from the seventh state diminishes faster 
than does the intensity of the line 2733A coming from the sixth state. Thus 
the ratio of the number of electrons in the sixth state to the number in the 
seventh becomes greater as the voltage is decreased. This will produce fewer 
transitions into the sixth state and consequently the average life of the sixth 
state will become shorter. Because of the small energy differences between 
the sixth and seventh levels it is practically impossible to excite to the sixth 
state with enough intensity to produce lines which can be photographed, 
while at the same time produce no excitations to the seventh state. 

The values obtained at 100 volts and 80 volts differ from the theoretical 
value for the mean average life by less than 0.10 X 10-8 sec. which is consider- 
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ably less than the experimental error. The agreement obtained here is better 
than is found by other workers for the case of hydrogen. For example, the 
theoretical values for the mean average life of the 2nd, 3rd, and 4th quantum 
states of hydrogen are 2.18 X10~° sec., 1.03 10-8 sec. and 3.41078 sec. re- 
spectively. Wien’s“ canal-ray measurements on J/, of the Lyman series give 
6.7 X 10~* sec. for the average life of the second quantum state. Slack® obtains 
experimentally the value of 1.2 10-8 sec. for this state. For the third quan- 
tum state Wien again obtains 6.7 X 10~° sec. from measurements on JJ, of the 
Lyman series while Wien and Kerschbaum®" obtain 1.85 10-8 sec. from J7, 
of the Balmer series. Their results for the fourth state as determined by JZ; 
give the same value of 1.85 X 10-8 sec. 

Curve 1 in Fig. 7 gives the intensity distribution of the line 2733A with 
respect to the center of the beam, while curve 2 represented by the dotted 
line gives the theroretical intensity distribution calculated by the use of the 
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Fig. 7. Intensity distribution of line 2733A found experimentally, given by curve 1 while 
curve 2 shows a similar distribution calculated from intensity formulas using the theoretical 
value for mean average life. 
intensity formulas (7) and (8)" for the average life of 1.17 10-8 sec., the 
value given in Table III for the mean average life. The two curves show ap- 
proximately the same distribution of intensity, which gives an agreement be- 
tween the experiment and the theory. It is noticed that the width of the beam 
is 0.048 cm as compared to 0.041 cm as is given in Fig. 4. This slight increase 


4 Wien, Ann. d. Physik 83, 1 (1927); See also table of values for average lives from canal 
ray experiments of Wien and Kerschbaum, prepared by Kerschbaum, Ann. d. Physik 83, 294 
(1927). 

4% Slack, Phys. Rev. 28, 1 (1926). 

46 These numbers refer to equations on page 725, Phys. Rev. 32, (1928). 
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in the width of the beam is probably caused by the action of the transverse 
electric field. 

In order to compare the average life measured experimentally with the 
theoretical value for the mean average life, there must be a continuous inter- 
change between the sublevels so that the number of electrons in any sublevel 
is proportional to its quantum weight. Sugiura has pointed out in connection 
with the interpretation of Wien’s canal-ray experiments, that the perturba- 
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Fig. 8. Theoretical intensity distribution for the five fine structure lines of the line 2733A. 
Curve A represented by the circles is the resultant intensity curve plotted on a reduced scale. 
Curve 6-3 indicated by full dots gives the intensity distribution for the case of free inter- 
change among the / values (or for the case of a single exponential decay law). The values for 
the average life used were taken from Table I, and 658 volts/cm was the strength of field used. 
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tions to which the hydrogen atoms were subjected were large compared with 
the component separations due to relativity, so that free interchange existed 
among the various sub-divisions of a term. In the present work the helium 
ions radiate in the presence of crossed electric and magnetic fields which fur- 
ther complicates the perturbations of the quantum states. However Elen- 
bass'’ has found that the line 4686A of ionized helium is polarized when ex- 


17 Reference 13. 
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cited by unidirectional electrons. To interpret these results one must assume 
that free-interchange did not take place, otherwise the light could not be 
polarized. 

In the present work we cannot prove the existence of statistical equilib- 
rium so that it is considered a postulate for comparing the results of experi- 
ments with the mean average life. 


Alternative interpretation of the experimental results. 


It is, however, possible to obtain a comparison with the theory by con- 
sidering the decay time of each of the fine structure lines which make up the 
single line 2733A, without the assumption of statistical equilibrium. A theoret- 
ical intensity curve is obtained for each line individually and’ then a resultant 
intensity curve is plotted and compared with the theoretical intensity curve 
obtained above for the case of free interchange. This method requires a 
knowledge of the relative population of the substates at the time of excitation. 

The results of these computations are illustrated in Fig. 8. The theoretical 
intensity distribution for the five fine structure lines is plotted with respect to 
the distance from the center of the beam. The relative intensities of these 
curves for a given position depends upon the transition probability A‘ 
the quantum weight g;, and the average life 1/6(,/) as given in the formulas 
for the intensity distribution.'® It is noticed that the two lines 6;—32 and 6:.— 
3, predominate and determine approximately the intensity distribution of 
the resultant intensity curve A which is plotted on a reduced scale. Thus the 
curve A represented by the circles gives the theoretical intensity distribution 
for the case of no interchange between the/ values. There is also plotted in this 
figure the values of the intensity for the case of free interchange or (in other 
words for the case of a single exponential decay law), taken from curve 2 in 
Fig. 7 and is represented by 6—3 located by the full dots. It is seen that these 
two sets of points lie almost identically on the same curve which shows that 
the theoretical distribution is the same for the two cases. Thus we have shown 
that we cannot distinguish between the two methods of interpreting the ex- 
perimental results. Both are in good agreement with the experimental in- 
tensity distribution obtained. 

If we take into account electron spin correction we find that each of the 
above five lines split up into groups of lines. Since we have proved above that 
the average life of the m,l1,7,th state is equal to the average life of the m,/,th 
state, therefore, these lines resulting from spin will have the same average 
life as the line from which they originated. This means that in this case 
we shall have five groups of lines with average lives corresponding to the 
average lives of the five lines given above. Also the sum of the intensity of the 
lines in any particular group is proportional to the intensity of the parent 
relativistic line independent of /.'° Therefore, the relative intensity of the sum 
of the intensities of the lines in a group will be the same as the relative inten- 


18 The values for Asi and the average life used here are obtained from Slack’s table 
although Kupper’s values could be used without greatly changing the results obtained. 

19 This has been proved above. See also Sommerfeld and Unsidld, Zeits. f. Physik 38, 237 
(1926). 
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sity of the five single lines for the relativistic case. Thus we see that the dis- 
tribution of intensity of the resultant line calculated by considering all the addi- 
tional fine-structure lines due to spin will be exactly the same as for the relati- 
vistic case. 

ERRORS 
(1) Approximate solution. 

The most fundamental error is caused by the fact that the shape of the 
electron beam is never actually the ideal case in which the distribution is 
triangular as assumed in the calculation of the intensity of the displaced lines. 
A more exact treatment could be obtained by a numerical integration per- 
formed by introducing experimental values for the electron distribution func- 
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Fig. 9. Relationship between the displacements and the average life 
for a field of 658 volts/cm, and beam width 0.048 cm. 


% 


tion NV(). However, Fig. 4 shows that the distribution obtained is approxi- 
mately triangular so that the results are sufficiently accurate to compare 
satisfactorily with the theory. 


(2) Center and shape of the electron beam. 


In the present experimental conditions there exists a cross field of ap- 
proximately 660 volts/cm. Since the width of the beam is approximately 0.04 
cm there is a drop of potential of about 26 volts across the electron beam it- 
self. This means that there will be a distribution of velocities across the beam 
within this amount. This will alter the effective distribution curve and will 
be more pronounced in the case where the speed of the exciting electrons is 
only a small amount in excess of the minimum velocity required for excita- 
tion. This error will become practically negligible for higher velocities of the 
order of 150 volts or more. It is very difficult to determine the amount of this 
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error for the lower velocities without knowing the probability of excitation 
function for both the arc lines and the spark lines. 


(3) Measurements of displacements. 

Fig. 9 shows the relationship between the average life and the displace- 
ment of the maximum of the shifted spark line for a cross field of 658 volts ‘cm. 
On the ordinate axis there is plotted at the left of the figure the displacements, 
while at the right is plotted the corresponding distances which are actually 
measured on the microphotometer record. On the abscissae is plotted the 
average life for a beam of width 0.048 cm. These are the constants used in ob- 
taining the results given in Table III. The error in reading the displacements 
on the microphotometer record was not greater than 0.2 mm. Therefore we 
see from Fig. 9 that the corresponding error for the average life is 0.20 X 10-8 
sec. This is the error given in Table III. 


(4) Effect of the thermal velocities of the helium ions. 

In the above calculations of the average life it is assumed that when the 
excited ion is formed it is initially at rest. This, of course, is never actually 
the case on account of the thermal velocities possessed by the ions. A helium 
atom or ion at a temperature of 20°C has a root mean square velocity of 
1.38 X 10° cm/sec. Under the action of a transverse electric field of 732 volt/ 
cm the ion, initially at rest, would obtain this velocity of 1.38 10° cm/sec. 
after being accelerated through a distance of 5.33 10-5 cm. This distance is 
small compared to the distances considered in the present experiment. Thus 
the initial velocity due to thermal agitation of the ion can be neglected. 


(5) Space charge. 

To reduce the effect of space charge in these experiments, the electron 
current in the beam was decreased until it required about 12 hours exposure 
to photograph the line 2733A. The electron currents in the beam were not 
greater than 0.5 milliampere and the positive ion current was less than 0.06 
milliampere. Jt was found that the displacements of the spark line 2733A were 
not appreciably altered when the currents were reduced to about one-half the above 
values. This indicates that the distribution of space charge in the presence of 
the strong transverse field does not disturb appreciably the velocities of the 
helium ions. 


(6) Shape of emitting portion of the filament. 


Although the displacements measured are of the order of 0.002 cm it is 
unnecessary for the filament to be straight and in proper alignment to less 
than this amount. The filament however, was not actually straight for its 
central portion sagged about 0.002 cm. This part of the filament would be 
out of alignment with the other portions by an amount comparable to the 
experimentally measured displacements. However, the intensity photo- 
graphed by the spectrograph is the resultant of the radiation coming from 
different depths of the beam. Although each radiating segment is not in 
alignment with the optic axis of the spectrograph and the projecting lens, 
nevertheless the displacement recorded by the photographic plate will be 
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exactly the same as if the segments were in very accurate alignment. This is 
true provided that all segments radiate with the same intensity, which is 
practically the case. Therefore, any sagging or improper alignment of the 
filament will produce no error in the measured displacements, but it will ob- 
viously produce an error in the value for the width of the beam and in the 
intensity distribution curves. These errors of 0.002 cm are so small that they 
are unimportant in determining the width of the beam, however they became 
more important in the measurement of the intensity distribution. 


(7) Vibrations of the filament. 


The maximum amplitude of vibration of the filament due to the inter- 
action between the alternating heating current and the magnetic field was 
about 0.001 cm which is small compared to the width of the beam so that it 
caused no appreciable errors. 

In conclusion the writer desires to express his thanks to Dr. A. Bramley 
for helpful discussions of the work. 


Note added in proof, October 2, 1931: 


In view of the discrepancies given above for the matrix amplitude squared, 
Professor Slack has recalculated his values for the intensities and transition 
probabilities for hydrogen and has kindly furnished the data for Table IV. 

With Slack’s corrected values for the transition probabilities we find that 
the average life of the 5, 60, 79, 73 and 7, states are changed to 2.21078 


TaBLe IV. Summary of corrected intensities in the 4th, 5th, and 6th series of hydrogen 
(Prepared by Slack). 


Previously published* Corrected Matrix Kupper’s 
Component Intensity Probability Intensity Probability amplitude matrix 
1 1 


ergs/sec. sec.~ ergs,’sec. sec.~ squared amplitude 
squared 
54—4; 20.8X10-? 43.0105 20.810-7 43.0105 628 630 
53—42 12.6- 26.1 12.6 26.1 297 291 
52-4 7.26 15.0 7.26 15.0 122 125 
5.—4; 0.246 0.507 0.246 0.507 4.13 4.4 
5: —4o 3.60 7.43 3.60 7.43 36.3 36 
51-42 0.0092 0.019 0.92 1.9 9.3 9.1 
So—4: 6.09 12.54 3.15 6.49 10.58 105 
6.—43 9.941077 13.3105 9.941077 13.3105 53.3 55 
63—4, 9.85 13.2 9.85 13.2 41.1 40 
62-41 6.58 8.81 6.58 8.81 19.6 22.5 
62—43 0.094 0.126 0.161 0.215 0.48 0.48 
6: —40 3.88 5.19 3.88 5.19 6.88 6.0 
6: —42 0.0075 0.010 0.75 1.0 1.30 1.21 
60-41 3.11 4.16 2.44 3.25 1.45 14.8 
74—43 7.941077 8.75105 3.97X10-? 4.37X105 14.6 14.7 
73—42 8.65 9.55 4.57 5.04 12.9 12.9 
72-4 4.28 4.73 4.28 4.73 8.6 6.7 
72—43 0.057 0.063 0.057 0.063 0.115 0.137 
71—40 2.38 2.63 2.38 2.63 2.88 2.15 
71-42 0.0041 0.0045 0.41 0.45 0.49 0.41 
Toh 1.98 2.19 1.77 1.95 0.71 4.2 


* Slack, reference 4. 
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TABLE IV. (continued) 


Previously published Corrected Matrix Kupper’s 
Component Intensity Probability Intensity Probability amplitude matrix 
ergs /sec. sec.~! ergs /sec. sec.~! squared amplitude 
squared 
65—54 4.201077 16.0105 4.331077 16.4105 1852. 201. 
64—5s3 2.63 10.0 2.63 10.0 921. 1020. 
6;—52 1.97 7.50 1.97 7.50 538. $20. 
63—54 0.045 0.17 0.030 0.114 8.15 8.2 
6.—5,; 1.14 4.32 1.14 4.32 226. 203. 
62—5;3 0.078 0.295 15.1 20. 
6:—5o 0.617 2.35 0.617 72.5 67. 
6,—52 0.268 1.02 15.3 
60-5; 1.97 7.50 0.69 2.63 26.9 247. 
2.40K10-7 5.69105 2.4010-7 5.69108 154. 139 
74—5s 2.46 §.82 2.46 5.82 128. 122 
73—5e2 1.97 4.66 1.97 4.66 80. 75. 
73—54 0.0093 0.022 0.20 0.48 0.82 0.81 
72-51 3.01 3.01 a7. 36. 
72—53 0.808 1.91 2.35 2.37 
71—5o 1.01 2.40 1.01 2.40 17.6 20.7 
0.258 0.66 4.8 3.9 
7o—51 1.10 2.60 0.583 1.38 3.4 35. 
76—6s 1.1310-7 7.10105 1.20K10-7? 7.5105 4500. 4497, 
75—64 0.635 4.00 0.635 4.0 2020. 2734. 
74—63 0.617 3.89 0.545 3.43 1420. 1582. 
74-65 0.0113 0.071 0.0057 0.036 15.0 14.1 
73—O2 0.421 2.65 0.421 2.65 850. 848. 
73—64 — 0.016 0.10 36.3 
72—6; 0.235 1.48 0.246 1.55 356. 
72—63 — _ 0.030 0.19 43.7 58.9 
7:—6o 0.051 0.32 0.159 1.0 138. 
7:—62 0.098 0.62 85. 
7o—61 1.04 6.53 0.20 1.26 58. 


sec., 3.3X107§ sec., 5.010-8 sec., 2.41078 sec., and sec., re- 
spectively. The values for the average life of the other states and the mean 
average lives remain practically the same. The only lines illustrated in Fig. 8 
affected by these corrections is the transition 6)—3,. Since this component 
is weak in comparison with the other transitions, the resultant intensity 
curve A is not appreciably changed. 
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ABSTRACT 


The dissociation products formed by bombarding nitrogen and carbon monoxide 
with electrons of a definite velocity have been studied with a mass spectrograph. 

Nitrogen.—N.* and N* ions appear at 15.8+0.1 and 24.5+0.1 volts respec- 
tively. The N* ion has kinetic energy and is attributed to N.+N*+N +e. Increases in 
the efficiency of production of the N* ion appear at 40.0 + 1.0 and 47.0 +1.0 volts. The 
largest percentage of the total positive ion current carried by kinetic energy ions is 
approximately 28 percent at 140-160 volts. Efficiency curves of total ionization and 
of N2* exhibit maxima at 100.0+5.0 and 60.0+5.0 volts respectively. 

Carbon monoxide.—CO*, C* and CO** ions appear at 13.9+0.2, 22.5+0.2, and ! 
43.0 +1.0 volts respectively. Maximum numbers of CO*, C*, and CO** ions formed 
per electron per cm path per mm pressure at 0°C are 10.13, 0.50, and 0.14 at 102, 105, 
and 125 volts respectively. The C* ion possesses kinetic energy and is probably due 
to CO—C*+0-+e. Assuming that the CO** ion would dissociate into C**++O the 
energy of dissociation cannot be less than from 2 to 3 volts. O~ ions are formed be- 
tween 9.5+1.0 and 16.5+1.0 volts, and again beginning at 22.5+1.0 volts and reach 
a maximum at 33 volts. The first group is evidently due to the attachment of an 
electron to the CO molecule followed by a dissociation CO--C+O~-. The second 
group may be due to CO-C*++O-. O- ions are only 2.7 percent as numerous as 
C* ions at 30 volts. 


INTRODUCTION 


HE material presented in this paper is an extension of the work done by 
Bleakney! on multiply charged ions produced by electron impact in 
gases at low pressures. The purpose of this paper is to describe the results of 
a similar study of the ionization products in the diatomic molecular gases— 
nitrogen and carbon monoxide. Smyth? and Hogness and Lunn’ have made 
mass spectrograph analyses of the ions produced in nitrogen by electron im- 
pact while Hogness and Harkness‘ have made a similar study of carbon mon- 
oxide. The present method confirms some of the results of these previous in- 
vestigations and presents some new data, particularly in the experiments on 
carbon monoxide. 


1 W. Bleakney, Phys. Rev. 34, 157 (1929); 35, 139 (1930); 35, 1180 (1930); 36, 1303 (1930) 
2H. D. Smyth, Proc. Roy. Soc. 104A, 121 (1923). 

3 T. R. Hogness and E. G. Lunn, Phys. Rev. 26, 786 (1925). 

* T. R. Hogness and R. W. Harkness, Phys. Rev. 32, 936 (1928). 


1687 


1688 ALFRED L. VAUGHAN 


APPARATUS AND PROCEDURE 


The apparatus employed in this experiment was the same as that used by 
Bleakney! in the study of helium, neon, and argon. The nitrogen and carbon 
monoxide used were prepared by Smith. The gases were admitted to the ap- 
paratus through a fine capillary at the end of the tube opposite the electron 
gun and were pumped through the ionization chamber and out past the fila- 
ment. Effects of dissociation by the filament were thus reduced to a minimum. 
The pressures used were from 5 to 10X10-> mm Hg. The gases used were 
found to be very pure. Water vapor and a trace of carbon monoxide existed 
as impurities in the tube before the gas to be studied was admitted. If liquid 
oxygen were kept on the mercury trap continuously for about 80 hours the 
water vapor impurity was so reduced as not to interfere appreciably. The 
carbon monoxide impurity was never large enough to be troublesome except 
in determining ionization potentials. 


RESULTS 
Nitrogen 
A typical e/m analysis curve of the products obtained by bombarding 
nitrogen with electrons of definite velocity is shown in Fig. 1. The positive 
ion current to the analyzer is plotted as a function of the analyzing field, F, in 


Positive ion current 


| | | 
| 


1.0 2.0 3.0 4.0 5.0 ©.0 
E (volts) 
Fig. 1. A typical e/m analysis curve of nitrogen. Electron velocity = 100 volts. 


volts. This curve shows the N,*+ and the N+ ions. A background of H.O+ 
shows between the two peaks. The trailing off to the right of the N+ ion may 
be attributed to those N* ions which have considerable kinetic energy. 


5 John T. Tate and P. T. Smith, unpublished. 
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The ionization potentials of the N,*+ and N* ions were determined by plot- 
ting the maximum heights of the peaks as a function of the electron velocity 


| 


Positive ion current 


26 32 20 5 
Electron velocity (volts) 


Fig. 2. (a) Curves showing the ionization potentials in nitrogen. (b) Ionization 
potential curves of N* showing a break at 47 volts. 


in volts. When the liquid oxygen on the mercury trap was replaced by solid 
carbon dioxide there was a sufficient amount of mercury vapor present in the 


240 360 
Electron velocity (volts) 


Fig. 3. Efficiency curve for nitrogen. 


tube for calibration purposes. The results are shown in Fig. 2 (a). The im- 
purity under the curve for N.+ is CO* whereas that under the N+ curve is 
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H,0+. This method shows N.* and N* appearing at an electron velocity of 
15.8 and 24.5 volts respectively with an estimated probable error of +0.1 
volts. Fig. 2 (b) shows an increase in the efficiency of production of the Nt 
ion at 47.0+1.0 volts. A similar but considerably smaller increase was 
noticed at 40.0 +1.0 volts. These breaks have also been found by Lozier.* 

By plotting the ratios of the areas under the N.* peak to the electron cur- 
rent as a function of the electron velocity in volts the maximum efficiency of 
formation of the N.* ion was found to occur at an electron velocity of 60.0 
+5.0 volts. The total efficiency of ionization as plotted in Fig. 3 shows a maxi- 
mum at 100.0+5.0 volts. This curve was obtained by plotting the ratio of the 
total positive ion current collected at the upper plate of the ionization cham- 
ber to the electron current as a function of the electron velocity in volts. The 
efficiency curve of total ionization in N» given in Fig. 3 is almost identical with 
the one obtained by Smith.° 

A rough measure of the percentage of the current carried by those ions 
possessing kinetic energy was obtained by the method outlined by Bleakney,’ 
and was shown to reach a maximum of 28 percent at 140-160 volts electron 
velocity. The assumptions made in obtaining this result make it impossible 
to consider it as other than an indication of the order of magnitude. 


Discussion of results in nitrogen. 


The value given in this paper of 15.8+0.1 volts as the ionization poten- 
tial of N», although lower than the generally accepted value, agrees with that 
given by Samson and Turner’ and the earlier results obtained by Boucher® and 
by Found.'° The appearance of N* at 24.5+ 0.1 volts has been attributed toa 
single impact resulting in Ns—>N*++N-+e. The value given is in good agree- 
ment with that of 24.6 volts given by Hogness and Lunn* who, however, at- 
tributed the formation to a different process. According to data given by 
Samson and Turner® together with a correction by Birge'! the minimum 
value at which N* can appear from the above process is 22.7 + 0.1 volts. From 
this the N* ion should have at least 0.9 volts kinetic energy. These conclu- 
sions have been verified by Lozier.6 There was no means of determining 
whether or not any N2** ions were formed since their m/e is the same as that 
of the N+ ion. No N** ions were found below 400 volts. No search was made 
for negative ions. 


Carbon monoxide 


Fig. 4 is a typcial e/m analysis curve of the positive ions formed by bom- 
barding CO with electrons. Ions having an m/e of 28, 14, and 12 were found 
which correspond to CO*+, CO+*, and C+ and have ionization potentials of 
13.9+0.2, 43+1.0, and 22.5+0.2 volts respectively as obtained from Fig. 5. 


® W. W. Lozier, unpublished. 

7W. Bleakney, Phys. Rev. 35, 1185 (1930). 

8 L. A. Turner and E. W. Samson, Phys. Rev. 34, 747 (1929). 
® P. E. Boucher, Phys. Rev. 19, 189 (1922). 

10 C, G, Found, Phys. Rev. 16, 41 (1920). 

1 R., T. Birge, Phys. Rev. 34, 1062 (1929). 
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The second peak from the left in Fig. 4 is due to an ion having an m/e of 18 
and an ionization potential of 13.2 volts and so has been attributed to H,O*. 
Solid carbon dioxide instead of liquid oxygen was used on the mercury trap 
in this experiment. TheO?* ion, if formed, was entirely masked by the H,O* ion. 

The two e/m analysis curves in Fig. 4 were taken at electron velocities of 
35 and 210 volts. They show the resolving power of the apparatus as well as 
the relative magnitudes of the ions formed at those velocities. Attention is 
called to the complete absence of an ion having an m/e of 14 at 35 volts elec- 
tron velocity. The determination of the ionization potential of CO may not 
be accurate since the positive ion current due to the Hg* ion which was used 


ion current 


> 
a 


4.00 4.75 . .29 
E (volts) 

Fig. 4. em analysis curves of carbon monoxide taken at electron 

velocities of 35 and 210 volts. 


to calibrate the voltage scale was very small compared to the positive ion cur- 
rent due to the CO* ion. The impurity shown under the C* curve in Fig. 5 
was H,O* while that under the CO** was C+ and H,O*. It was found that by 
decreasing the drawing out field in the ionization chamber the C+ peak 
shown in Fig. 4 decreased considerably in size. This was an indication that the 
C+ ion was formed with kinetic energy. This also afforded a means whereby 
more accurate measurements could be made of the CO** ion inasmuch as de- 
creasing the size of the C+ peak made the CO*+ peak stand out more dis- 
tinctly. An increase in the efficiency of formation of the C* ion was consist- 
ently evident at about 30 volts. 

Fig. 6 shows the percent of positive ion current carried by the different 
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ions. These curves were obtained by plotting the ratios of the areas under the 
peaks to the electron current as a function of the volt velocity of the imping- 
ing electrons. Multiplying the total number of ions formed as given by Smith® 
by the percent of current carried by a particular ion and dividing by the 
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Fig. 5. Curves showing the ionization potentials in carbon monoxide. 


charge on the ion gives the number of that type of ion formed per electron per 
cm path reduced to 1 mm pressure at 0°C. These results are shown in Fig. 7. 
The numbers of CO*+, C+, and CO+*+ ions formed reach maxima of 10.13, 0.50, 
and 0.14 at 102, 105, and 125 volts respectively. An independent determina- 
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Fig. 6. Percent of total positive ion current carried by CO*, C*, and CO** ions. 


tion of the efficiency of formation of the CO*+ ion obtained by plotting the 
area under the peak yielded a maximum at 100 volts. 

Negative ions having an m/e of 16 were found in carbon monoxide. These 
negative ions which are undoubtedly O7 first appeared at 9.5 volts, reached a 
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sharp maximum at 12 volts and had completely disappeared at 16.5 volts 
as shown in Fig. 8. The same type of negative ions reappeared at 22.5 volts 


12 


(@) 100 200 300 400 
Flectron velocity (volts) 


Fig. 7. Number of ions, N, formed per electron per cm path per mm pressure at 0°C. 


Current carried by ion 
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Fig. 8. Current carried by O~ ion in carbon monoxide. 


and increased to a maximum at 33 volts and then dropped off gradually as the 
electron velocity was increased. These voltages given are accurate only to 
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within a volt since the correction had to be calculated rather than determined 
experimentally. Fig. 8 was obtained by plotting the maximum height of the 
O- peak in the analyzer as a function of the electron velocity. If the O~ ion 
formed at 9.5—16.5 volts has no kinetic energy and if the one starting in at 
22.5 volts does have kinetic energy then the relative heights of the two parts 
of the curve are not accurate. In this case the second part would be too small. 
The dip in the curve at 29 volts appeared consistently. This break was also 
detected by another method’ in this laboratory. It may be that this dip is as- 
sociated with the break found at 30 volts in the C* ionization potential curve. 
The O- ion was found to be only 2.7 percent as numerous as the C* ion at an 
electron velocity of 30 volts. 


Discussion of results in carbon monoxide. 


The value of 13.9+0.2 volts as given in this paper as the ionization poten- 
tial of CO agrees with that given by Hogness and Harkness‘ but may be in 
error as mentioned before. Birge” gives a calculated value of 14.2 volts. Ina 
private communication Mulliken gives the most probable value of the heat of 
dissociation of CO as 9.8 volts. With the value given by Hopfield® of 11.2 
volts as the ionization potential of the carbon atom the minimum electron 
velocity at which the C+ ion could appear by the single process CO—C*++0O 
+e is 21 volts. The appearance of C+ at 22.5 +0.2 volts indicates 1.5 volts 
kinetic energy to be divided between the dissociation products. The value of 
22.5+0.2 volts is also in good agreement with the value of 22.8 volts given by 
Hogness and Harkness.‘ 

The CO** ion appearing at 43.0+1.0 volts is, so far as the author knows, 
the first multiply charged polyatomic molecule whose ionization potential has 
been determined. J. J. Thomson" found a doubly charged molecular ion hav- 
ing an m/e of 28 and attributed it to either N.++ or CO++. R. Conrad® has 
identified several doubly charged molecules in the glow discharge of mixtures 
of methane, oxygen, and water vapor. 

The experimental value of 43.0+1.0 volts for the critical potential of 
CO-—COt++2e indicates that the dissociation products of the doubly 
charged ion are most likely to be C**+O rather than C++O+ or C+O*+. If 
one combines the energy necessary to dissociate CO into C+O which is 9.8 
volts as given above with the ionization potentials of 11.2" and 13.5" volts 
for atomic carbon and oxygen respectively 34.5 volts is obtained for an as- 
sumed dissociation of CO into C++O+*. As this is much less than the ob- 
served value of 43 volts it does not seem possible that C++O* can be the cor- 
rect dissociation products. In a similar way with the 35!” volts energy neces- 
sary to remove the second electron from atomic oxygen one gets 58.3 volts 


12 R. T. Birge, Nature 117, 229 (1926). 

3 J. J. Hopfield, Phys. Rev. 35, 1586 (1930). 

4 J. J. Thomson, “Rays of Positive Electricity,” 2nd Ed., p. 84 (1921). 
1 R. Conrad, Phys. Zeits. 31, 888 (1930). 

6 J. J. Hopfield, Astrophys. J. 59, 114 (1924). 

17 R. A. Millikan and I. S. Bowen, Proc. Nat. Acad. Sci. 13, 531 (1927). 
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for the energy necessary to dissociate CO into C+O**. Since it seems unlikely 
that the dissociation energy of CO++ can be as high as 58.3—43=15 volts, 
and since in the formation of CO* the dissociation products were found to be 
C++0O and not C+O0?, the dissociation of CO** into C+O** is very improb- 
able. The dissociation into C+++O requires 9.8 (CO-C+0O)+11.2(C+0 
—C++O+e)"+24.3(C++0—-C+++0+e)!? =45.3 volts which shows that 
the heat of dissociation of the CO** ion cannot be less than from 2 to 3 volts. 

The only thing to be said about the O~ ion at the present time is that its 
first appearance is probably due to an attachment of an electron to a CO 
molecule followed by the dissociation CO-—C+O-. The fact that it appears 
only over a small range of electron velocities lends support to the above in- 
terpretation. The second appearance may be due to a splitting up of CO—>Ct 
+0O-. The negative ion will be discussed by Lozier.® 

It is a pleasure to acknowledge the constant interest and timely sugges- 
tions of Professor John T. Tate and the many helpful discussions with Drs. 
W. W. Lozier and P. T. Smith. 
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ABSTRACT 


The results which Sawyer obtained from the reflection of lithium ions from re- 
flectors of platinum foil and nickel crystal deposited on tungsten, indicated two dis- 
tinct angles at which reflection occurs more strongly than at other angles, one coming 
nearly at the angle of specular reflection as found by Read and Gurney, and the other 
which appeared only at relatively high voltages, at an angle approximately normal to 
the reflecting surface. Experiments made by reflecting the lithium ions from a metal 
surface in a field free space gave the bundle at the specular angle as before, but no 
trace of a bundle at the normal to the surface could be found. When a field is applied 
so as to retard reflected positive ions there was evidence of negative emission coming 
from the target under the bombardment of lithium ions. A magnetic analysis system 
was set up to determine the nature of the negative charges. Negative fluorine, chlorine, 
oxygen and sulphur ions were obtained by bombarding NaF, CaF2; NaCl, CaO, PbS 
and oxide-coated vacuum tube filaments. Clean metal targets of platinum, gold, 
aluminum, tantalum, nickel, and tungsten were found to emit electrons and the nega- 
tive ions H,~, H2~, OH~, and Cl~ with traces of what is probably N~ and LiOH~. The 
strongest bundles were the first four which indicate that water-vapor molecules were 
broken up into their components. 


INTRODUCTION 


HE results which Sawyer! obtained from the reflection of lithium ions re- 

flected from reflectors of platinum foil and nickel crystals deposited on 
tungsten, indicated two distinct angles at which reflection occurs more 
strongly than at other angles, one coming nearly at the angle of specular re- 
flection as observed by Read? and Gurney’ and the other, which appeared 
only at relatively high voltages, at an angle approximately normal to the sur- 
face of the reflector. This latter beam was observed when the reflection took 
place in strong electrostatic field. The present investigation developed out of 
a further study of this normally reflected beam. It was suspected from these 
experiments that the observations were complicated by a new type of emis- 
sion, namely the emission of negative ions from metal surfaces under the bom- 
bardment of positive ions. The second part of the paper describes a direct 
investigation of this new phenomenon and gives an analysis, by the methods 
used for positive rays, of the types of negative ions ébtained in this way. 


Part I 


The tube used in the first experiments on reflection of positive ions by 
metals was the one described by Sawyer modified somewhat as shown in Fig. 


1 R. B. Sawyer, Phys. Rev. 35, 1090 (1930). 

2 G. E. Read, Phys. Rev. 31, 629 (1928). 

3 R. W. Gurney, Phys. Rev. 32, 467 (1928). 
1696 


REFLECTION OF Li IONS 1697 


1. In this a strip of platinum foil F carrying a small crystal of spodumene on a 
constricted portion served as a source of positive ions when heated electri- 
cally. After heating to a yellow heat for several minutes the emission is prac- 
tically all lithium ions. These ions are drawn to the drum D by a potential ap- 
plied from the outside of the tube. The collector C was a small Faraday cham- 
ber subtending an angle of about 9 degrees from the target 7. It was sup- 
ported by a stiff wire insulated from the rest of the apparatus. Connection to 
the electrometer was made through very flexible nickel ribbon wound like a 
clock spring. The whole collector system was very carefully shielded from 
any possible ions escaping from the filament by enclosing the collector in a 
hood, and by a disk which covered the end of the cylinder JJ and extended 
beyond the guard ring G. The collector and cylinder were rotated on a com- 
mon axis by means of an electromagnet applied from the outside to the arm- 


ELECTROMETER 


Fig. 1. 


ature A. The angle reading could be made through the Pyrex window with 
the pointer P on the scale. 

The target 7 on which the lithium ions fell, was a strip of platinum foil 
about 0.3 cm wide and 1 cm long. It was held in place by two leads, one of 
which was flattened and bent to serve as a spring to keep the target taut. The 
other was placed behind the target to reduce field distortion. A piece of 
nickel gauze was put over the slit in the cylinder // in the region of the col- 
lector in order to reduce the distortion of the field. 

As the target and filament had to be changed frequently two ground 
joints were used, that were sealed by a ring of picein cement about the outer 
edge. No difficulty was experienced with contamination of the target, as it 
was kept at a low red heat throughout the observations. 

To examine the reflection in its simplest form the ions were allowed to 
strike the target in a field free space. This was done by applying an accelerat- 
ing potential between the filament and drum, and the retarding potential be- 
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tween the cylinder and collector. When the positive ions were reflected in a 
field free space the peak at the angle corresponding to specular reflection ap- 
peared as before, but no trace of a peak at the normal could be found. This 
was true in the apparatus used by Sawyer, and also in the modified form 
which differed only in the use of a Faraday chamber as a collector, which was 
shielded in front by a nickel gauze in order to avoid all electric fields in the re- 
flecting chamber. In the case of Sawyer’s experiments the potential was ap- 
plied partly between the filament F and the drum D and partly between the 
cylinder HJ and target 7, the drum and cylinder being at the same potential. 
The cylinder to target potential served as an accelerating voltage for the in- 
cident ions, and at the same time as a retarding potential for the same ions 
after reflection. 

It was also found that when the gauze was put over the slot in the cylinder, 
and a retarding field for positive ions was applied between the target and cyl- 
inder, there was evidence of negative charges coming to the collector when it 
was nearly normal to the target. In one instance a negative potential of 28 
volts had to be applied to the collector to prevent it from collecting negative 
charges which are then presumably deflected into the gauze. Since the specu- 
lar bundle remained positive as before, it is reasonable to assume that the 
negative ions were formed on the target and accelerated to the cylinder by the 
field that retarded the reflected positive ions. 

To compare the sharpness in angle of a beam of ions liberated at the tar- 
get with the negative beam actually observed, a bit of spodumene was put on 
the target and heated. With no accelerating voltage some of the positive ions 
found their way to the collector, but with a few volts accelerating potential a 
very narrow intense beam was observed. This indicates that the field at the 
surface of the target is normal to it and is strong enough to form a beam 
strongly concentrated in the normal direction: 

Attempts to eliminate the negative charges, obtained by bombardment of 
the target, by putting an electromagnet around the tube in such a way as to 
deflect them away from the collector were unsucessful. The nickel shields may 
have weakened the magnetic fields to a certain extent but the insensitiveness 
of the negative charges points to the emission being ionic rather than elec- 
tronic in nature. 

Although we may explain the negative charges observed near the normal 
to the target as due to secondary negative ions set free by bombarding posi- 
tive ions, the reflected positive ion bundle which Sawyer observed is more 
difficult to explain. Since the beam occurs only when the field is strong inside 
the cylinder the concentration of the ions at the normal is probably due to the 
field itself. It may be that, since the target is wide in comparison to the di- 
ameter of the cylinder, the lines of force are in such a direction that ions re- 
flected from the center of the target would be reflected specularly, while those 
striking the target nearer the edges would be drawn toward the normal, after 
reflection, by the field. 
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Part II 


To identify the negative charges freed from a metal surface by positive 
ion bombardment and to see whether they are electrons or ions a Dempster 
magnetic analysis system was set up as shown in Figs. 2 and 3. A filament F 
coated with spodumene was made positive with respect to the target 7 sup- 
ported above it. Any negative ions formed at the target would be accelerated 
downward by this same potential. Some of them would go by the edge of the 
filament and pass through the slit S into the magnetic field. With a stream of 
ions of the same mass and the same velocity a value of the magnetic field 


Fig. 2. Fig. 3. 


could be found that would deflect them through a semi-circle and allow them 
to pass out through the other slit S to the collector C. 

The first results with the apparatus gave a considerable negative ion emis- 
sion, but the resolution was not good enough to separate definite ion bundles. 
At this time the experiments were interrupted, but Dr. J. S. Thompson 
kindly undertook to carry out the analysis of the ions. He introduced some im- 
provements in the apparatus, such as the shield about the collector, which 
greatly improved the resolving power. With the improved apparatus he was 
able to demonstrate the emission of negative ions and to identify several dis- 
tinct negative ion bundles.5 

Experiments were later resumed by the author with the same apparatus to 
study further the different kinds of ions that may be obtained in this way. To 
avoid uncertanty in identifying the ions the slits were narrowed to 0.8 mm 
and the apparatus calibrated by means of positive ions that were accelerated 


4 A. J. Dempster, Phil. Mag. 7 Series 13, 115 (1926). 
6 J. S. Thompson, Phys. Rev. 38, 1389 (1931). 
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at various potentials. When heated, spodumene liberates positive ions of 
lithium, and traces of sodium, and potassium according to other investigators® 
and these ions are brought to the collector successively as the field strength in 
the iron armature is increased. Assuming the magnetic field to be symmetrical 
when the magnetizing current is reversed, the mass of the negative ions may 
be deduced. Later the calibration was checked by the use of negative fluorine 
ions. 

Richardson’ finds that negative ions are obtained from iodides, chlorides, 
bromides, and fluorides by heating their salts. Barton’ found negative ions of 
mass 33 to be liberated from the oxides of strontiun and barium when heated, 
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Figs. 4 and 5. 


This suggested that electronegative ions might be obtained from the bom- 
bardment of their salts by positive ions. The negative ions obtained by bom- 
barding various salts are shown in Fig. 4. The ion intensity is plotted against 
the magnetizing current. Fig. 4A shows the negative ions obtained by bom- 
barding NaF or CaF», with 500 volt lithium ions. The ion at 19 does not ap- 
pear at all when the platinum target is clean, but appears with great intensity 
when the target is covered with the fused fluoride salt, thus definitely associat- 
ing the peak with the negative fluorine ion. The method of applying consists 
of wetting the surface of the target with a solution of the salt. As the target is 


6 J. L. Hundley, Phys. Rev. 30, 864 (1926). 
70. W. Richardson, Emission of Electricity from Hot Bodies. p. 107. 
8 H. A. Barton, Phys. Rev. 26, 360 (1930). 
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slowly heated the water evaporates leaving a fine layer of salt on the target, 
which can be fused by further heating. CaF, could not be dissolved in water 
but was powdered and the powder dusted on the target with a bit of cotton, 
then fused by heating. A thick film is undesirable as there may be consider- 
able voltage drop through it. No negative ion emission was obtained by sim- 
ply heating the target, that was strong enough to observe by the methods 
used in these experiments. 

The ions obtained by bombardment of NaCl fused to the target are 
shown in Fig. 4C. Considerable intensity was obtained when the target was 
cold, but in common with other salts, the emission was stronger when it was 
heated. The ions show the doubling to be expected from the isotopic nature 
of chlorine and the agreement with 35 and 37 is very good. No chlorine ions 
were observed when the bombarding ion current was cut off and the target 
heated only. The method of applying this salt to the target by evaporating a 
solution of it on the target surface does not work out well in this case, since 
the salt crystals explode when they lose their water of crystallization. A small 
hood held over the target effectively holds the escaping crystals until they 
have been fused. Richardson’ found that negative ions were obtained by 
heating manganous chloride that had molecular weights between 59 and 88, 
showing that the ions were of atomic or molecular magnitude and possibly 
molecular chlorine. Barton’ found a few negative chlorine ions from HCl 
formed either by bombardment with low velocity electrons or from thermal 
dissociation at a hot filament. 

In Richardson’s experiments there are no records of negative ions of the 
elements in the sixth column of the periodic table. Barton’ thought his ion of 
mass 33, which was obtained from heating barium and strontium oxides, 
might be due to molecular oxygen. He found no negative atomic oxygen how- 
ever as might have been expected. The question as to whether negative atom- 
ic oxygen is freed from its compounds under positive ion bombardment was 
investigated by depositing calcium oxide on a platinum target. On bombard- 
ing it with lithium ions the negative ion bundle shown in Fig. 4D was ob- 
tained. It could be identified definitely from the calibration curve as having 
a mass 16. Although molecular oxygen (32) was looked for, no trace of it could 
be found. The impacting ion evidently frees atomic oxygen which is drawn to 
the collector before it has a chance to combine with another atom to form a 
molecule. 

When a commercial oxide-coated vacuum tube filament was used as a tar- 
get, negative ions of atomic oxygen gave a strong peak when the filament was 
bombarded with lithium ions. Before it had been heated it gave in addition a 
more intense bundle at mass 17, but this disappeared when the target was 
heated, leaving only the peak at 16. The oxide coated strip was then activated 
by heating to a yellow heat for several minutes an applying a potential until 
a strong emission of electrons was obtained. The negative ion emission from 
it, by bombardment, then gave the two peaks at 16 and 17 in the same pro_ 


*H. A. Barton, Phys. Rev. 30, 614 (1927). 


1702 K. S. WOODCOCK 


portions as before it had been heated. This indicates that moisture remains in 
the oxide coated filaments even after they have been heated to a bright yel- 
low heat and “activated” by drawing electrons from them for some time. 

The emission of negative oxygen ions from oxides, by bombardment, sug- 
gested that sulphur ions might be obtained from sulphides. PbS was pow- 
dered and fused to a clean platinum target, great care being taken not to de- 
compose the substance. When bombarded with the positive lithium ions no 
effect was produced until the target was heated, then the peak shown in Fig. 
4B appeared with a mass 32. No negative ions are emitted when the bombard- 
ing ion current is cut off even through the target is hot. Schmidt!® finds no 
ions up to a temperature of 450°C by the heating of PbS. We conclude then 
that the bombardment of lithium ions dissociates the hot sulphide and frees 
negative ions of sulphur. 

When ever any of the substances examined were bombarded with positive 
ions we get in addition to their characteristic ion bundles several distinct 
peaks as shown in Fig. 4 to the left. The peak nearest the axis is due to elec- 
trons and varied in intensity somewhat. The peak at mass 1 was very strong 
and a much weaker peak appeared at mass 2. These are evidently H,~ and 
H,~ that have been knocked out by the impinging positive ions, probably 
from water vapor contained in the salts. 

From the negative ions, produced as described above, a calibration of the 
magnet was made which checked approximately with the positive ion cali- 
bration, but showed that the magnetic field was not absolutely symmetrical 
on reversal. 

In addition to the clean platinum target used by Thompson targets of 
aluminum, gold, tantalum, nickel and tungsten were bombarded with posi- 
tive ions. The negative ion beams emitted by these various metals resemble 
each other closely, indicating that the emission is independent of the metal of 
the target. A typical negative ion “spectrum” is shown in Fig. 5. The strong 
emission near the axis occurs at a field too weak to deflect anything more mas- 
sive than electrons. The most prominent peaks occur at exactly 16 and 17 
and are unquestionably due to O-, and OH~-. Another strong bundle occurs 
at mass 1, with a much weaker one at mass 2. Since these two are probably 
H,- and H2- and they occur with O,~ and OH7~ in such large quantities in all 
metals observed, it appears that the lithium ions must strike water vapor 
molecules on the surface of the target, breaking them up into their compo- 
nents which are drawn to the collector. The fact that the H,~ and OH~ bun- 
dles are stronger than the H.~ and O~ bundles seems to support such an hy- 
pothesis. 

The next strongest negative ion beam comes at 35 and 37 and is unques- 
tionably chlorine since the position and shape of the curve is exactly the same 
as that obtained when the target is coated with NaCl. Just as any fresh metal 
will give the characteristic yellow color of sodium when first put in a Bunsen 
flame, so these negatively charged chlorine atoms appear to be present in all 


0 G. C. Schmidt, Ann. d. Physik 75, 337 (1924). 
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metals tested. Prolonged bombardment however makes them disappear. 
The smaller peaks at 13 and 24 to 25 are much less intense. They do not occur 
at all in metals that are exceedingly pure and have clean surfaces. After the 
metal has been bombarded for some time they disappear. Probably they are 
and LiOH-. 

The negative ions produced by bombardment of metal surfaces are evi- 
dently due to contamination of the target or to adsorbed gases. Cl~, O:~ and 
OH- ions nearly all disappear from targets such as platinum and tungsten 
when they are heated to a bright yellow heat for five minutes or more. In 
distinction to this behavior the emission of ions from oxides, chlorides, fluo- 
rides and sulphides persists as long as the salt remains on the target. 

In the experiments described above the potential between the target and 
the filament was 500 volts. An attempt was made to find a critical voltage 
below which the negative ions were not freed from the target by bombard- 
ment, but no critical lower potential could be observed. The intensity of the 
negative ion beam decreased rapidly as the voltage was reduced, but some 
negative ions were observed as low as 50 volts. 

In conclusion the writer wishes to acknowledge his indebtedness and ex- 
press his appreciation to Professor A. J. Dempster who proposed the problem 
and whose suggestions for its development have been invaluable. The writer 
also wishes to thank Dr. R. B. Sawyer and Dr. J. S. Thompson for their co- 
operation and valuable assistance. 
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ABSTRACT 


The residual ionization in nitrogen at high pressures was measured under condi- 
tions existing during a recent investigation of the residual ionization in air, with lead 
and water shields. As in earlier investigations, the residual ionization in nitrogen was 
found to be greater than that in air at all pressures. However, at the new high pressures 
the ionization-pressure curve becomes parallel to the pressure axis, as do the air 
curves. The explanation in terms of subsidiary radiations excited by the cosmic pene- 
trating radiation in the walls of the ionization chamber serves as well for nitrogen as 
for air. The new work is discussed in relation to earlier investigations of the residual 
ionization in air, oxygen, nitrogen and carbon dioxide. 


ECENTLY the writer! investigated the ionization produced by the cos- 
mic penetrating radiation in aged, dry air contained in a large spherical 
ionization chamber at pressures up to 170 atmospheres. Earlier investigations® 
of the residual ionization in four gases, air, oxygen, nitrogen and carbon 


dioxide, over a pressure range extending from 1 to 70 or 80 atmospheres, had 


shown that within this range the ionization in the former two gases was very 
nearly the same under corresponding conditions. The latter two gases also 
yielded nearly identical ionization values, but in these gases the absolute 
values of the ionization and also the final slopes of the ionization-pressure 
curves were decidedly greater than in the cases of air and oxygen. Further, 
the forms of the ionization-pressure curves obtained with nitrogen and carbon 
dioxide were such as to arouse a suspicion that constant slopes of appreciable 
magnitude might have been attained. In view of these observations and the 
essentially constant values of the residual ionization in air measured at the 
higher pressures in the more recent work, it appeared that a special investiga- 
tion of the residual ionization in nitrogen at the new high pressures would be 
of value. 


EQUIPMENT AND PROCEDURE 


The nitrogen used was obtained from a commercial concern. It would seem 
that in the process of purification of the nitrogen by evaporation from liquid 
air, any radium emanation would be retained in the oxygen and the nitrogen 
would be particularly free from radioactive contamination. However, in view 
of the high ionization values formerly observed, the nitrogen was kept stored 
in cylinders for a period of six months before being admitted into the chamber 
in which the ionization was measured. 


1 J. W. Broxon, Phys. Rev. 37, 1320 (1931). 
2H. F. Fruth, Phys. Rev. 22, 109 (1923); J. W. Broxon, Phys. Rev. 27, 542 (1920). 
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According to a statement by the company manufacturing it, the nitrogen 
was 99.8 percent pure, with 0.2 percent argon and oxygen. The gas was passed 
through a long tube containing phosphorus pentoxide and also plugs of glass 
wool and cotton to remove moisture and dust, precisely as in the case of the 
high pressure measurements in air. The chamber was washed by admitting 
and then releasing the gas until, as calculated on the basis of fractional re- 
moval, less than 10~* percent of the gas finally investigated should have con- 
sisted of air originally in the ionization chamber. However, the gas as it was 
released from the ionization chamber was analyzed by Mr. K. A. Gagos of the 
University Department of Chemistry, and was found to contain 0.72 percent 
oxygen, with no observable carbon dioxide or water vapor. No test was made 
for argon. Mr. Gagos used a Bureau of Mines* apparatus, and estimated his 
accuracy at 0.02 percent. Subsequent analysis of gas obtained directly from 
the commercial cylinders, incidentally, showed that some of these had an even 
greater oxygen content. 


” 
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Fig. 1. Residual ionization in nitrogen. 


The ionization was measured with precisely the same equipment used in 
the investigation of air,! the location of the apparatus and the method of 
measurement remaining unchanged. Because of the expense involved, only 
one series of pressure observations could be made. These were made‘ with the 
ionization chamber surrounded both by the two-inch lead shield and by the 
water shield formed by filling the fourteen-foot water tank in the center 
of which the ionization chamber was located. The series of readings extended 
over a five-day interval, June 15-19, 1931. 


OBSERVATIONS 


The observed ionization values are shown plotted against the pressures in 
Fig. 1. The actual temperatures during the observations varied between 
15.35°C and 17.5°C. In order to facilitate comparison with the ionization- 
pressure curves previously found for air, the pressures were changed to cor- 


3 Bull. Bur. of Mines 42, 17 (1913) 
4 Measurements of the dielectric constant of the nitrogen at the high pressures were made, 
also, and will be presented in a later paper. 
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responding pressures at 18°C, and these are the pressures designated in the 
diagram. In order further to facilitate comparison, the four curves formerly! 
obtained with air with various conditions as to shielding are represented in 
the diagram by dotted lines. 


DiIscussION 


Notwithstanding the long aging of the nitrogen, the ionization in this gas 
was again observed to be very considerably higher than that in air under the 
same conditions. The lowest of the dotted curves represents the ionization in 
the air under corresponding conditions, with both shields about the ionization 
chamber. At all pressures at which observations were made, extending from 
0.82 to 167 atmospheres, the ionization in the nitrogen was greater than that in 
the air at corresponding pressures. In fact, the relation between the new high 
pressure nitrogen and air curves is nearly the same, in the region of the earlier 
investigation, as the relation between the nitrogen and air curves obtained by 
the writer? at sea level in 1925, these measurements having been made with 
entirely separate equipment, but with ionization chambers of about the same 
size and shape. If the ionization in excess of that at atmospheric pressure as 
observed with the present equipment with both lead and water shields is di- 
vided by the corresponding values obtained in the 1925 work with the unlined 
twelve-inch sphere, the ratio obtained in the case of air increases from 0.29 
at 20 atmospheres to 0.30+ at 70 atmospheres, while the corresponding ratio 
in the case of nitrogen increases from 0.32 to 0.35 in the same region. The 
ionization in the nitrogen does not appear to have been decreased quite as 
much as that in air by the heavy shielding, but perhaps this may be accounted 
for by the fact that the nitrogen used in the earlier investigation was also com- 
mercial nitrogen, and no test of its purity was made. 

A very significant characteristic of the new nitrogen curve is the very small 
slope at the high pressure end. Although the ionization at first increases with 
increase of pressure more rapidly than does that in air, so that the curve ap- 
proaches that obtained with air with no special shielding, yet the slope con- 
tinues to decrease with pressure and appears to be quite definitely zero (not 
exceeding 0.02 or 0.03 ion/cc-sec-atm.) at the high pressure end, precisely as 
in the case of the curves obtained with air. The region of constant ionization 
values does not begin at quite as low pressures as do those obtained with air, 
but it is sufficiently extended to establish definitely the very small value of 
the final slope. Therefore, on the basis of the explanation of the ionization- 
pressure relation previously suggested, in terms of secondary radiations ex- 
cited by the cosmic penetrating radiation in the walls of the container, the 
ionization measurements made with the two gases now agree in showing an 
exceedingly small primary ionization due directly to the penetrating radiation. 
On this basis, however, it would appear that the secondary radiations with 
nitrogen in the chamber must be somewhat more penetrating and ionize more 
copiously than in the case of air. The form of the nitrogen curve is better 
represented by the simple relation derived by the writer! in explanation of the 
observations made in air, than is the case with the air curves. The calculated 
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values designated in the diagram were obtained by the use of this relation 
and the assumption that 90 percent of the final maximum ionization was due 
to radiations of range corresponding to 180 atmospheres in the bomb (roughly 
180 diameters of the bomb in nitrogen at atmospheric pressure) and 10 per- 
cent to radiations of range corresponding to 50 atmospheres. The final slope 
of the curve found by differentiating the theoretical expression thus obtained 
and evaluating the derivative at 170 atmospheres is dJ/dP =0.003 ion per cc 
per sec. per atmosphere. 

In the opinion of the writer, the chief discrepancy between the residual 
ionization measurements in the different gases investigated has been removed 
by the discovery that at the very high pressures practically no increase of 
ionization with pressure is observed in either air or nitrogen. The greater ab- 
solute values’ of the ionization in nitrogen are quite striking, however, and 
deserve consideration. This difference between the magnitudes of the ioniza- 
tion in these gases appears to be well established. As mentioned before, the 
difference was observed both by Fruth* and by the writer in the earlier ex- 
periments. Moreover, Fruth separated nitrogen from air and found that the 
ionization-pressure relation was practically the same as in commercial nitro- 
gen, although the nitrogen he prepared contained 4 percent of oxygen. How- 
ever, when he mixed nitrogen and oxygen in the proper proportions to form 
air, he observed the same ionization-pressure relation as in air (and oxygen), 
with the exception of the sharp breaks and the horizontal portions of the 
curves which he observed at about 53 atmospheres and which have not been 
verified by the later experiments. Very recently, Professor A. H. Compton 
discussed with the writer some unpublished work which he has been carrying 
on. He, also, has observed the constancy of the residual ionization at high 
pressures, and that the ionization in nitrogen is greater than that in air. 

That the difference in absolute values might be due to a radioactive gas in 
the nitrogen seems very unlikely in view of the precautions taken. Moreover, 
that it might be due either to this cause or to a spontaneous disintegration of 
the nitrogen seems unlikely in view of the forms of the ionization-pressure 
curves. In such a case the ionization would be expected to increase with the 
density of the gas. Not only does the ionization in each gas fail to increase 
beyond a certain amount, but the pressure-rate of divergence between the 
corresponding curves for nitrogen and air, although nearly constant up to 
about 70 atmospheres, gradually decreases at higher pressures, and the two 
curves become practically parallel and horizontal at pressures above 140 at- 
mospheres. If the explanation of observations in terms of subsidiary radia- 


5 An observation contributing to the establishment of the fact that the differences among 
the curves obtained with different conditions as to shielding in the recent investigation of the 
residual ionization in air at high pressures were due solely to the differences in shielding, was 
unintentionally omitted from the report (reference 1) of that investigation. The air remaining 
in the chamber at atmospheric pressure after a series of observations with a particular shield 
was kept enclosed until the succeeding shielding had been arranged. In each instance the ioniza- 
tion measured under these circumstances was the same as that measured in the new supply of 
air at atmospheric pressure at the end of the succeeding series of observations. 
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tions from the walls of the chamber is accepted, the differences among the 
residual ionization values in the four gases investigated suggest the possibility 
of the production, whenever sufficient free oxygen is present, of some surface 
condition causing an appreciable absorption of the subsidiary radiations. 

Although the difference between the final values of the ionization in air 
and nitrogen is very considerable in comparison with either of these, being 59 
percent of the maximum ionization in air, it is perhaps worth remarking that 
the difference is after all a rather small quantity in view of the high pressures; 
a little more than 25 ions per cc per sec. at 167 atmospheres, the difference 
amounts only to about 0.15 ion per cc per sec. per atmosphere. At the local 
atmospheric pressure, the difference between the ionization values is of the 
order of 0.1 ion per cc per sec. 

Grateful acknowledgment is made of the assistance provided by Profes- 
sor S. L. Simmering and Mr. C. A. Wagner who carefully compressed a por- 
tion of the nitrogen to twice the commercial pressures, and by Mr. Louis 
Strait and Mr. Raymond Jordan who assisted with the recording of observa- 
tions. 
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ABSTRACT 


The neon spectrum in the ultraviolet between 2500A and 4000A from a canal-ray 
tube was examined for Doppler effects. Potentials up to 24,000 volts were applied to 
excite the discharge. Doppler effects were found to be present among the stronger 
lines in the first and second spark spectra of neon and, with only two exceptions, were 
absent from the arc spectrum lines. About fifty strong and faint lines showing Doppler 
effects were observed. The canal-ray stream consists of rapidly moving neon atoms 
which radiate only when in the ionized state. Neon behaves similarly to argon at high 
voltages and differs from most gases in that the radiation from the canal rays is 
almost entirely from atoms in the ionized state. 


INTRODUCTION 


OPPLER effects among optical frequencies have been well known to exist 

in certain lines of the line spectra of various gases since Stark’s' discov- 

ery of the effect in 1905. Dorn,? working with neon in 1908 obtained several 

Doppler effects among the strongest lines in the region of the spectrum be- 

tween 6000A and 7000A. It was thought of interest to photograph the neon 

discharge in the ult aviolet to tind if Doppler effects exist in the region from 

2500A to 4000A, and ‘f possible, to find some correlation among the lines show- 
ing the effect. 

The observations of Friedersdorff*® with argon show that with potentials 
above 36,000 volts only the lines of the blue spectrum show Doppler effects, 
while below that voltage the lines of the red spectrum show small Doppler 
effects. The neon spark spectra have recently been discovered‘ and analyzed® 
and it is of interest to find out the state of ionization of the luminous neon 
atoms in the canal-ray beam. 


APPARATUS AND PROCEDURE 


The essential feature of the apparatus consisted of a discharge tube con- 
structed as shown in Fig. 1. The main tube was of Pyrex glass about fifty cen- 
timeters long. The cathode, for which the purest commercial aluminum ob- 
tainable was used, was made in the shape of a thin disk perforated by a small 
hole at the center. The anode, also of aluminum, was in the form of a hol- 


1 J. Stark, Phys. Zeits. 6, 892 (1905). 

2 E. Dorn, Phys. Zeits. 10, 614 (1909). 

3 K. Friedersdorff, Ann. d. Physik 47, 737 (1915). 

*T. R. Merton, Proc. Roy. Soc. A89, 447 (1913). 

5 L, Bloch, E. Bloch, and G. Déjardin, Journal de Physique et le Radium 7, 129 (1926). 
* T. L. de Bruin, C. J. Bakker, Zeits. f. Physik 69, 19 (1931). 
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low cylinder welded to tungsten for sealing through the Pyrex. The main tube 
extended about seven centimeters beyond the cathode where it was ground 
flat to accomodate a fused quartz window for end on exposures. Midway be- 
tween this end window and the cathode a side tube projected normally two 
centimeters beyond the main tube. A fused quartz window covered this side 
tube permitting photographs to be taken of the canal rays in a direction at 
right angles to their motion. A moistened cotton pack around the window 
seals served to prevent the sealing wax from softening during operation of the 
tube. 

To prevent sputtering beyond the cathode in the region of the windows, 
a perforated glass disk slightly smaller than the inside diameter of the main 
tube was slipped into position about five millimeters from the cathode and 
held there by projections from a phosphor bronze strip encasing the disk. The 
canal rays passed through the coaxial holes in the cathode and disk and im- 
pinged upon the end window. \WVith this arrangement there was very little 
sputtering beyond the cathode. 


To Neon and Pumps Cathode Cana! Rays 
\ 


Glass Dish \ | 


Quartz 


Magnesium Electrodes 


Charcoal 


Fig. 1. Discharge tube used for observation of canal rays in neon. 


The main tube was connected near the anode to the pumps and to the 
neon supply. The pumps were operated while the glass walls, electrodes, and 
charcoal trap were being outgassed. To aid in purification, magnesium elec- 
trodes in a side tube were heated until some of the metal evaporated. With 
the deposition of a magnesium coating upon the walls around the electrodes, 
the whole tube system became very “hard.” The charcoal trap which had 
previously been heated dull red was next cooled and immersed in liquid air. 
Neon was then admitted into the tube. After several flushings with the dis- 
charge passing between the aluminum electrodes the neon was found to be 
very pure and could be maintained so for five or six hours provided liquid air 
was kept constantly around the charcoal trap. 

At the low pressure most desirable for operation, the neon “cleaned up” 
rather rapidly requiring renewal from the supply. A liter bulb sealed to the 
main tube served to increase the amount present at any one time. With the 
tube connected always to the pumps and neon supply it was possible to add 
neon as desired. Small amounts, after having the mercury vapor condensed in 
the trap shown in Fig. 2, were let into the discharge tube. 


Anode 
Liter Bulb | | 
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The pressure most favorable for producing a sharply defined canal ray- 
stream was found to be just slightly higher than that pressure at which the 
discharge failed to pass with a potential of twenty-four thousand volts. To 
maintain this pressure neon was added at about hourly intervals. 

The electrical circuits external to the discharge tube and the positions 
occupied by the spectrograph with respect to the tube are shown in Fig. 2. 
The high voltage necessary for operation at low pressures was supplied by a 
transformer in conjunction with a kenotron tube for rectification. The cathode 
was grounded. A calibrated spark gap was placed in shunt across the elec- 
trodes, and during exposures this was set so that the highest tube voltage 
would be twenty-four thousand. Except by observation of the discharge dur- 
ing exposure, no provision was made to prevent the potential difference across 
the tube from falling below any definite minimum value. Previous observa- 
tions at various low pressures showed how the appearance of the discharge and 
particularly of the canal ray stream varied with the potential difference across 


4 | 
rd } Id, 


/ 


To pumps 


Fig. 2. Diagram showing electrical circuits, method of admitting 
mercury-free neon, and the spectrograph. 


the electrodes, and during operation only such a small amount of gas was al- 
lowed in the tube as to produce an appearance corresponding to a voltage 
nearly twenty-four thousand. At this voltage the velocity of neon atoms cal- 
culated from the relation Ve = is about 5X cm per second. 

Photographs were made with the type E 3 Hilger spectrograph. This 
instrument is fitted with a quartz lens and prism system throughout, and 
gives a dispersion of about ten Angstroms per mm at 26000A, and _ thirty- 
five angstroms per mm at 4000A. The spectrograph slit width was between 
two and three hundredths mm, being slightly wider for the side exposures 
where the intensity upon the slit was less. 

For end on exposures a quartz lens focussed the image of the hole in the 
cathode upon the slit. Exposure times of three hours in this position produced 
on the plates all except the faintest neon lines throughout the portion of the 
spectrum under investigation. Side exposures required double this time. East- 
man 40 plates were used for all exposures. 


Calibrated en) 
Spark 
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Both the end on and side photographs were made on the same plate with 
the spectrograms close together for comparison. The spectrograph was 
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equipped with a scale which gave approximate wave-lengths and facilitated 


identification of the lines. 


neon between 3280A and 3780A. The arrows point to the Doppler effects. 
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RESULTS 
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Fig. 4. An enlargement from the original spectrograms showing several 


Doppler effects in neon between 2950A and 3100A. 
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Fig. 3 shows an enlarged portion of the original spectrograms with numer- 
ous Doppler effects indicated by arrows. The broadening in the end on spec- 
trogram is toward the violet since the canal rays were moving toward the slit. 
In the end on spectrogram of Fig. 3. there are a number of rather sharply de- 
fined arc lines indicated (3447.701, 3454.193, 3464.334, 3466.575, 3472.568, 
3498.059, 3501.211, 3515.186, 3520.467), for which the effect is clearly absent. 
Other Doppler lines exist in the end on spectrogram with less intensity than 
some of these arc lines. It is apparent also that overriding of the Doppler in- 
tensity upon other lines occurs where several lines are very close together. In 
such cases one can generally tell by microscopic examination which of the 
lines display Doppler effects. 

A second enlargement of the original spectrograms between 2950A and 
3100A is shown in Fig. 4. The diffuse broadening toward the violet which is 
quite noticeable in several lines extend over about three and one half Ang- 


| 
50 NORMAL INTENSITY DISTRIBUTION 
| 
5297 76 A | 5001.72 A 
| 35 *P,(8P) - Sp*S.(°P) 
= \, | 
3 > | 
= 
20 
| * t 
\ 
10 - 
\ 
a x 
50 40 20 40 


Fig. 5. Curves showing intensity distribution in two Doppler lines as 
measured by a photoelectric photometer. 


stroms. The observed maximum shift is thus only about two thirds the shift 
one would expect for particles traveling with a velocity of 5107 cm per 
second, as calculated from the Doppler relation. This discrepancy is com- 
monly observed with ordinary canal rays as the particles fall through only 
part of the potential applied to the tube. 

Photometric measurement of the intensity distribution in several lines 
was made and the results illustrated in Fig. 5. The photoelectric photometer 
used was built by Dr. Elmer Dershem, who intends to publish a description of 
the instrument. A narrow slit about 0.02 mm was moved transversely across a 
line in steps of 0.01 mm. Intensities were measured by time intervals required 
for an electrometer gold leaf to move across a fixed portion of eye piece scale. 
The dashed lines which represent the Doppler lines in Fig. 5 indicate the 
general trend of Doppler intensity distribution and display the minima which 
usually exist between the Doppler effects and their undisplaced lines. 
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The wave-lengths of the lines were identified from Paschen’s tables and 
the tables for the spark spectra of neon given by L. Bloch, E. Bloch, and G. 
Déjardin. It was at once apparent that, almost without exception, the lines 
in the first table were accompanied by no Doppler effect lines, while the lines 
of the spark spectra all showed Doppler effects. The complete list of Doppler 
effects in neon between 2500A and 4000A is given in Table I. The lines show- 
ing the strongest Doppler effects are put in the first column and the lines with 


TABLE I. Doppler lines. 


Doubtful on account of 
faintness (F) or 
overriding (R) 


Strong definite Faint 
Doppler effects Doppler effects 


2792.04 2590.01 2503.5 
2955.77 2610.04 ( 2595. 
3001. 2613. ( 2615. 
3027. 2677. 2678. 
3034. 3 2756. ; 2785. 
3198, 2762. k 2794. 
3218. 2809. ( 3028. 
3229. 2835.233 3047. 
3230.1. 2866. 3093. 
3244. 2910. 3232... 
3207. 2910. 3311.. 
3323. 3045.5 3357. 
3334. 3054. 3360.63 
3344. 3070. 3406.88 
3345. 3118. 
3355. 3164. 
3367. 3213. 
3378.28 (5) 3214. 
3417. 3224. 
3418. 3309. 
3481. 3319. 
3568. 3327. 
3574. 3388. 
3643. 3392. 
3644. 3404. 
3664. (9) 3542. 
3694. 3734. 
3709. 3751.25 
3713. 

3727. 

3766.2 

3777. 


2 
2) 
3) 
5) 
(2) 
(4) 
(3) 
(3) 
(5) 
(5) 
(3) 
(3) 
(5) 
(3) 


faint Doppler effects in the second. The third column contains lines where 
existence of a displaced line is probable but not absolutely certain because of 
the faintness of the lines or from overlapping of the lines. The number in 
brackets after each wave-length indicates the intensity of the line and the 
Roman numerals IT, III indicate the first and second spark spectra. Only two 
strong arc lines were found to show any Doppler effect. These appeared on all 
plates. In argon it has been shown by Friedersdorff that with potentials 
greater than 36,000 volts only the lines of the blue spectrum show Doppler 
effects, while at lower voltages, Doppler effects also appear with the lines of 
the red spectrum. It is possible that at low voltages Doppler effects might be 
observed with the arc lines of neon. The analysis of the neon spectrum into 


| (6) III 
(6) III 
(4) IIL 
(3) Ill 
(3) III 
(3) 
(4) II 
(6) II 
(4) II 
(3) II 
(4) IL 
(12) II 
(5) II 
(5) II 
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arc and spark lines shows that at the voltages used in these experiments the 
canal ray bundle in equilibrium consists almost exclusively of singly or doubly 
charged particles and does not consist of a mixture of positive and neutral 
particles as in most gases. 

No certain indications of several maxima were observed as found in argon 
by Stark and Kirschbaum’ and by Friedersdorff. In neon Aston® observes 
singly and doubly charged neon atoms but does not give the relative intensity 
of the doubly charged atoms. It is probable that there is an equilibrium estab- 
lished between the doubly and singly charged atoms, so that in each displaced 
spark line there is superimposed a faint intensity from some atoms moving 
with a higher speed due to their original acceleration as doubly charged atoms. 

The author respectfully acknowledges his indebtedness to Dr. A. J. Demp- 
ster, under whose direction the work was carried on. 


7 Stark and Kirschbaum, Ann. d. Physik 42, 266 (1913). 
8 F. W. Aston, Isotopes, 66. 
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ABSTRACT 

A consideration of the evidence as to the existence of the so called spectra of ion 
mobilities recently reported by various observers combined with experimental results 
of the writers indicate that while ions at ages of from 0.5 to 2.0 seconds show marked 
ranges of mobilities this is not necessarily the case for the normal ions studied over 
shorter time intervals. It is shown from the recent work of Loeb and the more recent 
results of Luhr that ions probably consist of one or two molecular addition products 
of an active type of molecule which pick up the original charged carrier as a result of 
electrochemical forces depending on the molecular constitution and the sign of the 
charge. Such products may be present in traces as impurities or may be produced in 
air by the ionizing agent. The rate of formation of the velocity spectrum therefore will 
depend on the relative stability of the various ion addition products and the relative 
and absolute concentrations of the active molecules. Hence the appearance of such a 
spectrum will vary with the age of the ions and the experimental conditions. It is be- 
lieved that the greater portion of the lowering of the mobility of the ions below the 
theoretical value deduced by the assumption that the neutral molecules are not at- 
tracted by the ions is due to the usually assumed force of dielectric polarization as 
utilized in the complete Langevin equation. While the law utilized is not accurate for 
close approach of ion and molecule (i.e. to one or two atomic radii) it suffices at 
greater distances. The effect of the electrochemical combinations mentioned above 
are superposed on this general attraction and lead to an explanation of the differences 
of positive and negative mobilities and to the three fold lowering of the recombination 
coefficient on long aging without a very significant (10 percent) change in the ionic 
mobility recently observed by Luhr and Bradbury. 


INTRODUCTION 


N A recent article one of the writers (Loeb)'* pointed out the necessity 

for a decision on the question of the reality of the existence of what might 
be termed a spectrum of mobility among the normal positive and negative 
gaseous ions. In recent years there have been many papers which on various 
grounds indicated the possibility that the gaseous ions usually measured had 
instead of a unique mobility a sort of distribution curve of mobilities confined 
between narrow limits and centered about some more probable value.’ 
The critical study of the problem has however been confined to but a few 
observers." The diverse results obtained and conclusions drawn, (extend- 
ing from the notion of a large number of separately resolved mobilities*® 
through the notion of a continuous band or spectrum of mobilities®:7:519-4-12.18 
down to that of a unique mobility,! have indicated the existence of a lack of 


* Numbered references appear in bibliography on page 1728. 
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critical control in some cases. They have further indicated a rather wide 
range of experimental conditions sometimes offering obstacles to any careful 
critical investigation and at other times causing such a real difference in 
physical conditions as to make a comparison of conclusions impossible. 

In view of the fact that the experimental work of the writers’ appeared 
at least in part to be in conflict with the very careful work of Zeleny™ and 
of Fontell®? a critique of the writers’ work was undertaken with results which 
will constitute a portion of this paper. The conclusions reached from this 
analysis together with other recent results including those of Luhr“ make 
possible a general interpretation of the nature of gaseous ions which serves 
to clarify a number of hitherto obscure points. It is the purpose of this paper 
to present these results and conclusions. 


THE EXISTENCE OF A MOBILITY SPECTRUM 
A. Previous investigations 


The first notion as to the existence of mobility spectra among the ions 
doubtless arose in the study of the slow or Langevin ions whose hetero- 
geneous nature led to the observation of such spectra.*** The application of 
this concept to the case of normal ions in air doubtless began as a result of 
more recent modifications of the air blast methods to normal ions,?*-!7-!8 al- 
though as early as 1915 Haines reported to have observed separate groups 
of normal ions in He. The air blast methods utilized what was assumed to be 
a narrow slab of ionized air and this when caught on a collector of narrow 
but finite extent as a result of a transverse electrical field led at once to 
current-potential, or current-down stream distance curves of such shape and 
width that the assumption of a spectrum of mobilities was inevitable. No 
critical study of these curves, however, was made and little significance was 
placed on such curves until the experiments of La Porte® using a sort of 
Fizeau toothed wheel method. This study which was a pioneer investigation 
in which a critique of the various sources of error was made gave a continu- 
ous spectrum of a wide scope of mobilities in air for both ions. In the method 
ions generated by alpha particles from an intense polonium source were driven 
through a region between two plates with constant field and received at the 
other end by an ion collector. The entrance of the ions into the measuring 
field and their reception at the collector after the lapse of a given time was 
regulated by a rotating disk in the apparatus having slits which passed the 
slits in the entrance and exit ends of the constant field. The variation of ion 
current to the collector as a function of speed of rotation, or as a function 
of the constant field, gave curves starting at zero rising to a maximum and | 
falling again to zero. The method in itself was bound to give curves of this 
sort. The extent of the velocity, and hence mobility, range of ions studied 
was however such as to indicate that there was a real range of mobilities 
present. In view of the fact that the range observed by La Porte was markedly 
greater than that observed by the later observers": using methods in which 
the control of disturbing variables is simpler; in view of the impurities present 
due to large quantities of ebonite and the circulating action of the rotating 
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shutters on the gas; finally owing to what appears to have been an inadequate 
correction for diffusion it is doubtful whether too much reliance can be 
placed on this apparent spread as evidence of a spectrum, although the 
results appear to point significantly towards the existence of such a spectrum. 

Following La Porte’s work there have been published two further papers 
utilizing what is essentially a Fizeau method. In these cases, however, the 
shutters were electrical instead of mechanical. These are the experiments of 
R. I. Van de Graaf" and of Tyndall, Starr and Powell.’ Both groups of 
workers admitted the ions to the constant field and from it to the collecting 
chamber by means of properly timed alternating potentials, actuated by 
commutators or transformers. Unfortunately in both these experiments the 
sharpness of the boundaries of the ionized groups of gases entering the field 
were limited by the fact that the auxiliary alternating fields used interacted 
with the fixed driving field through gauzes. Despite certain criticisms leveled 
- at the explanation”! it is an experimental fact that two fields of opposing sign 
so interpentrate through the meshes of a gauze, (in ion mobility work large 
mesh gauzes are generally used because of the high absorption coefficient of 
finer gauzes for the ions), that the equipotential surfaces may well bulge con- 
siderably in one sense or the other through the gauzes. Hence at the zero of 
time when the ions start moving they do not start at the same level but may 
have a distribution extending a mm or two ahead of or behind the gauze, 
depending on whether auxiliary or driving field is the greater. The ions are 
only able to reach to the equipotential surface during the retarding field and 
are allowed to accumulate there during that period except for diffusion. Such 
nonplanar distributions of ions act materially to distort and enlarge the 
extent of the velocity spectra observed. This difficulty was unquestionably 
recognized by Tyndall, Starr and Powell, who did not attempt to ascribe too 
much significance to the width of their ion spectrum. 

More recently Fontell" in his doctor's dissertation has made a most care- 
ful study of the reality of the existence of a mobility spectrum among the 
ions in air. His work was exceedingly carefully controlled and in principle 
constitutes a method which js perhaps one of the most sensitive used. In 
this method a thin beam of x-rays ionizes the air near one plate of a con- 
denser system for a short time interval, the ions being in a field. Thereafter 
the ionized air is driven by the field to a collecting electrode where the cur- 
rent due to the ions is measured as a function of the time by an amplifying 
system and galvanometer devised for other purposes by Wassastjerna. Under 
these conditions the ion group is spread apart by the field in transit so that 
at first only the fastest ions reach the collector but gradually the slower ones 
and some faster ones liberated later in the cycle reach the collector. From the 
record of the galvanometer deflection as a function of time by means of a 
complicated reduction system, Fontell obtains the actual mobility spectrum 
of the ions caught. The work carefully corrects for diffusion, self repulsion, 
width of x-ray beam and similar effects. It covers ages of ions ranging from 
0.3 to 4.0 seconds and in this sense coincides well with the ionic age range 
involved in Zeleny’s work. 
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Another most careful and critical of the recent investigations is that of 
John Zeleny," using ions in air from the room with water vapor present, an 
age range of the order of 1 second and an air blast method. In this investiga- 
tion most sources of error have been critically analyzed with the possible 
exception of the action of the moving air stream in aspirating more ions (and 
perhaps a larger spatial extent of ionization) into his chamber than is evident 
from the measurements. When the spectrum obtained using mobilities is 
compared to that due to the geometrical considerations and corrections are 
made for diffusion there is in these ions an unexplained spectral width indicat- 
ing ions existing in air with mobilities spread from 1.03 to 1.48 for the positive 
and 1.68 to 2.18 for the negative ions. In view of the fact that the corrections 
are as great as the observed differences perhaps too much emphasis cannot 
be placed on the exact values of the spread of the spectrum. That there 
definitely appears to be a spectrum is, however, most significant and it coin- 
cides in general extent and for the same ion age with that inferred by Fontell 
from his data. 


B. Investigations of the writers 


One of the writers (Loeb) has in the past been one of those who have re- 
mained somewhat skeptical of the reality of a mobility spectrum. The recent 
results of this writer™ on the change of the mobilities of Na+ ions with time 
and certain results in this laboratory to be mentioned have led to a more 
critical analysis of all the evidence at hand, with the result that this article 
has been written. The reason for the skepticism lay in the observations of 
Loeb* on mobilities of photoelectrically generated negative ions using the 
original Rutherford A.C. method under carefully controlled conditions. In 
this method if ions of a unique mobility & exist the ratio of the A.C. ion cur- 
rent 7 to the half saturation current 79 can be deduced by theory to be given 
by t/i9o=(V—Vo)/V, where V is the potential applied to the condenser and 
Vo=D/kT, where T is the half period of the square wave and D is the plate 
distance. The actual 7/7) curves obtained experimentally on ordinary dried 
air in 0.1 second or less, under these conditions agreed so closely with theory 
that the possibility of the existence of more than a single mobility seemed 
rather remote. The recent work of Fontell and Zeleny led, however, to an in- 
vestigation of the resolving power of this method with the following results. 

One can assume that ions are generated with mobilities ranging from k, 
to k, distributed equally over this range of mobilities. An alternating po- 
tential of amplitude V is placed across the plane parallel plates separated 
by Dcm. Ultraviolet light is liberating ions continuously from the one plate 
at a rate of ip ions of all sorts per second. The field driving the ions across D 
is on for a time 7, after which ions liberated too late in the phase, or of mo- 
bility too low to reach D are swept out of the space by a strong reverse field. 
It is now necessary to see how many ions the upper collecting plate will 
collect as a function of V, T and D. The current i relative to the saturation 
current Zo in this case compared with that given for a single class of ions will 
then give an idea of the resolving power of the method. To make such a 
comparison one may reason as follows. 
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If ions are uniformly distributed in a band between k; and ke (an assump- 
tion probably contrary to fact but producing negligible errors as far as this 
question is concerned) the /od/ ions emitted in df seconds will in a time ¢ be 
distributed over an area I(k, —ke) t dt in the x, ¢t diagram of Fig. 1. Here V 
is the field strength across the plate S. The fast ions k; will be at x, = Vit 
and the slowest ions at x, = Vkot. The density p of ions in this strip dt wide will 
then be p=iodt, V(k, —k»)t dt. In the ensuing intervals dt beginning at t=¢ 
and going back to /=0 the successive areas containing the ions in the x—f 
plane will present the appearance of the shaded triangle A OB indicated in the 
Fig. 1. From x; = Vkit to xy = Vkot the ions will be contained in a triangular 
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element. ABC. Within this element the number of ions reaching a certain 
distance D will be given by the area of the triangle intercepted between 
x, =VkiT and D=x=k,Vt. Hence the initial increase of charge received 
by a plate at a point PD will be parabolic beginning at a mobility k). At a 
time such that D = VkeT all the ions in A BC will have reached D. From then 
on the number of ions is distributed in the space time diagram inside the 
triangle bounded by OBC. At any value of x below x. = Vk.T the number of 
ions is constant and equal to 7». The curve for the quantity reaching D asa 
function of ¢t between D = Vk, 7 and D = VksT is then given by the integral 


in — D)dt 
V(ki — 


which includes the density of ions as a function of f¢. 
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As Q/T =iand calling k = D/ VT between limits k; >k >k. we have 


This gives 7/7 as a function of the variable k between the limits k; and ko. 
Here & can be espressed as a f (D, V or 7) and for each k the 7/7) can be ex- 
pressed as a f (V) by calculating the value of k corresponding to each V for 
PD and T constant. Beyond time intervals for which ions of mobility k; and 
k, reach D we can express the quantity Q in terms of the area A BEF repre- 
sented by the smaller distance D’ in the figure. This area is the area of the 
whole triangle A BO less the area of triangle OFF, or better the area of tri- 
angle A BO less the area of triangles OFG and GEF. Hence we can write that 
for a plate PD’ the quantity is given by 


Area ABO = inT 
Area OFG = ip(D’/k,V) 
— Vkot)dt i k k 
Area EIG = ( : ‘) 
 V(Rki — kedt V(ki — ke) 


Whence the quantity Q received by D’ under these conditions is 


to ky ke 
it — — ——|{ Dlog — — D D— 
kyl (ky ko ky 
ipD 
————— log whence i = Q/T, 
V(ki — ke) ke 


D ky 
VT(ki — ke) ky 


Putting k=D, V7 between the limits k: >k>0 we get for the current ratio 
after the slower ions begin to cross the relation 


= io T = 


(2) 


At k=k, the Eqs. (1) and (2) are the same. As k; approaches ky the Eq. (2) 
becomes i/i9=1—D k7TV which is the simple equation 7/79 =(V— Vo) /V 
. given above for a unique mobility. 

An idea of the resolving power of this Rutherford A.C. method as ap- 
plied to the case of ions with mobilities lying between k,; =2.2 and kp =1.6, 
as observed by Fontell for negative ions is shown in Fig. 2. There 7/79 as 
computed from the above is compared with the curve 7/79 computed for 
ions of a single k = 1.9, the average value. It is seen that the difference is not 
very marked and the resolving power is small. In Fig. 3 is a typical result, 
previously published obtained by Loeb for nearly identical conditions for 
dry air 7 =0.0275 at atmospheric pressure. D was 1.41 cm. in this case and 
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negative ions from a plane photoelectric source were used. The observed curve 
in this case shows no asymptotic foot within the limits of accuracy of the 
method. 

As Zeleny" correctly points out, these results should have been corrected 
for diffusion. However, the correction becomes small in time intervals of 0.02 
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Fig. 2. 
seconds and in any case the presence of notable diffusion would have yielded 
asymptotic feet. This may in part account for such feet at longer times of 
passage as observed. 
It appears from the above that the method as used is a highly insensitive 
one for indicating the existence of mobilities spread over a more limited range 
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of values. Perhaps the best conclusion that can be drawn on the basis of this 
work is that with dry air, photoelectric ions (no great amount of chemical 
products e.g., ozone and nitric oxides are formed by the ionizing agent) and 
in shorter time intervals the spread of the mobility spectrum is even without 
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corrections for diffusion distinctly less than that observed by Zeleny and 
Fontell at Jonger intervals of time and under different conditions. 

There is a chance that by using a differential method, i.e., measuring the 
current at each instant during the cycle instead of the integrated current, as 
was done by Fontell, a much more significant result might be obtained. This 
is, however, at present experimentally impossible. A better result than the 
one above could be obtained by using an ionizing flash of ultraviolet light 
which is short in duration compared to 7. Such a curve could be analyzed to 
get the form of the distribution if with very sensitive measurements the 
derivative of the curves obtained in this fashion were determined graphically. 
Such an experiment is to be undertaken in the near future. 

An almost exact analogue of this proposed method has been carried out 
by J. L. Hamshere™ in an admirable investigation. Hamshere used ions 
generated by polonium and driven into the measuring field by means of an 
auxiliary gauze and plate in the generating chamber. The apparatus was so 
arranged that the auxiliary field as used in the Franck modification of the 
Rutherford A.C. method was put on so that just at the beginning of the 
phase driving the ions from the origin towards the collecting plate this 
auxiliary field was put on for but a short time. This gave a burst of ions 
through the gauze into the measuring field which then was spread into a 
velocity spectrum by the field. The current reaching the upper plate then 
depends on the distance D, the duration T of the positive or driving field 
acting on the ions before the field reversed, and the field V applied. The 
process is then repeated. This method except for the use of polonium as an 
ionizing agent and the gauze, instead of a photoelectric source is the one 
suggested above. However, in spite of Hamshere’s use of the high auxiliary 
field, as had been suggested by the writer,”* to avoid the effects of the initial 
displacement of the ions due to interpenetration, (his gauzes had wide meshes 
of 1 mm) it is most probable that much scattering of the origin of the ions 
at the beginning of 7 must have resulted from this procedure. Further the 
intense polonium ionization as we shall see produces ideal conditions for 
formation of products which are active on the ions. Again no attempt at 
correction for diffusion was made. Finally one of the writers in all his work 
with methods of this type never observed the type of intercepts obtained by 
Hamshere on the high mobility side of his curves which are neither inter- 
cepts of the abrupt type to be expected from unique mobilities, nor inter- 
cepts of a truly asymptotic character which would be expected. It appears 
as if some spurious effect must have subvened to cause these curves. Perhaps 
this was due to accumulations of ions at the equipotential barriers m the 
meshes while the reverse field was on. The curves obtained by Hamshere 
were then graphically differentiated to give the mobility spectrum. In general 
they agree with the type of curves of Zeleny and Fontell. They appertain, 
however, to ions of much shorter life than the ions of the latter observers. In 
view of the conditions mentioned and in view of Bradbury’s results to be 
discussed it appears to the writers that while Hamshere has devised an ideal 
method in principle, the work should be carried out with the photoelectric 
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method before too much credence can be placed in an interpretation of these 
curves as representing a true velocity spectrum of ions over short time inter- 
vals. 

While the results of Loeb on the absence of a broad mobility spectrum 
over short time intervals are not entirely convincing, even admitting the 
possible sources of difficulty in Hamshere’s work, the conclusions arrived at 
are substantially borne out by recent work of Bradburg™ using the method 
of Tyndall and Grindley.” 

The mobility of gaseous ions in dry air of considerable purity and also of 
normal purity has recently been investigated by one of the authors (Brad- 
bury). In these experiments the alternating current method devised by Tyn- 
dall and Grindley** with intense x-ray ionization was employed. This is a 
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Fig. 4. (a) Curve A is a typical curve for positive ions of age equal to 0.05’ giving a value 
for the mobility of 1.60. Curve B is the theoretical curve to be expected if the mobilities were 
distributed over a ten percent range on either side of the accepted value. (b) A series of typical 
curves for negative air ions of increasing age, showing the change to a type of curve corre- 
sponding to B in Fig. 1 and giving evidence of a spread of mobilities. 


“peak” method, and the mobility is calculated from the position of the 
maximum in the ion current curve as the time of alternation of the field is 
varied. The mathematical theory of this method has been developed by 
Tyndall and Grindley. It appears from the integrals relating the ion current 
to the time of one complete cycle that the sides of the peak should be straight 
lines, intersecting at a point, by the position of which a mobility is uniquely 
determined. In practice this is not always the case. Even when new ions are 
studied, the sharp peak will be slightly rounded off by diffusion, self-repul- 
sion, and other factors arising from the measuring instruments themselves. 
In addition to this if the time, the time (6—)7,, of retardation of the ions 
being measured towards the lower plate is too great, or the position of ionized 
band between the plates is too near the upper plate, at the higher and lower 
frequencies of alternation, ions of the opposite sign will begin to reach the 
‘upper plate. This causes the measured current to decrease more rapidly than 
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that predicted by the simple Tyndall and Grindley equations and an out- 
ward curvature of the sides of the peak results. Since the curving was never 
found to influence the position of the maximum, no great care was taken to 
avoid this condition in the effort to obtain ion currents of measurable in- 
tensity. However, by varying the conditions of 67, V,, and the slit width 
(width of ionized beam) the sides of the curve could be made quite satis- 
factorily straight as seen in Fig. 4. It seems in view of such curves of interest 
to consider the resultant shape of the Tyndall-Grindley curve should there 
be a distribution of mobilities between certain limits. In other words, it 
is important to see what the effect of a continuous distribution of mobilities 
will be on these curves. This can be accomplished by testing the effect of a 
range of mobilities on the curve shape; a result which can most easily be 
accomplished, in view of the integrals involved, by a graphical method which 
sums the ordinates of a series of individual curves over the range of mobilities 
involved. When this is done we obtain a curve of the shape shown in Fig. 4a 
curve B. Curve A is an experimental curve recently obtained in pure air with 
X-ray ionization for positive ions of age equal to 0.05 seconds. By combining 
a series of curves of this shape distributed uniformly over a range ten percent 
greater and ten percent less than the accepted value (a smaller range than 
was found by Zeleny) curve B was obtained. With sides of the same slope, the 
rounded top is very apparent. Fig. 4b shows a series of experimental curves 
for negative ions in less pure gas taken on ions of increasing age, as shown. 
Comparing these curves with that of Fig. 4a it seems very apparent that ions 
of age less than 0.08 do not have a spread of mobilities as great as that 
chosen. 

The curves shown indicate quite strikingly two facts. First the ions of 
shorter life in pure air do not appear to show any certain indications of a velocity 
spectrum of any great extent, (certainly the range is smaller than 10 percent. 
Secondly at ages greater than 0.1 second the appearance of a range of veloci- 
ties is quite definite and becomes more pronounced as time goes on. Again as 
in all methods the resolving power is too small to indicate the nature of the 
changes occurring but it is clear that such a real spectrum exists. These 
results strikingly confirm the conclusions to be drawn from the photoelectric 
method for newer ions and the results of Fontell and Zeleny on older ions. 
They disagree definitely with those of Hamshere and the results at shorter 
time intervals of LaPorte.* 


THEORETICAL CONCLUSIONS 


That this confirmation should occur is not surprising in view of certain 
theoretical considerations concerning ions together with recent results ob- 
tained by Luhr“ in this laboratory. Luhr has been studying the ions produced 
in air, Oz, Ne, and SO, and other gases by a Geissler discharge after sorting the 
somewhat aged ions by means of the method of molecular beams and a posi- 
tive ray analyzer of the Dempster type. While he has as yet not achieved a 


* In a recent paper Zeleny (Phys. Rev. 38, 969 (1931)) has confirmed the absence of a 
mobility spectrum in air over the shorter time intervals using an air blast method. 
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study of the really older ions the facts found in air with high concentrations of 
the ionization products of discharge indicate that as the pressure of the gas in- 
creases, especially in air, the ions are predominantly of a higher molecular 
weight than those at low pressures which consist of Ot, O2+ and N2* and O**, 
etc. These older ions have molecular weights ranging up to 200. They are not 
in a continuous group of all masses, but largely consist of single charged mole- 
cules of the reaction products of the discharge, i.e., oxides of nitrogen, nitric 
acid and where SO, is present even H2SO,. 

It is clear that in any ionized complex gas such as air all sorts of chemical 
products must be formed in quantities depending on the nature of the ioniz- 
ing process. Depending on their electrochemical affinity as shown from 
studies of mixtures* certain of these molecules are strongly attracted to ions 
of one sign or the other. These compounds or attached molecular ions are 
formed not by the inverse fifth power law attractions but forces between the 
charged portions of single molecules due to structural characteristics as 
worked out by researches analogous to those of H. A. Stuart, C. P. Smyth,” 
C. T. Zahn?’ and others. For example the O atom in ethyl ether is highly 
negative and should strongly attract and attach positive ions, or the positive 
atom or molecule can combine with an NH; molecule to give an ammonium 
like ion, while the strongly positive H in the OH group attracts negative ions. 
Now there must be formed a number of such ion complexes with not more than 
one or two molecules attached, in any gas ionized by x-rays or a-rays, in the 
measure that active molecules are present, and that probability of reaction 
and number of impacts of ions with these lead to formation of such complexes. 
The lower the concentrations of these substances the longer times of sojourn 
in the gas must transpire for such attachments. In ‘gases as ordinarily studied 
there will even be competition among various molecules for the ions of a given 
sign. At first a less strongly attracted but more frequent impurity will win, 
but with age the more strongly attracted but rarer substances will get a large 
share of the remaining charged atoms. This action is beautifully illustrated 
in the aging effects observed by one of the writers’ for Nat ions in Ne and Hp. 
and by the aging effects observed by Erikson!’*! and the action of water 
vapor, alcohol and ozone on ions in air as observed by Tyndall**** and his 
collaborators, Mahoney,*® Valasek,?®, Hamshere’® and others. 

Thus it is to be expected that while the earlier ions are more uniform in 
structure, and thus of uniform mobility, aging particularly in gases with 
many chemical products will lead to the predominance of a greater diversity 
of the ion structures present, with a consequent spread of mobilities. Hence 
it is not surprising that in gases like those used by Fontell, Zeleny and one of 
us over long time intervals with the selective action of recombination in some 
cases removing the lighter complexes, to find quite a velocity spectrum among 
the ions. With greater resolving powers of our measuring equipment of course 
the separation of the ion groups should appear, if the spectrum has not too 
many components, as in Luhr’s apparatus. It is also clear that the distribu- 
tion of mobilities in such a group must be rather more like that found by 
Zeleny and others than the uniform velocity band utilized in calculations in 
this paper. 
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THE DIFFERENCE BETWEEN POSITIVE AND NEGATIVE MOBILITIES 


This assumption of the nature of ions at once clarifies many heretofore 
disturbing phenomena which have been very hard to understand. To utilize 
this concept let us first restate the situation. It must, and will be main- 
tained throughout, that the zons are essentially simple in structure one charged 
molecule Oz, Ne, Os, etc., attached to possibly one and perhaps two, but not 
more, other molecules of appropriate structure. More than one or two at- 
tached molecules would so weaken the bonds, with the space limitations im- 
posed by the attached molecules that they would cease to be effective. These 
attachments must be considered in the nature of loose chemical combinations 
caused by structural effects, and not primarily caused by the inverse fifth power 
law attractions. In some active organic molecules of high molecular weight, 
i.e., with large inactive chains of CH: groups the effect of this attachment 
alone will cause marked diminution of the mobility owing to great increase 
in ion radius. This has been observed by Tyndall*§ and his collaborators with 
the alcohols and by Loeb and Dyk® with the amines. 

In the main, however, the very great lowering of the mobilities, to one- 
fifth the simple kinetic theory value,® are due not to this compound formation 
but to the apparent increase of the ionic radius due to the attractive forces of the 
ionic charges on neutral gas molecules. The main lowering will therefore be 
ascribable to dielectric attractive forces of the inverse fifth power law type 
which must hold fairly well at distances of 10-7 cm and greater. For closer 
approach doubtless the dielectric forces are less and this with our under- 
standing of repulsive forces show why the influence of the actual kinetic 
theory radius as it appears in Langevin’s equation may not be as critical as 
it appears.! That these dielectric forces must be the main factor in reducing 
ionic mobilities to the observed low values is definitely attested by the fact 
that this Langevin law alone or even the Loeb-Thomson modification and the 
Wellisch equation as modified by Loeb,® give the correct order of magnitude 
and nearly correct values for the mobilities of the ordinary ions. Hence the 
mobilities observed are produced by (1) the dielectric attractions which have 
superposed on them and (2) the increases in mass and actual physical dia- 
meter caused by the one or two electrochemically bound molecules. 

Granted this postulate we can at once see that the effect of the sign of 
the charge on mobilities is not in any way to be ascribed to a difference in the 
dielectric constant for positive and negative ionic force fields.% It must be 
ascribed to the specific electrochemical combinations which result by reac- 
tion of positive and negative ions with molecules present in some gases, 
the negative ion adding the larger molecule in some gases in others the posi- 
tive ion doing so. If this is true the whole question of the difference of positive 
and negative mobilities is simplified and may be even extended to the C. T. 
R. Wilson cloud chamber experiments. The fact that negatively charged 
droplets condense to visible size much more readily than do the positively 
charged drops may not need to be ascribed to more intense dielectric forces 
on the water droplets in the intense radial fields of the small negative drops 
than on small positive drops. They can now be ascribed to the fact that the 
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droplet that has picked up a negative ion has also picked up from the negative 
ion a more hygroscopic addition product than there exist about the positive 
ions. Thus a droplet such as Thomson postulates, containing 1000 water 
molecules, that cannot grow at a given supersaturation because of surface 
tension forces, in picking up a negative O.~(2 SO.) ion has besides the com- 
pensating charge the vapor tension of 20 N H.SOs solution. This may cause 
more ready condensation on the negative ion than on the positive ion which 
has no such addition product. 


Tue RECOMBINATION COEFFICIENT 


Another problem which is clarified by this viewpoint is the apparent 
difficulty in the different effects of aging on mobilities and recombination 
coefficients as observed by Luhr® and Bradbury." In the intense x-ray ioniza- 
tion reactive substances are formed in the gas in progressively greater 
amounts on aging. The faster ions owing to lighter mass recombine quickly 
and leave the slower ions. Now since those reaction products picked up by 
ions in air are, as Luhr™ has observed, atoms not of atomic and molecular 
weights 16 and 32, but some molecules of molecular weights as high as 200, 
we can see how the value of the recombination coefficient which is inversely 
proportional to the square root of the mass of the ion can be reduced without 
materially changing the mobility of the ions. Thus the reduction of the re- 
combination coefficient with time is not due to the formation of a very large 
cluster ion which is incompatible with a 10-20 percent mobility decrease, 
but is due to the attachment of a molecule of greater mass without a very 
much greater radius: Thus the increase in radius of an O.* ion to that of an 
(HNOs)202* ion is not as drastic an increase in radius as would be that due to 
an addition of 8 to 12 OQ, molecules in a monomolecular cluster which are 
loosely bound by dielectric forces. 

It is therefore seen that the recent studies of the velocity spectrum of 
ions together with other recent work leads to a comparatively simple picture 
of ionic structure and behavior which from its nature and its simplicity can- 
not be far from true. It is hoped that the clarification due to this analysis 
will guide future workers to a means of more quickly and completely estab- 
lishing the obvious conclusions here made. 

In conclusion the writers wish to acknowledge their thanks to Dr. H. A. 
Stuart for the valuable information which he gave concerning molecular 
structure as it affects this problem, and to Dr. O. Luhr for permission to 
anticipate the publication of his results. 
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ABSTRACT 


Preliminary results are presented here in an attempt to determine directly the 
mass of gas ions in air, Ne, Oo, and SO. The ions were formed in a glow discharge, al- 
lowed to drift at low velocity through a distance of 2.5 cm, and passed as a molecular 
beam through a slit 0.01 mm by 5.0 mm where the mass spectrum was analyzed with a 
positive ray analysis apparatus of the Dempster type. The pressure in the discharge 
and drift spaces was maintained at 0.1 to 0.5 mm of mercury. The following ions ap- 
peared in relatively large quantities: N*, N; 2, O*, Nz*, O2*, O3*, SO.*, and H:SO;*. 
In addition a smear of heavier ions appeared in smaller numbers, though the intensity 
was greater in air than in the pure gases and, in air, became relatively larger at high 
pressures. Peaks corresponding to molecular weights of 56-64, 76, 80, 96, 108, 138, 
140, 168 and 200 were the most prominent indicating the presence of such ions as 
2N.*, N,O.*, 20.*, N2O3;* and heavier combinations. N3* and O;* ions apparently 
play an important role in gas ion phenomena though the N;°* is relatively unstable 
since it breaks up in the magnetic field into N.*+N. In view of the results it seems 
likely that air ions aged over a considerable period of time are of a complex and hetero- 
geneous nature, due probably to the formation of nitric oxides, while the ions in pure 
gases remain monatomic, diatomic and triatomic except for attachment to impurities. 


INTRODUCTION 


HE most perplexing problem in the field of gas ions to-day concerns the 

nature of the ions. As a result of extensive and thorough measurements of 
such quantities as mobility, coefficient of recombination, and attachment co- 
efficient of electrons the behaviour of ions under various conditions is fairly 
well known. However, it is often difficult to interpret this behaviour correctly 
as such measurements do not give any direct or definite answer to the question 
of the mass and composition of the ions. In some cases gas ions may consist of 
single atoms and molecules, but it seems likely that in most gases as the ions 
age they become more complex in nature. This supposition is born out by 
many mobility experiments such as those of Erickson on the aging of the 
positive ion, those of Loeb on mobility in mixtures, and more recently the 
work of Loeb! on Na positive ions in Hz and Ne, and that of Bradbury? on 
aging. Such investigators as Zeleny and Fontell in their recent work on the 
spread of mobilities have shown quite definitely that at any rate after aging 
about a second, there must be ions of various sizes and kinds present. The 
possibility that ions of a molecular weight of several hundred occur after ag- 
ing a second or more was indicated by the recombination experiments of the 
writer.$ 


1 L. B. Loeb, Phys. Rev. 38, 549 (1931). 
2 N.E. Bradbury, Phys. Rev. 37, 1311 (1931). 
? OQ. Luhr, Phys. Rev. 35, 1394 (1930); 36, 24 (1930). 
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Since all angles of approach to the mobility problem have failed to deter- 
mine definitely the real constitution of the ions it appears imperative that the 
mass be measured by a direct method. It occurred to Professor L. B. Loeb 
that the problem might be solved by forming the ions in a glow discharge and 
employing the Stern method to determine the velocity spectrum in a molecu- 
lar beam. After consultation with Professor Stern on the feasibility of the 
method it was decided that accurate measurement with velocities of the order 
of a fortieth of a volt would be impossible owing to the presence of unknown 
contact potentials. Professor Stern suggested however, that the problem 
might be approached by forming a molecular beam as suggested by Professor 
Loeb and measuring the distribution of masses with a Dempster type of posi- 
tive ray analysis apparatus. Since the chance of a collision in a molecular 
beam is very remote the ions should not break up in the analyzing chamber 
and the masses present could be determined directly. In all previous positive 
ray analyses the normal ions would be broken up by low pressures and high 
fields before entering the analyzing chamber. The conditions in a glow dis- 
charge cannot of course be strictly compared to those in a gas at high pres- 
sures where the ionization is produced by x-rays, polonium or some similar 
method. However, the intensity of ionization obtained by such means is en- 
tirely too small to be measured by a positive ray analysis method when one 
considers that the ion current must diffuse through a slit of the order of 0.01 
by 5.0 mm in size. Normal gas ion conditions can be approximated in the glow 
discharge if the pressure is kept as high as possible and the ions after forma- 
tion are allowed to drift through some cm of gas with a velocity so small that 
any aggregates which might be formed would not be likely to break up on 
collision with neutral molecules; that is, the result would be the same as 
though the ions were formed by any other method at high pressures and aged 
over a very short period of time. It was felt in undertaking the experiment 
that even if normal gas ion conditions could not be attained useful knowledge 
would result from the determination of the ionization products formed in a 
discharge tube operating between 0.1 and 1.0 mm of mercury pressure. 

The present results are preliminary in nature and probably give a better 
idea of the ionization products as formed in the discharge than the nature of 
normal gas ions. However, particularly at the higher pressures where the ef- 
fective aging is greater, positive ions of mass larger than a single molecule 
begin to appear in quantities comparable with the number of charged atoms 
and molecules. So far no negative ions have been observed even in gases such 
as oxygen and sulfur dioxide which have considerable electron affinity; but 
this is not surprising considering the low pressures and hence relatively few 
collisions which the electrons would make with neutral molecules before being 
swept out of the volume. 


APPARATUS AND METHOD 


The form of apparatus finally adopted after considerable experiment is 
shown in Fig. 1. A discharge was maintained between the electrodes A by 
means of a sixty cycle neon sign transformer with a potential of about 4000 
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volts or as high as could be employed without overheating the tube. About 
2.5 cm below the electrodes was a nickel cap G with a tungsten wire grid in 
the center through which some of the ions formed in the discharge could pass. 
The grid G and the first slit of the analyzing chamber S; were separated a 
distance of 2.5 cm, the ions drifting through the gas in this space with a field 
of five volts per cm. The slit S; was 0.01 mm wide and 5.0 mm long; so the 
pressure in the discharge and drift spaces could be maintained at 0.1 to 0.5 
mm of mercury while the pressure in the analyzing chamber could be kept 
down to 10-4 mm by continuous pumping. 


Fig. 1. Diagram of apparatus. 


The analyzing chamber, made of brass, was of the standard Dempster 
type kindly loaned to the writer by Dr. R. E. Holzer and recently described 
by him.‘ The ions passed through the slit S; with a velocity of only a small 
fraction of a volt, were accelerated by the potential V2 (100 to 200 volts), 
bent into a semicircle of 5.0 cm radius by a magnetic field at the point C and 
collected in the Faraday cylinder F where the charge was measured by the 
electrometer E. S; was insulated from the grounded analyzing chamber by 
mica and picein wax. B was a soft iron cylinder for magnetic shielding. The 
slit S. was 0.5 mm wide and S$; about 1.5 mm wide. ; 

The first attempts at measurement were made with an all glass apparatus 
having the inside walls silvered for electrostatic shielding. The metal cap and 
grid G were omitted and although some ion current was obtained through the 
slits S, and So, the velocities were so heterogeneous due to the high potential 
discharge that no appreciable current was obtained through the slit S;. The 


4 R. E. Holzer, Phys. Rev. 36, 1204 (1930). 
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glass apparatus was finally abandoned in favor of the metal chamber and a 
brass plate with a cm hole in the center was used in place of the grid and 
cap G. Still no ions were obtained in the Faraday cylinder as the metal plate 
did not sufficiently shield the drift space from the high potential discharge. 
Large ion currents were later obtained by placing a single electrode above the 
brass plate, the plate itself acting as the other electrode; but in this case the 
ions were projected through the slit S; with a velocity of about 300 volts and 
the conditions of drift were obviously not fulfilled. Next a filament and grid 
of the type employed by Smyth,’ Hogness and Lunn‘ and others was tried 
and worked very well at pressures up to 0.05 mm, but above that the inten- 
sity of ionization dropped to a negligible amount. As it was necessary to work 
at pressures of at least 0.1 mm and preferably near 1.0 mm this method had 
to be abandoned. Finally the apparatus shown in Fig. 1 and described above 
was adopted and gave satisfactory results at pressures of 0.1 to 0.5 mm, 
though the ion current, especially at higher pressures was relatively small. 
It is hoped by means of a more intense discharge, faster pumping (hence a 
wider slit S;) and more sensitive methods of detection that in the future much 
higher pressures, longer aging and at the same time larger currents may be 
attained. Negative ion currents of sufficient intensity to be measured should 
also be obtained under such favorable conditions. 

The gases employed in the experiment were purified by passage through 
tubes of CaCl, NaOH, and POs; and in addition in the case of pure nitrogen 
through a tube of hot copper to remove the oxygen. The gas then flowed 
through a capillary, passed through two liquid air traps and into the dis- 
charge tube. The liquid air traps precluded the possibility of the presence of. 
any large amount of mercury, water vapor or organic material from stopcock 
grease, gauges and walls of the tube. 

In taking measurements it was found most satisfactory in view of the 
large range of masses to be covered, to keep the accelerating potential V»2 
constant and vary the magnetic field by changing the current through the 
coils of the electromagnet. The electromagnet was calibrated by means of a 
flipcoil and Grassot fluxmeter, and the calibration later checked with ions of 
known mass. A rate of deflection method was employed in measuring the ion 
currents to the electrometer. 


RESULTS 


Results were obtained in a number of pure gases and mixtures including 
No, Ov, SOs, air, SOg— Ne mixtures and N»2-ether mixtures. The intensity of 
ionization in pure SO, and N.-ether mixtures was too small to be measured 
satisfactorily. Typical results obtained for the other gases are shown in Figs. 
2 to 7 inclusive. As the relative intensities of the various ions were extremely 
sensitive to small changes in the pressure of the discharge it was difficult to 
check the curves accurately, especially at higher pressures. There was such a 
smear of ions or larger mass and the intensity was so small that it was difficult 


5H. D. Smyth, Phys. Rev. 25, 452 (1925). 
6 T. R. Hogness and E. G. Lunn, Proc. Nat. Acad. Sci. 10, 398 (1924). 
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even to check the position of many of the peaks. However, peaks correspond- 
ing to certain of the masses appeared so consistently that there can be no 
doubt of their existence. 
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Fig. 2. Results in air with pressure in the discharge tube of 0.075 mm of mercury and 
accelerating potential V2 of 150 volts. Numbers above the peaks indicate the molecular weights 
of the ions. 
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Fig. 3. Results in air with pressure in the discharge tube of 0.10 mm and accelerating potential 
V2 of 150 volts. Numbers above the peaks indicate the molecular weights of the ions. 
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Fig. 2 showsa curve taken in air at 0.075 mm pressure in the discharge tube 
with an accelerating potential V2 of 150 volts. The first mass which appears 
is 14.0 corresponding to N+. O+ is absent in measurable quantities, but a 
strong peak appears at a mass of about 18.7 which can only be accounted for 
by assuming an N;_»* ion which is accelerated in the electric field as N3+ and 
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Fig. 4. Results in air with pressure in the discharge tube of 0.400 mm and accelerating potential 
*, of 191 volts. Numbers above the peaks indicate the molecular weights of the ions. 
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Fig. 5. Results in pure oxygen with pressure in the discharge tube of 0.10 mm and ac- 
celerating potential V2 of 193 volts. Numbers above the peaks indicate the molecular weights 
of the ions. 


breaks up in the magnetic field into N,*. This ion may have been observed 
by Smyth’ working at low pressures but he attributed the corresponding peak 
to an impurity, presumably water. In the present work however, the peak 
occurs at a point corresponding to a mass which is consistently greater than 
18. It disappears completely in pure O, or other pure gases but is always rela- 


7H. D. Smyth, Proc. Roy. Soc. 104A, 121 (1923) 
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tively strong in pure N» or in nitrogen mixtures. In view of the careful drying 
of the gases and the presence of the liquid air traps there could hardly be suff- 
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Fig. 6. Results in pure oxygen with pressure in the discharge tube of 0 30 mm and accelerat- 
ing potential of 193 volts. Numbers above the peaks indicate the molecular weights of the ions. 
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cient water vapor remaining to give such intense ionization. The next peak 
is due to O.*, N.* being absent or too weak to measure. O;* appears next as 
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a definite peak, with masses of approximately 56, 60, 76, 96, 128, 140, 168, 
and 200 following. These peaks do not stand out very definitely against a 
smear of ionization in the background, but peaks corresponding to these 
masses have a tendency to appear again and again in air. 

Fig. 3 shows another curve taken in air at slightly higher pressure (0.10 
mm). In this case O;* is very pronounced with O,* still the strongest, N+ and 
N3_2* quite strong and a smear of heavier ions. 

Fig. 4 is a typical curve taken in air at higher pressures (0.40 mm). As the 
pressure increases the intensity of the ions of smaller mass decreases markedly 
while the intensity of the heavier ions, particularly of masses around 60 and 
76 tends to increase. This is of course to be expected as the ions are now aged 
somewhat longer having made about 400 collisions with neutral molecules be- 
fore entering the analyzing chamber. 

Figs. 5 and 6 show two runs in pure oxygen taken at 0.10 and 0.30 mm 
pressure respectively. In both cases the number of heavy ions is relatively 
small, but it is interesting to note that at the lower pressure the O;* peak is 
much the strongest while at the higher pressure O.*+ appears to be the prin- 
ciple product of ionization. 

Fig. 7 shows the results for a mixture of fifty percent Ne and fifty percent 
SO.. N3-2+ appears the most intense while N2*, O3+, SO.* and H2SO;*+ show 
up as definite peaks of relatively large intensity. In this case the SO. was 
taken directly from a tank without drying or purifying; so water vapor was 
undoubtedly present in considerable quantity and may have contributed par- 
tially to the N3_.* peak. 

Measurements in pure N2 showed N3;_.*+ to be the most intense with con- 
siderable N*+ and N.* but no appreciable number of heavier ions. As has been 
indicated previously, no negative ions could be found in any of the gases but 
this is not surprising since even at the higher pressures of about 0.5 mm the 
electrons would make only about five hundred collisions in the drift space and 
only a negligible number could attach to neutral molecules. Small quantities 
of negative ions formed in the discharge at lower pressures have been ob- 
served by J. J. Thomson and Smyth but would probably escape detection in 
the present experiments due to the relatively low intensity of ionization. No 
multiply charged ions were found in the work reported here, but it was to be 
expected that the few doubly charged ions formed in the discharge would lose 
one of their charges to a neutral molecule while passing through the drift space. 


SUMMARY AND CONCLUSIONS 


The results may be summed up as follows: (1) In air, Ne, Ox, and SO, the 
following positive ions give strong definite peaks varying in intensity under 
varying conditions of pressure of the gases but easily obtainable from a glow 
discharge of the kind employed in this experiment: N*, N3-2+, OF, N2*, Oot, 
O 3+, SO.+ and H.SO3+. (2) In addition to the simple ions noted above there 
appears a smear of complex ions of larger mass up to a molecular weight of 
200. The number of these heavy ions is small but is greater in air than in the 
pure gases and becomes relatively larger at higher pressures where the ions 
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make several hundred collisions with neutral molecules in the drift space. 
The peaks which appear most often and most prominently correspond to ions 
of the following molecular weights: 56-64, 76, 80, 96, 108, 128, 140, 160, 168 
and 200. (3) Negative ions do not appear in measureable quantities. 

It seems likely that the heavier ions consist of such combinations of atoms 
and molecules as NeOe*, 202*, 0203+, etc. The preliminary 
results obtained in these experiments do net definitely answer the question 
of the nature of gaseous ions. However, the fact that in air at higher pressures 
the heavier ions become nearly equal in number to the lighter ions indicates 
that after some aging air ions at least do not consist of simple atoms and mole- 
cules of nitrogen and oxygen, or even of ozone and N3. In particular, nitric 
oxides probably play an important role in the formation of the heavier mole- 
cular aggregates. On the other hand, in pure oxygen and nitrogen, the relative 
number of heavy ions is much smaller even at high pressures and it is probable 

‘that aside from attachment to impurities the ions remain essentially of a sim- 
ple nature. Undoubtedly O;* and N;* ions play considerable role in gas ion 
phenomena and apparently the O3* ion is very stable while N3* is less stable 
since it breaks up into N.*+N in the magnetic field. It is interesting to com- 
pare the behaviour of nitrogen and hydrogen. The writer as well as other ob- 
servers employing a filament at low pressures (the order of 0.01 mm) has 
observed a considerable quantity of H3_:*+ as well as H+, H2* and H;*. Ap- 
parently H;* breaks up in the magnetic field into H++He while N;+ breaks 
up into 

There remains a point to be discussed regarding the possibility that cer- 
tain heavy ions, if formed, would break up in the analyzing chamber where 
they are rapidly accelerated in electric and magnetic fields. If the ions are 
relatively stable it should be impossible for a breakup to occur as long as there 
is no collision with neutral molecules or other ions. Since this condition is ful- 
filled in a molecular beam of the type employed in these experiments, and a 
certain number of heavy ions have actually been observed, some of the ions 
at least are able apparently to withstand the shock of acceleration in the 
fields. On the other hand a breakup in the magnetic field is certainly observed 
in the case of N;+ and H;*. It seems doubtful however that this effect is due 
directly to the magnetic forces. An ion of this sort may be stable only when 
in an excited state and if radiation takes place a breakup may follow. The 
possibility remains that other less stable heavy ions may be present which 
have not been observed owing to a change of mass in the analyzing chamber. 
Perhaps the more or less irregular smear of heavy ions observed is due in part 
to an effect of this sort; but the important fact remains that ions up to a mole- 
cular weight of 200 have been observed, indicating that aged ions in air are 
of a complex and probably heterogeneous nature. 

In conclusion, the writer wishes to take this opportunity for expressing 
his gratitude to Professor L. B. Loeb whose advice and help have been an 
inspiration throughout the course of these and previous experiments at the 
University of California. He also wishes to thank Professor Otto Stern of 
Hamburg for valuable suggestions in regard to the technique of molecular 
beams, and Commander T. Lucci of the Italian Navy, retired, who aided in 
taking some of the readings. 
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ABSTRACT 


There have been photographed the Raman spectra of several specimens of plate 
glass and of certain crystalline sulphates and their water solutions. In the case of the 
plate glass it is shown that at least most of the lines owe their origin to thesilicacontent. 
The data for the crystalline sulphates are of interest because of the appearance of lines 
corresponding to both the active and inactive frequencies of the sulphate ion. These 
lines also make their appearance when the crystals are dissolved in water. With the 
data now available in the literature it is difficult to describe exactly the shifts of the 
Raman lines produced by the solution process because these shifts frequently depend 
upon the concentration of the ions and because for a given concentration different lines 
may be shifted by different amounts. 


HE theoretical and experimental study of the Raman effect has justified 
the vast amount of work devoted to it, both as a means of demonstrating 
the quantum laws and as an analytical tool in probing the internal structure of 
chemical compounds. For the latter purpose it serves to study the structure of 


molecules either in the pure or dissolved state. In the hands of Kohlrausch! 
and of Andrews? and their associates there has been accumulated considerable 
information concerning the frequencies of and modes of vibration about the 
various kinds of chemical bonds in pure organic compounds. The Raman ef- 
fect has also been used in a number of instances to study the structure of in- 
organic crystals and amorphous materials. Nisi,’ Woodward,‘ Rao,’ and a 
number of other investigators have used its study to indicate the changes 
taking place when an inorganic electrolyte is dissolved in water, it being pre- 
dicted that in this manner there may eventually be obtained a quantitative 
measure of the degree of dissociation of the salt into ions. In general the work 
with inorganic substances and their solutions has not been as successful as 
that with the organic liquids and there remain many difficulties to be over- 
come. 

The work to be reported in this article has to do with the molecular scatter- 
ing of light from inorganic solids and from their water solutions in the cases 
where they are sufficiently soluble. The substances are in most cases crystal- 
line in nature. Data for certain of these systems were presented more than two 
years ago as preliminary communications to this Journal.® It has just now 


! Kohlrausch, “Der Smekal-Raman Effekt,” Springer, Berlin, 1931. 
2 Andrews, et al, Phys. Rev. 36, 531 (1930). 

3 Nisi, Jap. Jour. Phys. 5, 119 (1929), 

4 Woodward, Phys. Zeits. 32, 212 (1931). 

5 Rao, Proc. Roy. Soc., A127, 279 (1930). 

6 Hollaender and Williams, Phys. Rev. 34, 380, 994 (1929), 
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been possible to improve the early results in accuracy and to make the proper 
identification of the excited line with its exciting line in several cases, where 
errors could not at that time be avoided, by means of improved apparatus 
and experimental methods which have since become available to us. 

The experimental procedure differed scarcely if at all from that described 
by Kohlrausch' and by Schaefer and Matossi.’ The salt solutions were placed 
in a long tube, illuminated along its length with a commercial mercury arc, 
and the spectrum of the light scattered at right angles was photographed by 
means of a large glass spectrograph through a plane window in the end of the 
tube. The tubes were cooled by means of a water jacket and the lamps were 
cooled by an electric fan. The measurements reported here were made with 
instruments manufactured by Steinheil. The tube containing the solutions 
was replaced by smooth flat sections of the solid when exposures of glasses 
and crystalline substances were made. A system of filter solutions was de- 
veloped so that either of the exciting lines used (Hg 4047 or Hg 4358) and all 
other strong lines of the mercury arc could be so reduced in intensity that the 
systems were exposed to a radiation which was practically monochromatic. 
The filters used were acid solutions of quinine sulphate for the 4047 group and 
solutions of iodine in carbon tetrachloride for the 4358 group or for lines of 
longer wave-length. The plates were photometered with a Moll recording 
microphotometer, kindly placed at our disposal by the Department of Phy- 
sics. The position of the Raman lines was also determined directly from the 
plates with a Gaertner comparator. 


I. RAMAN EFFECT IN AMORPHOUS SOLIDS 


Infrared studies with crystalline materials have led to such interesting 
theoretical conclusions® that it is only natural for the Raman effect to have 
been discovered in these substances very shortly after the original announce- 
ment of Raman. Crystalline quartz has given a number of scattered lines 
whose frequency differences, but not intensities, agree quite well with those of 
infrared absorption and reflection maxima. The large number of observed fre- 
quencies is somewhat surprising because a single SiO, molecule can have not 
more than three characteristic frequencies and it can be explained only by 
assuming the crystal to have a very complicated lattice. One might expect to 
find even more scattered lines in fused quartz or in a glass containing a large 
percentage of silica because of a still more complicated structure. Further- 
more, at the time of our original experiments it was believed that the Raman 
effect could not be observed in a fused quartz.* Exposures have been made 
with a number of samples of plate glass, the results of a typical experiment 
being given in Table I. 

Gross and Romanova"® and very recently Bhagavantam" have also re- 
ported successful exposures of fused quartz and various glasses. Their results 

7 Schaefer and Matossi, Fortschritte der Chemie, Physik u. phys. Chem. 20, No. 6 (1930) 

8 See, for example, Schaefer and Matossi, “Das Ultrarote Spektrum,” Springer, Berlin, 1930 

® Pringsheim’and Rosen, Zeits. f [Physik 50, 741 (1928). 


10 Gross and Romanova, Zeits. f. Physik 55, 744 (1929). 
" Bhagavantam, Ind. Jour. of Phys. 6, 1 (1931). 
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TABLE I. Data for plate glass. 


Exciting line Excited line 


4358 4718 
4682 
4619 
4572* 
4513 
4485 
4463 
4450 
4408 


* This is the most intense band. The microphotograph indicates that it may possibly be 
resolved into three lines, with the most intense one in the center. 


(in part) are compared with those of the authors in Table II. As far as the 
data now available in the literature are concerned the Raman spectra for both 
crystalline and fused quartz and for the various glasses are almost identical. 
Therefore, it is impossible to draw any conclusions with regard to the crystal 
structure, or lack of it, in these materials. 


TABLE II. Data for quartz and the glasses. 


Refer- 
Material ence Frequency differences 


Crystalline quartz 10 526 633 800 1075 1220 
Amorphous quartz 10 500 670 800 1030 1240 
to to 
830 1090 
Flint glass 11 640 780 1080 1320 


Crown glass 11 340 4 - 800 1070 1320 
Plate glass t 259 5: 785 1071 1293 


+ This article. 
* Observed by Gross and Romanova. 


In the glasses the scattering was extremely faint, and even when mirrors 
were used to concentrate the incident light upon the sample, exposures of from 
3 to 10 days, depending upon the color of the sample, were required. The Ra- 
man lines were always more or less diffuse, rather than sharp as in the case of 
crystalline quartz, and it has been necessary to estimate the position of maxi- 
mum intensity in order to measure their position. The comparison table indi- 
cates that at least most of the lines owed their origin to the silica content 
(SiO,), in other words they were due to molecular vibrations characteristic of 
the coustitutent materials. 

The presence of the frequency differences 1748 and 1585 was somewhat 
surprising. These differences, corresponding to shorter wave-lengths, have 
not been observed in quartz. It is considered possible they may have resulted 
from the other constituents of the glass. To be certain of the existence of these 
larger frequency differences all mercury lines between 4358A and 5300A have 
been filtered out. For different samples of glass these larger frequency dif- 
ferences appear to change their position. 
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Il. RAMAN EFFECT IN CRYSTALLINE SULPHATES AND 
THEIR WATER SOLUTIONS 


Two types of crystals may be distinguished, those with simple ions at the 
lattice points, and those containing complex ions. In the simple ion lattice 
one mode of vibration is possible, but in the complex crystals two kinds of 
vibration are known, a lattice or “outer” vibration in which, for example, the 
complex anion vibrates with respect to the metal ion, and an atomic or “inner” 
vibration in which the complex ion remains fixed in position and its individ- 
ual atoms vibrate with respect to each other. Roughly speaking the frequen- 
cies of the inner vibrations will be independent of the particular cation pres- 
ent. They will also correspond to shorter infrared wave-lengths than those of 
the outer vibrations. It has been possible only in exceptional cases to find Ra- 
man lines corresponding to the outer vibrations, but this may be in part due 
to difficulty in obtaining optically clear crystals. Information concerning the 
inner vibrations of an ion may be obtained either from the crystals themselves 
or from their water solutions because only the lattice bonds are destroyed by 
the solvent. 

There has been much discussion with respect to this particular point. Is 
there a shift in the characteristic frequency differences given by an ion when 
it is dissolved or are they unchanged? It is claimed by some investigators 
that smaller frequency differences (corresponding to longer wave-lengths) 
are found in solution while such shifts have not been evident in the data of 
others. From a theoretical point of view one can certainly expect to find these 
shifts. The experimental data now available in the literature seem hardly 
adequate to settle this point, the most important reason being that shifts due 
simply to changes in the concentration of the solutions have hardly been 
considered. In most cases the concentrations of the solutions studied have not 
been given. Recent data of Embirikos™ are of interest in this connection be- 
cause they show that in passing from a 1 normal solution to a 2 normal solution 
the frequency difference for Li,SO, changed from 989 to 999 and for MgSO, it 
changed from 986 to 996. The presence of water of crystallization may also 
modify any changes in frequency difference due to the solution process. 

Of the crystals containing complex ions the carbonates and sulphates 
have been most completely studied, but there still remain many difficulties to 
be overcome. In the case of the SO, ion infrared reflection maxima at 94 and 
16u, corresponding to active frequencies, are known. There are also two in- 
active frequencies, one of which is, in all probability, given by the Raman 
frequency difference 980, corresponding to 10.2u. The other has been calcu- 
lated from these three to be about 26u by Schaefer.” 

Data, presented in Table III, have been obtained for the molecular scat- 
tering of light from crystalline gypsum, barium sulphate and copper sulphate, 
and from water solutions of copper sulphate, magnesium sulphate and potas- 
sium alum. The crystals used contained smaller amounts of impurities and 


? Embirikos. Zeits. f. Physik 65, 266 (1930). 
18 Schaefer, Zeits. f. Physik 60, 586 (1930). See also reference 8, page 352. 
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Exciting line Excited line Av r Remarks 
Gypsum (CaSO,: 2H,O) 
4358 4584 1128 8.9 
4553 980 10.2 
4495 696 14.3 
4047 4701 3437 2.9 Water band 
4613 3031 3.3 Water band 
4213 980 10.2 
Barite (BaSQ,) 
4358 4553 O80 10.2 
4496 702 14.3 
4448 461 21.6 
4047 4213 980 10.2 
Copper sulphate (CuSO, - 511.0) 
4358 4553 980 10.2 ; 
4047 4701 3437 2.9 Water band 
4213 980 10.2 
Copper sulphate, 1 normal water solution 
4358 980 10.2 
4477 607 16.5 
4047 4701 3437 2.9 Water band 
4651 3208 3.1 Water band 
4213 980 10.2 
4169 723 13.7 
Magnesium sulphate, 1 normal water solution 
4584 1128 8.9 . 
4358 4553 980 10.2 
4497 706 14.3 
4477 607 | 16.5 
4452 482 20.8 
Potassium alum, saturated water solution at 25°C 
4358 4553 980 2 
4477 607 16.5 
4451 477 21.0 
4047 4213 980 10.2 


were imperfect in structure. The scattering produced by these imperfections 
made it impossible for us to observe some of the weaker lines reported by others. 

Lines were found corresponding to the active frequencies 94 and 16y, and 
to the inactive frequencies 104 and 26u. The agreement with the longest wave- 
length, a calculated position, was not good. Thus for this wave-length, Schae- 
fer, Matossi and Aderhold reported a Raman line corresponding to 24.5y,’ 
but later corrected it to 21.74. This Raman line in the work of Dickinson and 


TABLE IV. Deta for subsiances containing SO, radical. 


Substance Author Frequency difierences 
Sulphuric acid 100°% N 414 564 740 911 — 1043 1170 1366 1517 
Sulphuric acid Ww 430 580 O08 - 1143 1359 
Ammonium sulphate 
solution D-D 458 624 987 - 
Copper sulphate jJ-D 429 602 980 - 1091 _ 
Gypsum S-M-A 400 620 985 1139 
Gypsum H-W 696 980 _ 1128 
Barite H-W 461 _ 702 980 
Copper sulphate 
1 N solution H-W 607 723 980 -- 
Magnesium sulphate 
1 N solution H-W 482 607 706 —_ 980 “= 1128 — _ 
Alum solution H-W 477 607 980 
N Nisi, reference 3. 
V Woodward, reference 4. 


D-D Dickinson and Dillon, Proc. Nat. Acad. Sci. 15, 334 (1929). 
S-M-A_ Schaefer, Matossi and Aderhold, Zeits. f. Physik 65, 289 (1930). 
-D oos and Damaschun, Phys. Zeits. 32, 553 (1931). 
-W his article. 


TABLE IIT. Data for crystalline sulphates and their water solutions. 
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Dillon corresponds to 21.8u, that of Joos and Damaschun to 23.3u, and those 
of the present authors average 21.0u. 

There have been collected in Table IV data for substances containing the 
SO, radical. No attempt has been made to include all the available data, its 
chief purpose is to show the order of agreement between values reported from 
different laboratories and to compare the interesting data of Nisi and of 
Woodward for pure sulphuric acid with those of the crystalline sulphates. 
In the data for pure sulphuric acid the frequency difference 980 does not ap- 
pear, but when the solution has been diluted to 50 percent by volume with 
water there is no doubt concerning its presence. Woodward does not find the 
difference 1043 until a small amount of water is present and believes this fre- 
quency to be due to the HSO,- ion. The 980 frequency difference is assigned 
to the SO;-~ ion. 

_ The effect of the presence of increasing amounts of water in the sulphuric 

acid is interesting in connection with a point already mentioned. Certain of 
the frequency differences are, within the limits of experimental error, per- 
fectly constant throughout the whole range of concentration 100 percent 
sulphuric acid to 10 percent sulphuric acid by volume, several increase with 
dilution, and others decrease with dilution. These and other data indicate 
that no simple general statement will describe the effect of the solution process 
upon a characteristic frequency difference, they also explain why in certain 
cases no shift has appeared while in others there may be appreciable changes. 
The data of this article cannot be claimed to be sufficient to contribute to the 
solution of this particular problem. We have, however, been able to verify the 
magnitude of the shift of the line corresponding to the frequency difference 
980 reported by Embirikos in the case of one and two normal water solutions 
of magnesium sulphate. 

The frequency difference, approximately 700, has been found by us in gyp- 
sum, barite, and solutions of copper and magnesium sulphates, but has not 
been reported by other investigators, studying these same systems. Nisi has 
reported 740 for pure sulphuric acid. This difference corresponds to approxi- 
mately 14yu, the position of a known infrared reflection maximum for water, 
but it is difficult to see how this Raman shift can be accounted for on the basis 
of the presence of water. We are at present unable to assign a definite signifi- 
cance to it. 

As indicated in Table III frequency differences corresponding to wave- 
lengths of the order of magnitude 3u are to be associated either with the 
water of crystallization or with the solvent water. The water bands were also 
present in the spectrum of the magnesium sulphate solution but no attempt 
was made to locate their maximum intensities. The very exact study of the 
Raman effect in such systems as have been reported here promises to give 
information not only with regard to the dissociation process but also to clear 
up some of the difficulties which have been met in the study of the water 
bands themselves. There seems to be a tendency for the individual compo- 
nents of the latter to become sharper and more distinct as the concentration 
of the added electrolyte is increased. 
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ABSTRACT 


Evidence is produced to support the view that photoelectrically selective, two 
component cathodic surfaces are crystalline in nature. Then, assuming that Fowler's 
equation for the energy of electrons selectively transmitted through a single potential 
valley [ 1” =(n*h?/8md?) | is equally valid for the energy of electrons selectively trans- 
mitted through the periodic sequence of valleys characteristic of the potential field 
within a crystal, and that all of the energy of photoelectrons is acquired from the in- 
cident light quanta, the wave-lengths of light to which such a surface should respond 
selectively can be computed. Such computations have been made with d equal to the 
internuclear distance between electro-positive ions in the lattice structure of alkali 
metal hydride, oxide and sulphide crystals. The hydride crystals belong to the sodium 
chloride type and the oxide and sulphide crystals are supposedly of the calcium- 
fluoride type. The correlation between these computed values and the positions of 
the observed selective maxima is exceptionally good. Moreover, the fact that the 
alkali metal hydrides exhibit but one selective maximum and the oxides two or three f 
maxima is in keeping with the geometry of their respective crystalline types. 


NE of the most significant characteristics of the photoelectric emission 

from two-component cathode surfaces, such as those of the alkali metal 
hydrides and oxides, is the selective response to light of specific frequencies. 
This results in the appearance of definitely located maxima in the spectral 
response curves for these compounds. To avoid the necessity of repeated 
reference to other publications, I have assembled a group of typical curves 
and present them in Fig. 1. 

A number of ideas have been advanced to account for a selective response 
to light, but heretofore no theory has adequately explained why: (1) A single 
specifically located maximum is always observed in the spectral response 
curve of any given alkali metal hydride surface; (2) One, two or three defi- 
nitely located maxima may appear in the spectral response curve of an alkali 
metal oxide cathode, depending presumably upon the relative proportions of 
metal and oxygen, and the technique involved in the preparation of the com- 
pound; (3) The wave-length of the light to which a two-component surface 
responds selectively is a direct function of the size of the components. 

In this paper I propose an interpretation of the composition of two-com- 
ponent cathode surfaces, and an explanation of the selective photoelectric 
emission therefrom which accounts for all the above observations with strik- 
ing precision. 
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PREPARATION OF TWo-COMPONENT SELECTIVE PHOTOELECTRIC SURFACES 


The preparation of light sensitive alkali metal hydride photoelectric cells,!? 
as is quite generally known, consists in ionizing hydrogen by means of an 
electrical brush discharge, on a coating of freshly distilled metal. Possibly 
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Fig. 1. Groups of typical spectral response curves for various gas-treated 
alkali metal photoelectric cells. 


better results are obtained when the metal is made the cathode during the 
discharge, but this is not absolutely essential. Typical spectral response 
characteristics of such cells for visible light are shown in Fig. 1A. 


1H. E. Ives, Bell System Tech. J. 5, 320 (1926). 
2 E. F. Seiler, Astrophys. J. 52, 3, 129 (1920). 
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The method of preparing selectively emitting cathodes of the alkali metals 
by the use of oxygen has been the subject of considerable experimentation in 
recent years. The mere introduction of small amounts of this gas onto an al- 
kali metal surface is sufficient to greatly enhance the photoelectric sensitiv- 
ity,® but in these cases the pronounced selective maxima in the spectral re- 
sponse curves appear, in general, at practically the same wave-lengths as 
those for the pure metals or the hydrides, as illustrated for the cases of sodium 
and potassium by the curves in Fig. 1D and 1F. However, if after oxidizing 
the surface of a sodium cathode, a limited area is heated to create a vapor of 
sodium and oxygen, a coating is formed on the cool portions of the cathode 
which is very much more sensitive to light and exhibits a quite different spec- 
tral response characteristic, with a new selective maximum at longer wave- 
lengths (Fig. 1B). Moreover, if on a silver plate which has been oxidized under 
control, caesium in the proper proportions is deposited and the whole sub- 


Vv EXTERIOR 


INTERIOR 
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Fig. 2. Conventional representation of the work done by an electron in passing through a 
surface consisting of alternate layers of electropositive and electronegative elements, as 
Ag-O-Cs-O-Cs. 


jected to’a heat treatment which includes as a final step, heating to a tem- 
perature just under that at which caesium monoxide volatilizes (250°C),* 
a cathode strikingly sensitive to red and near infrared light is obtained (Fig. 
1H).° By means of a similar process, red sensitive potassium-oxide photo- 
electric cells can also be made (Fig. 1E).* Obviously, the processes described 
above produce a complex surface structure, physically favorable to the 
emission of electrons by light. The nature of this structure and an explanation 
of these pronounced maxima are the subjects of this discussion. 


CAMPBELL-FOWLER THEORY 


Campbell,’ in an attempt to account for the selective response of caesium- 
oxide cells to red light, suggested that the surfaces of their cathodes consist of 
alternate layers of oxygen and caesium. The structure he mentioned as most 


3 A. R. Olpin, Phys. Rev. 36, 251 (1930). 

4 J. W. Mellor—“A Comprehensive Treatise on Inorganic and Theoretical Chemistry.” 
II p. 486. Longmans, Green and Co., Ltd., London (1927), 

5 L. R. Koller, Phys. Rev. 36, 1639 (1930). 

6 N. R. Campbell, Phil. Mag. 6, 633 (1928). 

7 N. R. Campbell, p. 10 “A Discussion on Photoelectric Cells and their Application”—The 
Physical and Optical Societies, London (1930). 
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likely was Ag-O-Cs-O-Cs. The potential energy of an electron moving 
through such a sequence of atomic or molecular layers was conventionally 
represented by a diagram similar to the one in Fig. 2, wherein the abscissa is 
the distance normal to the surface and the ordinate, the potential energy of a 
electron moving in this direction. Fowler’ then showed, by means of the wave 
mechanics, that, to a first approximation, the transmission of electrons 
through such a surface structure will be greatest provided the waves asso- 
ciated with their motion are of such length that they will form stationary 
waves in the potential valley. 
If the width of the valley is d, the condition for standing waves to form, 
obviously, is that 
2d 
\ = — (nw = an integer). (1) 
it 
But since the wave-length associated with a moving electron is 
= h/mz, (2) 


according to Campbell and Fowler’s theory, the speed of electrons most 
readily transmitted should be 


nh 
vies 2md (3) 
Consequently, the kinetic energy of such electrons will be 
w= = (4) 
8md? 


which is the expression Fowler obtained from a rigorous solution of Schroe- 
dinger’s wave equation. 

If all the energy possessed by the electron is acquired from the incident 
light quanta, then 


w= im? = ly = 5 
8md? (5) 
and 
(6) 
y= 
8md? 


A hasty computation of this energy value when d is of atomic or molecular 
dimensions indicates that if it is to correspond to that of a quantum of visible 
or near infrared light, » must be unity. Eq. (6) is thus a simple relationship 
between the frequency of light vy for which maximum emission should occur 
and the width of the potential valley d responsible for this selectivity. Re- 
placing v by c/X and simplifying, we get 

d = 0.0551(Amax)!/? (7) 


or 
Amax = 330.d?, (8) 


where both A,,ax and d are expressed in Angstrom units. 
8 R. H. Fowler, Roy. Soc. Lond. Proc. A128, 123 (1930). 
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More recently Frenkel,® while adhering to Fowler’s idea of selective trans- 
mission, announced that a “selective transparence must exist for any type of 
surface field involving a transition of the potential energy from one (constant) 
level inside the metal to another constant level outside it irrespective of the 
presence or absence of local maxima or minima”. 


NATURE OF COMPOUNDS ON Two-COMPONENT CATHODE SURFACES 


On account of the simplicity of the relationships expressed by Eq. (8), it 
would be easy to check Fowler’s theory, were it possible to determine the 
proper value of d to use. Physically, the conventional distribution of poten- 
tial showing a valley as diagrammed in Fig. 2 does not exist. Even though we 
concede the actual presence of alternate layers of electropositive and electro- 
negative atoms or ions on the cathode surface, as postulated by Campbell, 
the potential energy of an electron passing through such a configuration 
must more nearly resemble that represented by the diagram in Fig. 3. Here 


x 


Fig. 3. Potential energy of an electron passing through a structure consising of a 
layer of electropositive ions sandwiched between layers of electronegative ions. 


the width of the valley is a function of its depth, and consequently it is not 
easy to obtain a quantitative correlation between Amax and d. We can, however, 
insert the observed values of Amax in Eq. (7) and see whether or not the values 
of d called for, are of the order of magnitude of atomic dimensions. Actually, 
they are found to lie between 3 and 5 Angstroms, which suggests a very rough 
correlation with the atomic diameters of the alkali metals. 

The values of d obtained by Eq. (7) when the observed values of Amax 
for alkali metal surfaces sensitized with hydrogen are used, have been tabu- 
lated in Table I, and those obtained when the observed values of Amax for 
alkali metal surfaces sensitized with oxygen are used are listed in Table II. 

It will be noted that the values in the first table are very nearly equal to 
the sum of the diameters of the positive metal and negative hydrogen ions 
multiplied by }(2)'/, and those in the latter table are approximately equal to 
the sum of the diameters of the positive metal and negative oxygen ions mul- 
tiplied by either 4(3)!/?, or 3(6)!”. 


® J. Frenkel, Phys. Rev. 38, 309 (1931). 
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TABLE I, 
d’=sum of diame- 

Cathode ) ters of positive d 

material (observed) d=0.0551(Amax)”* metal and nega- 

tive H ions! d’ 
LiH 2800A 2.92A 4.10A 0.712 
NaH 3300 3.17 4.50 . 704 
KH 4350 3.63 5.20 .698 
RbH 4800 3.82 5.52 .692 
CsH 5400 4.05 5.8 .694 
[4(2)2=0.707] 

TABLE IT. 
d’=sum of diame- 

Cathode ters of positive d 

material (observed)  d=0.0551(Amax)'/* metal and nega- — 

tive O ions!” d’ 
Sodium oxide 2270A 2.62A 4.60A 0.570 
* 3500 3.26 4.60 .709 
4700 3.78 4.60 .822 
Potassium oxide 3130 3.08 5.30 -582 
4260 3.57 5.30 .674 
“ 6200 4.34 5.30 .819 
Caesium oxide 3500 3.26 5.94 .549 
5500 4.09 5.94 .689 
8000 4.93 5.94 . 830 


[3(3)"? =0.578; 3(2)"*=0.707; =0.818] 


Obviously, these factors suggest a definite configuration or alignment of 
molecules on the surface in some form of cubical arrangement, which, in turn, 
suggests the presence of a crystalline formation on the gas-treated alkali 
metal cathodes of photoelectric cells, and the existence of selective maxima 
because of selective transmission of electrons through the periodic fields of 
potential characteristic of such structures. The nature and dimensions of the 
respective crystalline forms will be considered in greater detail in succeeding 
paragraphs. 

An interpretation of the cathode surface as a crystalline arrangement of 
the component ions impresses us as a very reasonable picture, for the amount 
of material used in forming some of the best photoelectric cells indicates that 
the surface coatings of the cathode might be as thick as 1,000 atom diameters. 
Certainly, they are sufficiently thick to be plainly visible and they contribute 
a definite coloration to the surface. Now, the fact that it is the ratio of alkali 
metal to oxygen (approx. 3 to 1) and not the total amount of each that deter- 
mines the selective characteristic of a surface," together with the fact that the 
final heat treatment previously described is of such a nature that the mole- 
cules deposited on the cathode will be thermally agitated but not evaporated, 
suggest strongly the likelihood of a crystalline formation. At the same time 


10 See Table of Ionic Radii, V. M. Goldschmidt, Far. Soc. Trans. 25, 6, 253 (1929). 

1 This is based on an unpublished report by Dr. C. H. Prescott of the Bell Telephone 
Laboratories after considerable experimentation. A recent paper by N. R. Campbell [Phil. 
Mag. 12, 75, 173 (1931)] further substantiates this ratio. 
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any excess free alkali metal, having a lower boiling point than the salt, will 
deposit on the top surface of the crystal and greatly reduce the work function. 

A crystalline surface structure will exhibit a periodic succession of poten- 
tial valleys instead of a single potential valley as postulated by Campbell and 
Fowler. Just how this condition will affect the validity of Eqs. (4) to (8) has 
not yet been investigated. However, I shall proceed to point out a striking 
correlation between observed positions of selective maxima and those com- 
puted by means of Eq. (8) when values of d associated with the period of the 
potential field in a crystal are used. 


ALKALI METAL HypDRIDEs 


All of the alkali metal hydrides are known to crystallize with the sodium 
chloride structure.” The arrangement of ions in a unit cell of this type is 
diagrammatically shown in Fig. 4. 

The most likely path for an electron to follow in passing through such a 
crystal is one normal to the 110 plane and quite close to the positive metal 


. 


Fig. 4. Arrangement of ions in alkali metal hydride crystals (NaCl! structure). 
The circles represent the metal and the dots the hydrogen ions. 


ions. In any other direction through the crystal, an electron will encounter 
more powerful retarding potentials because of the presence of negative hydro- 
gen ions along its path. The nature of the potential field normal to the 110 
plane, that is, the work an electron must do in passing through a hydride 
crystal in this direction, has been computed by Mr. L. A. MacColl of these 
laboratories on the basis of certain simple assumptions as to the nature of the 
potential fields of atoms and ions. His results are illustrated by the curve in 
Fig. 5. The potential is periodic and the period is }(2)!/? (=0.707) times the 
sum of the diameters of the positive alkali metal and negative hydrogen ions. 
As illustrated in Table I, this is very close to the value of d, which when used 
in Eq. (8) gives values of Amax in striking agreement with those observed. The 
fact that small deviations from the value 0.707 are noted for the hydrides of 
the more electropositive metals is likely due to the fact that Goldschmidt’s 
values for ionic radii may not be altogether proper, since, as Bode” points out, 
the hydrogen ion is probably greatly deformed in the alkali metal hydrides, as 
indicated by the large refractive indices. 


”? H. Bode, Zeits. f. phys. Chem. (B) 6, 251 (1930). 
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ALKALI METAL OXIDES 


Whenever small amounts of oxygen or air come in contact with a clean 
alkali metal surface in an evacuated tube, the photoelectric sensitivity is 
greatly enhanced and a selective response to light of certain specific wave- 
lengths produced." In such cases a chemical reaction almost invariably occurs 
and it is usually of sufficient intensity that the heat of reaction might con- 
ceivably create a vapor pressure of the metal, so that a thin metallic film will 
deposit on the surface. Presumably, the compound formed by the chemical 
reaction and deposited underneath the metallic film is either the monoxide or 
peroxide of the metal. Similar compounds might be obtained by heating to 
high temperatures an oxidized silver or copper plate in the presence of the 
more reactive alkali metals, like caesium. 


Fig. 5. The potential energy of an electron moving through a potassium-hydride crystal 
in a direction normal to the 110 plane, and at a distance from the nuciei of the potassium ions 
indicated by the dotted line with the arrowhead, can be represented by a periodic sequence of 
hills and valleys like the one shown here. 


The selective transmission of electrons through surfaces coated with oxide 
films will be dependent upon the arrangement of ions in the individual mole- 
cules to a large extent. Adopting Slater’s conclusions“ that the valence bonds 
of the oxygen atom are mutually perpendicular, the diagrams in Fig. 6 repre- 
senting caesium monoxide and sodium and caesium peroxide have been pre- 
pared. Obviously, an electron passing through such a surface structure will 
encounter a periodic field of potential and the period in the case of the mon- 
oxide will be }(2)'/ times the sum of the diameters of the metal and oxygen 
ions. In the case of the peroxide, the period is equal to the diameter of the 
larger ion in the molecule. More specifically, it is the diameter of the alkali 


3 A. R. Olpin, reference 3. 
M4 J. C. Slater, Phys. Rev. 37, 481 (1931). 
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metal ion in all cases excepting those of sodium and lithium cells; in the latter 
cases it must be the diameter of the negative oxygen ion. 

These dimensions correlate closely with the value of d demanded by Eq. 
(8). The chief discrepancy comes in the case of the monoxide of the heavier 
metals, and this may result from the fact that the angle between the valence 
bonds in alkali metal monoxides is slightly greater than 90°. As a matter of 
fact Pauling” said it should be between 90° and 109°28’ but closer to the for- 
mer value. Actually 95° will give the proper value of d to correlate the calcu- 
lated and observed positions of the selective maxima. Or, this slight discrep- 
ancy may result from a number of other causes, such for example, as ionic 
deformation or selective light absorption. It is not the fact that there are 


slight discrepancies that is surprising, but rather the fact that they are so few 
and small. 


(a) 


Fig. 6. Diagrams of molecular configurations illustrating distance of closest approach 
of component positive ions, (a) caesium monoxide, (b) sodium peroxide, and (c) caesium 
peroxide. 


Whenever, as described previously, a cathode coated with an alkali metal 
oxide is heated under control in such a way that the surface molecules are 
agitated but not evaporated, and then the surface cooled rather quickly, the 
characteristic spectral response of the surface changes decidedly. Where 
there was a spectral maximum previously ,there now appears a minimum, and 
new maxima appear at other wave-lengths. Presumably this is due to a re- 
arrangement of the ions or molecules on the surface into a crystalline struc- 
ture. 

The crystalline structure of the oxides of the alkali metals of large radii 

% L. Pauling, J. A. C. S. 53, 1356 (1931). 


16 Bijvoet and Karssen, Recueil des Travaux Chimiques des Pays—Bas 43, 680 (1924). 
7 Claasen, Recueil des Travaux Chimiques des Pays—Bas 44, 790 (1925), 
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has not been reported, but I have assumed that the monoxides have struc- 
tures identical with those of Li,O' and Na2S."7 In Fig. 7 the arrangement of 
ions in such a crystal is diagrammatically illustrated. Because of the nature 
of electrostatic forces within such a crystal, an electron transmitted through 
it will tend to follow a path close to the nuclei of the positive metal ions and 
normal to the 100 or 110 planes. The work it must do at various points along 
either of these paths can be represented by curves similar to the one in Fig. 5, 
which means that the electron encounters a periodic field of potential within 
the crystal. In the direction normal to the 100 plane the period is }(3)! * times 
the sum of the diameters of the positive metal and negative oxygen ions, and 
in the direction normal to the 110 plane, the period is }(6)'? times this sum. 
These are the values which must be used for d to satisfy Eq. (8) when the ob- 
served positions of the selective maxima are used, as shown in Table II. 


Fig. 7. Arrangement of ions in alkali metal monoxide crystals (CaF structure). 
The circles represent the metal and the dots the oxygen ions. 


ALKALI METAL SULPHIDES AND OTHER COMPOUNDS 


In the light of the foregoing discussion, it is natural to expect that the 
wave-lengths of light to which an alkali metal sulphide responds selectively 
should be longer than for the corresponding oxide. Similarly, the selective 
maximum might be expected to appear at longer wave-lengths for selenides 
than for sulphides, and at still longer wave-lengths for tellurides as compared 
with selenides. Actually this condition has been qualitively observed in the 
cases of potassium-oxides, sulphides, selenides and tellurides,'S and to some 
extent /n the case of corresponding sodium compounds." Also, I have recently 
obtained a good set of curves showing that the position of the selective maxi- 
mum for the potassium halides is a function of the size of the halogen ion. 

Since, in the preparation of the potassium sulphide photoelectric cells 
referred to in the preceding paragraph, no attempt is made to produce a crys- 
talline arrangement of the surface ions, the separation of the positive ions 
undoubtedly is that determined by their positions in separate sulphide mole- 
cules; and the determination of this value will be similar to that used for the 
noncrystalline oxides. If the angle between the valence bonds in alkali metal 


18 W. Kluge, Zeits. f. Physik 67, 497 (1931). 
19 A. R. Olpin, reference 3. 
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sulphides be taken as 90° and the surface coating be similar to that illustrated 
in Fig. 6 (a), the period of the resulting periodic field of potential is almost 
exactly the value of d called for by Eq. (8) in the light of experimental data. 

When a sulphur-treated sodium photoelectric cell is subjected to treat- 
ment similar to that which supposedly forms a crystalline oxide surface, the 
selective maximum in the spectral response curve always appears at longer 
wave-lengths than is the case without the sulphur. Moreover, a small hump 
or irregularity is frequently observed in the spectral response curve at 46500, 
where a maximum should appear for crystalline sodium sulphide, if it crys- 
tallizes with the calcium-fluoride structure (see Fig. 1C). 


II. 
Cathode Sum of diameters of d Amax Amex Observer 
material metal and gas ions (= }(2)!/d’) ( =330.d*) (observed) 
LiH 4.10A 2.9A 2770 2800 Pohl and Pringsheim”® 
3400 Pohl and Pringsheim”® 
NaH 4.50 3.18 3340 3300 Olpin and Briggs™ 
KH 5.20 3.68 4470 4350 Pohl and Pringsheim?° 
RbH 5.52 3.9 5020 4800 Pohl and Pringsheim*® 
CsH 5.84 4.13 5630 5400 Seiler? 
) 4.60 3.25 3480 3500 and Compton™ 
ug 
5.30 3.75 4640 4000-4600 Olpin 
Cs:0 | 2 5.94 4.20 5820 5400 Pohl and Pringsheim® 
= Olpin® 
d( =diameter 
9 of O ion) 
Na:0: | § 2.64 2300 2270 Richardson and Compton™ 
d( =diameter 
of metal ion) 
Cs.02 3.30 3590 3500 Koller®s 
d(=4(3)"2d") 
Na-O 4.60 2.65 2320 2270 Richardson and Compton* 
k:O “ 5.30 3.06 3090 3130 Wiedmann®* 
Co,0 5.94 3.43 3880 3500 Koller6 
d( =4(6)""2d’) 
NaO | 2 4.60 3.76 4670 4700 Olpin® 
§.30 4.33 6190 6200 Olpin® 
5.94 4.85 7760 7500-8000 { Koller?* Zworykin®s 
Olpin® Ballard*® 
d(= 
Na:S ) 2 5.44 3.84 4860 4900 Olpin? 
Ks 6.14 4.34 200 6000-6200 
| 2 d(=diameter of 
sulphur ion) 
Na:S: | ¢ 3.48 4000 3800 Olpin™ 
3.48 4000 4100 Kluge 
Olpin 
d( = 2d’) 
Na:S 5.44 4.44 6500 6500 Olpin® 


(Crystalline) 


20 R. Pohl and P. Pringsheim, “Die Liehtelektrischen Eischeinungen” Sammlung Viewig, 
Berlin (1914). 

21 A. R. Olpin and H. B. Briggs, unpublished. 

2 E. F. Seiler, reference 2. 

3 A. R. Olpin, reference 3. 

QO. W. Richardson and K. T. Compton, Phil. Mag. 26, 549 (1913). 

% W. Kluge, reference 18. 

L. R. Koller, reference 5. 

27 G. Wiedmann and W. Hallwachs, Verh. d. D. phys. Ges. 16, 107 (1914). 

28 V. K. Zworykin and E. D. Wilson, “Photocells and Their Application,” p. 57.—John 
Wiley and Sons, N. Y. (1930). 

2 J. W. Ballard, J. O. S. A. 20, 11, 618 (1930). 
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It appears, then, that the secret of making selective cathodes in photo- 
electric cells is that of forming a surface structure in which there is a periodic 
field of potential. If the selective reponse is desired at long wave-lengths, a 
large period is required; if at short wave-lengths, a small period. Of course, the 
surface work function is the limiting factor, however, for it is important that 
electrons transmitted or conducted through the periodic potential field can be 
emitted from the surface. In order to keep the work function as low as possi- 
ble, a monoatomic film of electropositive metal is deposited on the surface. 

In Table III are listed the values of d computed from the postulated sur- 
face structures described above, and the positions of the selective maxima 
given by Eq. (8) when these values are used. Opposite these computed values 
of Amax are recorded the observed values and the observer. 


THE LINDEMANN FORMULA 


In 1911 F. A. Lindemann* derived the following expression for the natural 
period of a vibrating system composed of two interpenetrating spheres of 
radius r and continuously distributed charge +we and +e respectively: 


1 ne2 1/2 

(=) 
This frequency, which is also the frequency of an electron revolving around 
a central body of charge +e, was identified with that of the selective photo- 
electric maximum. Putting ” equal to unity, the valence of the normal alkali 
metal atom, and 7 equal to the radius of each monovalent alkali metal atom in 
turn, values of v are obtained in striking agreement with the observed fre- 
quencies for the metals and their hydrides. 

More recently I pointed out* that if the several maxima, characteristic 
of oxide cells, result from the formation of different compounds, then all that 
is necessary to obtain values of vy by the Lindemann formula equivalent to 
the observed selective maximum is to assign to ” the valence of the metal in 
those compounds. In this way the ultraviolet peaks in the response curves 
were ascribed to the peroxides (as Na2Oz) of valence 2 and the maxima at long 
wave-lengths were ascribed to suboxides of valence 1/2 (as NasO). Although 
it is inconsistent with modern theory to think of a nuclear charge equal to 
$e it was suggested that,the force exerted on an electron by surrounding atoms 
might give that net effect. 

By the Lindemann formula 


and by the Fowler equation, 


(10) 


30 F, A. Lindemann, Verh. d. D. phys. Ges. 13, 482 (1911); ibid. 13, 1107 (1911). 
3t A. R. Olpin, reference 3. 
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Equating these two expressions for the natural frequency of electronic sys- 
tems, 


1 
= 
2a 


or, simplifying, 
= (k = const.) (12) 
Now for any given metal atom 7 is constant, so that 
d*n'/? = a constant (13) 


and d? varies inversely as n'/? or the square root of the valency. 


As a specific case of this, take the case of the oxides of potassium. Eq. (13) 
becomes 
= 9.1242, (14) 


when the radius of the potassium atom for coordination number 12 is used. 
By substituting the values of d computed from the structure of the surface 
compounds as described above [i.e. the sum of the diameters of the positive 
potassium and negative oxygen ions multiplied by }(3)!, 3(2)'?, and 4(6)!? 
respectively], the following values of » are obtained: n=1.98; n=0.88; n 
=0.49. 

Similar values are found for the other alkali metals. These compare favor- 
ably with the values 2, 1 and 0.5 used as the valence of the alkali metal as 
mentioned above, and account for the generally close correlation between the 
experimentally observed positions of the selective maxima and those com- 
puted by either the Lindemann formula or the wave mechanics. 


SUMMARY AND CONCLUSIONS 


A theory of the selective photoelectric effect for gas-treated alkali metal 
cells is presented, based on the calculations of wave mechanics, the main fea- 
tures of which are: (1) A two-component cathodic surface structure within 
which there is a periodic field of potential; (2) Selective transmission of elec- 
trons through this field provided their energy bears a definite, fixed relation to 
its period ; (3) Emission of electrons arriving at the surface provided the surface 
work function is sufficiently low. 

A periodic field of potential is shown to be typical of that within a crystal, 
and a microcrystalline surface structure is postulated for all red-sensitive 
photoelectric cathodes. 

Data are presented correlating the positions of selective maxima in ob- 
served photoelectric response curve for the alkali metal hydrides with the 
sodium chloride arrangement of ions, and the alkali metal oxides and sul- 
phides with the calcium fluoride structure. 

The single selective maximum observed in the spectral response of each 
hydride cell, and the several maxima characteristic of oxides and sulphides 
are shown to be the natural consequences of these structures. 

A correlation between data heretofore obtained by the modified Linde- 
mann formula and those obtained by the wave mechanics is explained. 
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ABSTRACT 


This article investigates, on the basis of relativistic mechanics and relativistic 
thermodynamics, the theoretical requirements for nonstatic models of the universe to 
exhibit a behaviour which is periodic in time. The discussion is limited to models 
which can be regarded from a large-scale point of view as filled with a uniform dis- 
tribution of fluid, and the time coordinate is purposely chosen so as to agree with the 
proper time that would be used by local observers at rest in this fluid. It is first shown 
that the analytical requirements which would correspond to the continuous expansion 
and contraction of such models between definite maximum and minimum limits, 
together with the thermodynamic requirement that the expansion and contraction 
must be reversible, could not both be simultaneously satisfied with any fluid for 
filling the model which has reasonable properties. Attention is then turned to models 
of the universe having line elements which would be quasi-periodic in the time. A 
wide range of possibilities is found for models which would expand from zero proper 
volume to a maximum and then return, the treatment failing however to provide the 
analytical conditions for a minimum at the lower limit. It is pointed out, nevertheless, 
that from a physical point of view contraction to zero proper volume could only be 
followed by renewed expansion, so that we might expect for such models a continued 
series of expansions and contractions. Furthermore, it is found possible to satisfy the 
analytical requirements for such quasi-periodic behaviour by models which would 
expand and contract at a finite rate reversibly without increase in entropy, so that we 
might then expect a continued series of identical expansions and contractions. It is 
pointed out that Einstein’s recent model of a nonstatic universe filled with incoherent 
matter, exerting no pressure and unaccompanied by radiation, would satisfy the 
thermodynamic as well as the analytical requirements for such a series of identical 
repetitions, and models filled solely with black-body radiation and with an equilibrium 
mixture of radiation and perfect gas are discussed which also satisfy these require- 
ments. In conclusion some remarks are made concerning the bearing of such findings 
on the behaviour of the actual universe. 


$1. INTRODUCTION 


HE problem of the ultimate fate of our physical surroundings has long 
been the subject of human thought and speculation. A priori, three 
general types of future behaviour of the universe as a whole would appear 
to be possible. First, the universe might permanently remain in an approxi- 
mately steady state; second, it might be subject to progressive change in some 
particular direction; and third, it might undergo a periodic change in proper- 
ties, returning at definite intervals at least approximately to an earlier condi- 
tion.! 

1 Different combinations of these general types of behaviour would of course also be possi- 
ble. Thus we might have periodic happenings taking place simultaneously in different parts of 
the universe so related as to assure a steady state for the universe looked at as a whole. Or we 
might have a quasi-periodic behaviour superimposed on a general progressive change in a 
particular direction. 
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The possibility for the universe to be in an approximately steady state has 
usually been regarded as untenable, on account of the implications of the 
second law of thermodynamics and the actual observation of such important 
unidirectional phenomena as the flow of radiation from the stars. But interest- 
ing suggestions as to compensatory processes, which might really be maintain- 
ing the universe in a steady state, have sometimes been made.” 

The second possibility of a progressive change in the properties of the 
universe in a particular direction, that of maximum entropy, has usually been 
regarded in the past as a necessary consequence of the second law of thermo- 
dynamics and has furnished what may be called the orthodox view of phy- 
sics. This view might carry with it, however, the unsatisfactory implication 
that the universe was created with a supply of available energy at a finite time 
in the past. Moreover, the apparent inevitability of the view as a necessary 
consequence of the second law is diminished both by the possibility of fluctua- 
tions away from the maximum of entropy discovered many years ago by 
Boltzmann,’ and by the previously unsuspected possibility for thermodyna- 
mic changes to take place at a finite rate without increase in entropy, which 
I have recently shown» to be allowed by the second law of thermodynamics 
in the form which it assumes in the extension of thermodynamics to general 
relativity.® 

The third possibility, that the universe might be subject to a regular 
periodic change in properties, will be discussed in the present paper. This al- 
ternative has been discarded in the past since the classical form of the second 
law of thermodynamics would permit thermodynamic changes to take place 
in the universe at a finite rate only in the direction of increasing entropy, thus 
preventing any return of the universe to an earlier condition. It has now been 
demonstrated, however, that the relativistic form of the second law of ther- 
modynamics would permit important changes to take place at a finite rate 
entirely reversibly without any increase in entropy at all. Thus in the case of 
a model of the universe filled solely with radiation, I have shown! that a re- 
versible expansion of the universe could take place at a finite rate without 
increase in entropy, and that this expansion would be accompanied by a 
number of phenomena, such as the flow of radiation away from any given 
observer out into space, which would previously have been regarded as neces- 
sarily irreversible. And in the case of a model filled with a mixture of perfect 
gas and radiation, under the subsidiary assumption that the matter maintains 


2 See for example MacMillan, Astrophys. J. 48, 35 (1919); Science 62, 63, 96, 121 (1925); 
Millikan and Cameron, Proc. Nat. Acad. 14, 637 (1928); Millikan, Nature 126, 14 (1930). 

3 Boltzmann, Wied. Ann. 60, 392 (1897). 

* Tolman, Phys. Rev. 37, 1639 (1931). 

5 Tolman, Phys. Rev. 38, 797 (1931). 

6 The principles for extending thermodynamics to general relativity were developed in 
previous papers:—Tolman, Proc. Nat. Acad. 14, 268 (1928); ibid. 14, 701 (1928); Phys. Rev. 
35, 875 (1930); ibid. 35, 896 (1930); and have been applied to problems of a different character 
than the present in other papers:—Tolman, Proc. Nat. Acad. 14, 348 (1928); ibid. 14, 353 
(1928); ibid. 17, 153 (1931); Phys. Rev. 35, 904 (1930); Tolman and Ehrenfest, Phys. Rev. 36, 
1791 (1930). 
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itself in equilibrium with the radiation, I have been able to show’ that a rever- 
sible transformation of matter into radiation could take place, and would be 
accompanied by a reversible expansion and reversible flow of radiation out 
into space. 

Such examples of reversible changes make it very interesting to investi- 
gate the occurrence of models of the universe which would exhibit periodic 
behaviour, since such would now appear thermodynamically possible. It was 
pointed out, nevertheless, in the articles cited that neither of the above 
models would actually furnish a strictly periodic solution of the equations of 
motion, and this will be confirmed by more general considerations in the 
present article. Recently, however, a simple model of the universe has been 
discussed by Einstein’ which exhibits a possibility for quasi-periodic solutions 
of a type which must now also be considered. 


$2. OUTLINE OF PRESENT ARTICLE 


The discussion in the present article will be limited to models in which the 
universe can be regarded from a large-scale point of view as filled with a 
perfect fluid, having properties which change with the time but are indepen- 
dent of position. Furthermore, the time coordinate will be chosen so as to 
agree with the proper time as used by local observers at rest with respect to 
the material in the model, since it is evident that equations periodic in form 
with respect to an arbitrarily chosen time coordinate might have no special 
physical interest. 

The possibilities for change with time in such models consist in an ex- 
pansion or contraction in the proper volume of the universe. The equations of 
motion for such changes will first be obtained from the principles of relativistic 
mechanics, and the analytical requirement for these equations to correspond 
to a periodic expansion and contraction will be exhibited. Combining this 
analytical requirement with the thermodynamic requirement for periodic 
behaviour, namely that the motion should be reversible in the sense of rela- 
tivistic thermodynamics, it will then be shown that no strictly periodic solu- 
tion for the equations of motion would be possible for a model of this kind 
filled with any combination of incoherent matter and radiation. This general 
result confirms the conclusion already found for the two special models men- 
tioned above, and also has the consequence of ruling out as physically prob- 
able the very interesting periodic line element recently proposed by Takéuchi.*® 

At first sight the result would appear to prove conclusively that no model 
whatever of the kind considered could exhibit a continued sequence of identi- 
cal expansions and contractions. It will next be shown, however, that a new 
method of attack can be undertaken, by abandoning the attempt to find 
strictly periodic solutions of the equations of motion and considering instead 
quasi-periodic solutions which correspond to an expansion of the universe 
from zero proper volume to an upper limit and contraction again to the 

7 Einstein, Berl. Be.. (1931) p. 235, See also de Sitter, Bull. Astron. Inst. Netherlands 6, 
141 (1931). 

§ Takéuchi, Proc. Phys. Math. Soc. Japan 13, 166 (1931). 
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starting point, the analytical treatment failing however outside the range 
between these points of zero volume. 

A wide range of possibilities for solutions of this type will be found to 
exist. Furthermore, cases will be found where the analytical requirements for 
these quasi-periodic solutions can be satisfied by systems which expand and 
contract reversibly without increase in entropy. In such cases, since the only 
physical possibility after contraction to zero volume would be another expan- 
sion, and since the system arrives at the point of zero volume after contrac- 
tion with unchanged entropy, it would seem allowable to expect a continued 
sequence of identical expansions and contractions, even though the mathe- 
matical analysis fails to carry us through the exceptional point of zero vol- 
ume. 

As mentioned above, one quasi-periodic solution corresponding to expan- 
sion from zero volume to an upper limit and return has already been given by 
Einstein.’ It corresponds to a model in which the contents of the universe are 
taken as incoherent matter exerting zero pressure and unaccompanied by 
radiation. In this article it will be specially pointed out that the expansion and 
contraction of the Einstein model would not be accompanied by increase in 
entropy and hence could presumably be repeated over and over again. 

Since the actual universe presumably contains radiation as well as matter, 
it will also be interesting to consider a model filled solely with black-body 
radiation which is the opposite extreme to the Einstein model containing 
nothing but matter. The form of line element for such a model will be exhi- 
bited, and it will be shown that this model would also expand and contract 
reversibly. Attention will then be turned to a more complicated model con- 
taining an equilibrium mixture of black-body radiation and perfect monatom- 
ic gas, and it will be shown that such a model could also furnish quasi- 
periodic solutions corresponding to reversible expansions and contractions. 
Finally in conclusion, a few remarks will be made concerning the possible 
bearing of such considerations on the problem of the behaviour of the actual 
universe. 


§ 3. THE MECHANICS OF THE NONSTATIC UNIVERSE 


©! The line element for a nonstatic universe filled with a uniform distribu- 
tion of matter and energy can be derived,® by treating the contents of the uni- 
verse for the purposes of large-scale considerations as a perfect fluid, and 
written in the form 
ds? = — dr? + + r? sin® Odo?) + dt? (1) 
[1+ 


where 7, 6 and ¢ are the spatial coordinates, ¢ is the time coordinate, R is a 
constant, and the dependence of the line element on the time is given by the 
exponent g(f). 

With this choice of coordinates, particles which are at rest in the co- 
ordinate system will not be subject to acceleration but will remain perman- 


* See Tolman, Proc. Nat. Acad. 16, 320 (1930). 
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ently at rest, and it will be noted that the time coordinate ¢ will agree with the 
proper time as used by local observers at rest with respect to such particles. 

The proper pressure pp and proper macroscopic density poo of the fluid 
corresponding to this line element are given by the equations"? 


1 
8rpo = — (2) 
3 
= + 377 A (3) 
R2 


where A is the cosmological constant. The pressure and density are indepen- 
dent of position, and are dependent as shown on the exponent g and its time 
derivatives g and g, and thus on the time itself. 

The proper volume associated with the coordinate range dr 66 d¢ in ac- 
cordance with the above line element, is evidently 


sin 
= 6 

[1 + r2/4R?]8 
and since the dependence of the line element on the time occurs solely be- 
cause of the functional dependence of the exponent g on ¢, it is evident that 
changes in the state of the universe with time can be characterized as ex- 
pansions or contractions in proper volume, according as g is increasing or de- 
creasing with the time. 

In accordance with the expressions for pressure and density given by (2) 


and (3), this change in volume of the universe is governed by the simple equa- 
tion"! 


r 60 (4) 


(poo + = 0. (5) 
Or noting Eq. (4), we can write 
d d 
(p00 + po (6Vo) = 0 (6) 


which shows that the change in the energy content associated with any small 
element of fluid is equal to the negative of the work performed on the sur- 
roundings. 


$ 4. THE ANALYTICAL REQUIREMENTS FOR A STRICTLY PERIODIC SOLUTION 


Since changes in the line element with time occur because of the depen- 
dence of g on /, it is evident that the conditions for a strictly periodic behav- 
iour of the model can be met only if g passes periodically through its minimum 
and maximum values. Using the subscripts 1 and 2 to denote the values as- 
sumed by different quantities when g has its minimum and maximum values, 
we can write as the analytical condition for the minimum 


10 See preceding reference, Eqs. (34). 
" See Tolman, Proc. Nat. Acad. 16, 409 (1930); Eq. (4). 
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g =0 4 (7) 
and as the condition for the maximum 
& = Be g = 0 fo S (8) 


and by intercombination these expressions give as a necessary requirement 
for a strictly periodic solution 


§ 5. THE THERMODYNAMIC REQUIREMENTS FOR 
A STRICTLY PERIODIC SOLUTION 


As the thermodynamic requirement for a strictly periodic solution, it is 
evident that the changes taking place in our model of the universe must be 
thermodynamically reversible, since otherwise it would not be possible for the 
model to return to an earlier state. As previously shown™ in accordance with 
the principles of relativistic thermodynamics, the condition for reversibility 
will be met in a system of the kind considered if we have the equation 


d 
— (¢o 6Vo) = 0 (10) 
dt 


holding at each point in the fluid, where ¢o is the proper density of entropy as 
measured by a local observer at rest with respect to the fluid, and 6V» is the 
proper volume of a small element of the fluid. 

Since the proper volume in accordance with the principles of general rela- 
tivity is dependent on the gravitational potentials g,,, this condition for re- 
versibility permits a mutual change in entropy density and gravitational 
field which was not contemplated in the classical thermodynamics. The equa- 
tion states that the total entropy for each small element of fluid shall be con- 
stant as measured by a local observer, and this can evidently be met if the 
change in proper volume for the element occurs without flow of heat into the 
element, with exact balance between the internal and external pressures act- 
ing at the boundary of the element, and without irreversible processes taking 
place inside the element. In the case of the systems we are discussing the con- 
dition for no flow of heat into the element is evidently met in general on ac- 
count of Eq. (6), and the exact balance between internal and external pres- 
sures is assured by the uniformity of pressure throughout the whole model as 
shown by Eq. (2); so that the avoidance of irreversible changes within the 
element is the only part of the requirement that must be specifically watched. 
If the requirement for reversibility is met, it will be noted that the changes 
taking place in the properties of the fluid filling our model of the universe 
would be those which would result from a reversible adiabatic change in vol- 
ume of that kind of fluid. 


2 See reference 4, Eq. (18). 
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§$ 6. IMPOSSIBILITY OF A STRICTLY PERIODIC SOLUTION 


It can now be shown that the two separate sets of requirements for a 
strictly periodic solution could not both be satisfied by any fluid for filling the 
model of the universe which has reasonable physical properties. 

On the one hand in accordance with the general expressions for density 
and pressure given by (2) and (3), and the necessary analytical requirement 
for a strictly periodic solution given by (9), we can evidently write 


3 
8r(p1 — p2) = R — (11) 
1 
8r(pi — po) = — R — — — ge) (12) 
gi < ge (13a) and 2 (13b) 


where (p:— pz) is the difference in energy density when the universe has its 
minimum and maximum volumes, and (p;— pz) is the difference in pressure. 

On the other hand in accordance with the thermodynamic requirement for 
a periodic solution given in § 5, the changes in density and pressure when the 
universe passes from its minimum to its maximum volume must be those 
which would result from a reversible adiabatic expansion of the fluid, which 
would evidently give us 


Pi p2 (14a) and pi = po (14b) 


for any kind of fluid with which we might wish to regard the universe as filled. 

All of the above relations, however, cannot be simultaneously satisfied. 
If the density is to decrease on expansion, then in accordance with (11) and 
(13a), it isevident that R must be real and R? positive. And with R? positive it 
will then be seen from (12), (13a) and (13b) that the pressure would increase 
on expansion, in contradiction to (14b). 

It is evident that the relations (14a) and (14b) on which this reasoning 
is based would hold for any combination of incoherent matter and radiation 
which we might take as the fluid for filling the universe. By a special assign- 
ment of assumed properties, it might of course be possible to obtain strictly 
periodic solutions, but it does not appear probable that they would have 
actual physical interest. Thus a fluid which would correspond to the assump- 


tion made by Takéuchi," 
g = sin kt (15) 


would appear to have very arbitrary properties. 


§ 7. ANALYTICAL REQUIREMENTS FOR A QUASI-PERIODIC SOLUTION 


In view of the above result we may now turn our attention to the possi- 
bility of quasi-periodic solutions, in which the proper volume of the universe 
increases from zero to an upper limit and returns, the mathematical analysis, 
however, failing to carry us through the exceptional point of zero volume. A 


13 See reference 8. 
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wide variety of possibilities presents itself for such solutions, and we may con- 
fine our attention for the present to those in which we take the constant R as 
real, and the cosmological constant A equal to zero as in Einstein’s original 
simple form of the equations of relativistic mechanics." 

We can then obtain an expansion from zero proper volume g;= — © to an 
upper limit g.>g, and return again to g;= — ©, with reasonable values for 
density and pressure, if we place the following restrictions on g and its deriva- 
tives, 


gi >0 (16) 
1 

g2 > 81 = 0 (17) 


In accordance with these restrictions, the model will evidently pass 
through a maximum volume at g= ge. Furthermore, making use of the general 
expressions for proper density and pressure given by (2) and (3), the model 
will exhibit at the limits of the expansion, with A=0, the densities 


Srp, = © and = 0 (19) 
and the pressures 


= +0 and (20) 


and these expressions evidently place no undue restrictions on the physical 
properties of the fluid with which we fill the model. 

It is evident that solutions which agree with the conditions imposed by 
(16), (17) and (18) could not be regarded analytically as strictly periodic, 
since the value of g is necessarily minus infinity at the lower limit of zero vol- 
ume in order to prevent the pressure from becoming negative, and this is in- 
compatible with the analytical conditions for a minimum. Nevertheless, it is 
evident physically that contraction to zero volume could only be followed by 
another expansion, and in addition, as noted by Einstein’ in a similar connec- 
tion, the idealization on which our considerations have been based can be re- 
garded as failing in the neighborhood of zero volume. Hence from a physical 
point of view it seems reasonable to consider that solutions of the kind which 
we are considering could correspond to a series of successive expansions and 
contractions. 


4 The introduction of the cosmological term Ag,, into the field equations of relativity wae 
necessary for Einstein’s static model of the universe. The term is not inevitably necessary, 
however, for nonstatic models, and Einstein (reference 7) now welcomes the opportunity to set 
it equal to zero. There are several arguments in favor of giving A the definite value zero. The 
equations of the theory are thereby simplified; the conclusions drawn from them are rendered 
less indeterminate; and it no longer becomes necessary to inquire into the significance and 
magnitude of what would otherwise be a new constant of nature. On the other hand, since the 
introduction of the A-term provides the most general possible expression of the second order 
which could be used for the energy momentum tensor, a definite assignment of the value A =0 
must be regarded as somewhat arbitrary and not necessarily correct. 
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§ 8. THERMODYNAMIC REQUIREMENTS FOR A SERIES OF IDENTICAL 
EXPANSIONS AND CONTRACTIONS 


Since the foregoing indicates the possibility of a series of expansions and 
contractions, we may next inquire into the further possibility that the suc- 
cessive expansions and contractions could have the character of identical 
repetitions. For this to be possible, it is evident that each expansion and con- 
traction would have to be reversible from the point of view of relativistic 
thermodynamics, since any increase in entropy would prevent the return to 
an earlier condition. 

If, however, the condition for thermodynamic reversibility 


d 
($0619) = 0 (21) 


already discussed in § 5 should be satisfied, a series of identical expansions 
and contractions would seem possible. 

We may now discuss some quasi-periodic solutions fulfilling these require- 
ments. 


$ 9. EINSTEIN’s QuAsI-PERIODIC SOLUTION 


As already mentioned one quasi-periodic model has already been sug- 
gested by Einstein. For simplicity denoting the “radius” of the universe by 


P where 
P = Rev!? (22) 


the general behaviour of the Einstein model can be most readily appreciated 
by solving the differential equation for P which he gives. We obtain 


— = sin{ — — -— 
P, Po Po Po 


where P, is a constant, and note that the radius of the universe would expand 
from the value zero at ¢=0, to the upper limit P= Py) at ¢=7Po/2, and then 
return once more to zero at {=7Po, the solution failing, however, to make P 
an analytical minimum at the lower limit. 

The values of g and g which correspond to (22) and (23) can be written in 
the form 


(24) 
4 
and 
(25) 


and substituting in the general expressions for pressure and density given by 
(2) and (3), with A=0 we obtain, 
Srpo=0 (26) 
3Po 3Po 


(27) 
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The model thus corresponds to a universe filled with incoherent particles of 
matter, exerting no pressure, and unaccompanied by radiation. 

From the point of view of the present paper, our interest lies in the en- 
tropy of the model. In accordance with the expressions for proper volume and 


density given by (4) and (27), it is evident that we shall have in the case of 
this model 


d 
dt (poo 5V 0) = 0 (28) 


owing to the fact that the only quantity g, which depends on the time, can- 
cels from the product. For particles of matter exerting no pressure, it is evi- 
dent, however, that the proper entropy ¢o 6 V9 will be proportional to the pro- 
per mass Poo 69 so that we must also have 


d 
dt ($0 5V 0) = 0 (29) 


which is the thermodynamic condition for reversibility already discussed in 
$5. We may hence conclude that the model expands and contracts reversibly, 
which is perhaps an obvious conclusion in the case of this simple system. 
Since the behaviour of the model is thermodynamically reversible, there 
would be no thermodynamic hindrance which would prevent a continuous se- 
quence of identical expansions and contractions. 


§$ 10. QUAsI-PERIODIC SOLUTION FOR A UNIVERSE FILLED WITH RADIATION 


The real universe undoubtedly contains radiation as well as matter. The 
actual amount of this radiation is unknown. Nevertheless, it may be noted 
that as low a temperature as 12° absolute would correspond to a density of 
radiation of 1.7 10~*! gm/cm* which is approximately the same as Hubble’s 
estimate’ of the averaged-out density of visible matter in the universe. In 
any case it will be interesting to consider the extreme example of a model 
containing nothing but black-body radiation, even if we regard this merely as 
an intellectual exercise. 

As mentioned above" I have already considered this model, without mak- 
ing any assumptions as to the value of the cosmological constant A, and come 
to the conclusion that no strictly periodic solution of the equations of mo- 
tion could be found. The possibility of quasi-periodic solutions presents itself 
nevertheless, and setting A =0, it can readily be shown that the line element 
for such a model then has the form 


At— 
[1 + r2/4R?]? 


ds? = 


(dr? + r°d9? + r? sin? + (30) 


where A is a positive constant. 


% Hubble, Astrophys. J. 64, 369 (1926). 
6 See reference 4. 
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In accordance with this form of the line element, the universe would start 
from zero proper volume at ¢=0, expand to a maximum at t= A R?/2 and con- 
tract to zero again at (=A R?, and the behaviour would be symmetrical on the 
two sides of the maximum as can easily be seen by transforming so that the 
zero of time comes at that point. Outside the range ¢=0 to ‘=A R®, the treat- 
ment fails since the analytical expression would then correspond to negative 
volumes which are physically impossible. 

The values of g and its differential coefficients corresponding to this line 
element are 


eo = At — 22/R? (31) 
1 
CAR? 
and 
(33) 


(AR? — 
Substituting these values into the general expressions for proper pressure 
and density given by (2) and (3), with A set equal to zero, we obtain 
1 A? 
(At — B/R2)? 


= (34) 


and 
3 A? 


4 (At — 2/R?)? 


= (35) 
We note at once that the energy density is always three times the pressure, so 
that the line element does correspond to a universe filled solely with black- 
body radiation, It is also interesting to observe that the energy density would 
be infinite at the times ‘=0 and t=A R? when the volume of the model is zero, 
and would drop to 3/R? at t= A R?/2 when the volume is at its maximum. 

As in the case of the preceding model, our main interest for the present 
lies in the entropy of the system. In accordance with the known properties of 
black-body radiation, it is evident that we may write 


4 
po = and 3 (36) 
for the proper (macroscopic) energy density poo and proper entropy density 
¢o in terms of the Stefan-Boltzmann constant a and the proper temperature 
To. And by combination we can write 


4 
oo = 3 93/4, (37) 


Substituting the values given by (35) and (31) we can then obtain for the 


entropy density 
4 1/47 42 3/4 
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and comparing with the general expression for proper volume given by Eq. 
(4), we at once see that we shall have the relation 


d 
(¢95Vo) = 0 (39) 


owing to the fact that the only quantity g, which depends on the time cancels 
from the product. This, however, is the condition for thermodynamic reversi- 
bility already discussed in § 5. Hence we may also conclude in the case of this 
model that there would be no thermodynamic hindrance which would pre- 
vent a continuous sequence of identical expansions and contractions. 


§ 11. QuAsI-PERIODIC SOLUTION FOR A UNIVERSE CONTAINING AN 
EQUILIBRIUM MIXTURE OF MATTER AND RADIATION 


It will also be interesting to consider the possibility for a quasi-periodic 
solution in the case of the model, which I have previously treated, of a uni- 
verse containing a perfect monatomic gas in equilibrium with black-body 
radiation. If we set the cosmological constant A equal to zero, the equations of 
motion previously obtained" for this model become 


1 
= — — = 8x(NokTo + }aT>') (40) 
3 
= + = + + (41) 


where NV) is the proper concentration of the gas in number of molecules per unit 
volume, 7) the proper temperature, # the mass of one atom, and the constants 
k, a, cand b have their customary significance. 

As demonstrated in the previous article these differential equations show 
no possibility for a strictly periodic solution of physical significance. To in- 
vestigate the possibility for a quasi-periodic behaviour of the model, we shall 
not try to integrate the equations owing to their great complexity, but in- 
stead shall content ourselves with a demonstration of the existence of quasi- 
periodic solutions without obtaining their explicit form. 

In accordance with Eq. (40) it is evident that the pressure po is necessarily 
a positive quantity 

po 20 (43) 
since the concentration No and temperature 7) are both quantities which 
physically cannot be negative. Hence from (40), taking R as real, it is evident 
that we must also have 


(44) 


So that g will always be negative if the volume of the universe is finite (i.e. 
g<o). 


17 See reference 5. 
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It appears evident, however, that this provides the possibility of choosing 
’ conditions so that models of the kind under discussion would pass through a 
point of maximum-expansion. To prove this it is only necessary to admit the 
possibility of setting up a model of the universe with an equilibrium mixture 
of the gas and radiation contained in a finite volume which at the moment is 
not changing with the time. This set-up, with g put equal to zero and § as 
seen above necessarily negative, evidently corresponds to the condition at 
the maximum point of expansion of a model which starts at zero volume with 
# equal to — © passes through a maximum with § still negative and returns 
again to zero volume with g again equal to — ©. So that the conceivability of 
the proposed set-up shows the possibility of quasi-periodic solutions for 
models of the universe containing an equilibrium mixture of perfect monatom- 
ic gas and black body radiation. 

It is also interesting to note that this method of showing the possibility 
for quasi-periodic solutions would apply to any model in which the fluid must 
be regarded as always exerting a positive pressure. 

Since my previous work on this model showed that its expansion or con- 
traction would be thermodynamically reversible, provided we make the some- 
what arbitrary assumption that the matter in the model always immediately 
adjusts itself so as to remain in equilibrium with the radiation, it is evident in 
this case too that there would be no thermodynamic hindrance to a con- 
tinuous succession of identical expansions and contractions. 


§ 12. CONCLUSION 


The result of the foregoing investigation of the theoretical requirements 
for the periodic behaviour of a certain class of nonstatic models of the uni- 
verse has been threefold. In the first place, it has been shown that we cannot 
expect a strictly periodic solution of the equations of motion for such models, 
which would correspond to an oscillation in proper volume between a mini- 
mum and maximum value, unless indeed we should assign properties to the 
material filling the universe of a kind which would presumably not be of 
actual interest. It has been shown in the second place, however, that we might 
expect a wide variety of quasi-periodic solutions, which would correspond to 
an expansion of the model from zero proper volme to a maximum and return, 
—the solutions failing, however, to provide the analytical conditions for a 
minimum at the lower limit, even though physically contraction to this limit 
could only be followed by renewed expansion. Finally, it has been shown in 
accordance with the principles of relativistic thermodynamics that the condi- 
tions necessary for such quasi-periodic solutions could be met by systems 
which expand and contract reversibly without increase in entropy, so that 
there would be no thermodynamic hindrance to a continued series of identical 
expansions and contractions, and this conclusion has been illustrated by three 
examples. 

The three models, which were chosen as examples to illustrate the possi- 
bility of a continued series of identical expansions and contractions, were,— 
first, a universe filled with incoherent matter exerting no pressure and unac- 
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companied by radiation,—second, a universe filled solely with black-body 
radiation,—and third, a universe filled with a mixture of perfect monatomic 
gas in equilibrium with black-body radiation. It is of interest, in connection 
with speculations as to the possibility that the actual universe might undergo 
a series of identical expansions and contractions, to find that so wide a range 
of models show such behaviour. This interest is increased, moreover, by the 
fact that my previous studies!’ of the second and third of these two models 
have shown that an ordinary observer would find a number of phenomena 
during the expansion of these models, such as the flow of radiation out into 
space and the annihilation of matter, which he would interpret as necessarily 
irreversible, in spite of the fact that all the processes taking place in such uni- 
verses would really be reversible when analyzed from the legitimate point of 
view of relativistic thermodynamics. 

In conclusion, however, we must not fail to emphasize that all our specific 
considerations have dealt with highly idealized models and not with the 
actual universe. These models have, moreover, some quite unsatisfying pro- 
perties. In the first place, the models are all limited to a restricted class in 
which the properties of the contents of the universe, looked at from a large- 
scale point of view, are assumed to be the same throughout the whole uni- 
verse at a given instant, and in justification of this assumption we merely 
have the data obtained from astronomical observations on the nebulae out to 
a limit of only about 108 light years. In the second place, moreover, the models 
do not concern themselves with many questions which may be very important 
for a satisfactory cosmological picture, such as the tendency of matter to con- 
glomerate in stars and stellar systems,'® the relative abundance of the differ- 
ent elements,”° the relative concentration of matter and radiation,” and the 
rate at which matter and radiation adjust themselves to mutual equilibrium.” 
For these reasons we must not overestimate any insight that we obtain into 
the possible behaviour of the actual universe as a result of calculations on 
highly idealized models. Nevertheless, the principles of relativistic thermo- 
dynamics seem to have made a real contribution to cosmology, in showing 
that reversible models can at least be conceived which could exhibit a suc- 
cession of identical expansions and contractions taking place at a finite rate. 


18 See references 4 and 5. 

® The treatments which I have given to the flow of radiation in a universe, which is ex- 
panding reversibly, show that an ordinary observer in such a model would find a general out- 
ward flow of radiation from his region, but do not concern themselves with the more special 
problem of a directed outward flow from individual stars. 

20 T have shown, Jour. Am. Chem. Soc. 44, 1902 (1922), that the relative abundance of 
hydrogen and helium appears to be very different from that demanded by thermodynamic 
equilibrium and similar findings have been obtained for the relative abundance of isotopes by 
Urey and Bradley, Phys. Rev. 38, 718 (1931). 

** The constant b in Eq. (42) would have to be enormous to secure appreciable concentra- 
tions of matter. 

* The model of a universe containing an equilibrium mixture of gas and radiation would 
behave reversibly only if the mutual equilibrium were maintained. See reference 5. 
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ABSTRACT 


In the first part of this paper the conditions for the existence of self-perpetuating 
electric moments in crystals are discussed. If these conditions are satisfied, the crystals 
must either show macroscopic electric moments or they will necessarily possess a 
definite type of a secondary structure. Certain complications may come in, however, 
if one is dealing with metals. Finally, the analogous magnetic case is qualitatively 
discussed. 


$1. INTRODUCTION 


HE theory of the ideal crystal lattices must be regarded as a complete 

failure as far as the treatment of structure sensitive properties is con- 
cerned. I have recently endeavored to show that a satisfactory theory of the 
physics of solids can be developed by introducing a secondary structure of 
crystal lattices.' This structure in general may be described as a periodic, 
very slight variation in density. I arrived at the conception of a secondary 
structure from purely theoretical arguments which threw doubt on the cur- 
rent conception of ideal crystals being thermally stable. Although many im- 
portant conclusions of this theory were verified experimentally, its founda- 
tions are not very satisfactory for the following reasons. 

In the first place, the procedure which I followed did not supply any un- 
ambiguous way of determining’the exact nature of the deviations which trans- 
form an ideal lattice into a real and thermally stable crystal. 

In the second place, it was very difficult to account for dimensions of the 
secondary lattice larger than a few hundred Angstroms, such as we have been 
finding in single crystals of metals. Although the theory does not really 
enable one to derive accurate values for the lattice constant D of the second- 
ary structure there are strong reasons for assuming that approximately 


D = d/(1 — dp/d) (1) 


Here d is the ordinary lattice constant and d, the corresponding spacing of 
a single plane of atoms which in itself is assumed to be in equilibrium under 
its own forces. The relative change from d to d, can be estimated to be of the 
order of one percent, which according to (1) makes values of D larger than 
100d very improbable. It also has been objected that it would be very hard to 
understand how actions over such large distances come about. 

In the third place, experimental investigations carried out on single 
crystals suggest that there are secondary lattices of very different types. The 
theory therefore is confronted with the task of finding as many effects as 


1F, Zwicky, Proc. Nat. Acad. Sci. 15, 816 (1929); Helvetica Physica Acta 3, 269 (1930); 
and 4, 49 (1931). 
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possible which will render an ideal crystal thermally unstable. In addition, 
one has to try to find, if possible, a common denominator for all these effects. 
In a recent publication? I have advanced a tentative solution of this latter 
problem. The essence of my proposal was that those effects which are mainly 
responsible for the formation of a crystal at the same time necessitate a 
secondary structure. Those effects were recognized to be simultaneous co- 
operative actions between many particles. It seems therefore desirable to 
investigate more closely the characteristics of such actions. In this paper one 
very special phenomenon which depends on the cooperation of many particles 
will be considered. Its character will be best understood by studying some of 
its essential features in relation to a simple lattice. 


Fig. 1. Lattice of self-perpetuating dipoles. 


§2. GENERAL REMARKS ON SELF-PERPETUATING ELECTRIC MOMENTS 


The essential part of this paper is devoted to a generalization of K. F. 
Herzfeld’s considerations concerning the characteristics of metals. Herzfeld 
derives a criterion which decides whether or not an element will occur as a 
metal. His argument is roughly as follows: 

Consider a simple cubic lattice occupied by atoms whose dielectric 
constant is a. (See Fig. 1.) Suppose that all the atoms except A are endowed 
with an infinitely small electric dipole u. Then because of the action of the 
u’s there will be an electric field at A which is equal to F, =44P/3=4rNy/3, 
where JN is the number of atoms per unit volume and P the polarization per 
unit volume.‘ The average field throughout the crystal of course is zero, 

2 F, Zwicky, Proc. Nat. Acad. Sci. September, 1931. 


3H. F. Herzfeld, Phys. Rev. 29, 701 (1926). 
‘ See for instance P. Debye in Handbuch d. Radiologie, Vol. VI, p. 600. 
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provided that the lattice is infinitely extended. The so-called Lorentz field 
deforms the atom A and endows it with a moment yp’ 


= 4rNua/3. (2) 
Suppose now that 


4rNa/3 = 4rNap/3M = Rp/M>1 (3) 


where R is the molar refractivity, p the density, 4/ the molecular weight, and 
N =6.06 X 10”. It then follows that 

This means that the assembly of the induced dipoles is a self perpetuating 
configuration of ever increasing moment. The process stops, of course, as soon 
as all the atoms are stripped of their loosest electrons. Condition (3) therefore 
is a condition for the element to be a metal. 

It is very important to notice that the conclusions drawn above are valid 
only if @ either increases or at least stays constant with increasing yu. This is 
probably generally true if @ is the polarizability of an atom. We may, how- 
ever, generalize Herzfeld’s theory to systems with elementary units other than 
atoms, as will be shown in the next section. It then happens that the respec- 
tive dielectric constant decreases with increasing polarization. The system 
involved may then jump into a configuration of permanent electric polariza- 
tion without this process resulting in a collapse of the elementary particles, 
such as the stripping of atoms of their electrons. The permanent electric 
polarization need not be apparent in macroscopic dimensions, as will be shown 
later. In the case of a resulting macroscopic moment we are dealing with a 
crystal which possesses the characteristics of an electret. If only microscopic 
regions are electrically polar, they may compensate each other over large 
distances. We then obtain a peculiar type of a secondary structure. 

In the next section we shall discuss the properties of a definite simple 
lattice which, however, is chosen so as to exhibit all the general features in 
which we are interested in our discussion. 


§3. PERMANENT ELECTRIC POLARIZATION IN CUBIC 
FACE CENTERED Ionic LATTICES 
We investigate the properties of a lattice which is built up of positive and 
negative ions. We assume that for the mutual potential energy of two ions 1 
and k we may write, as usually adopted for a first approximation, 


= + A/rin” (4) 


where A and # for simplicity are taken to be the same for all the three pos- 
sible combinations of the two ions. 

The average energy ¢€ of an ion in the face centered cubic lattice can be 
shown to be 


= — 1.747e?/r + yA/r? (5) 


with r designating the usual lattice constant. Numerical values of y for differ- 
ent p’s are tabulated in Table I. 
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Taste I. 
p | 5 6 7 8 9 10 
vy | 166 269 478 888 1700 3287 


Now for this lattice to be in equilibrium we must require 


be 
—=0 for r=d (6) 
ér 
or 
A = 1.747e*d?-!/py. (6’) 


It is usually assumed that this condition is all that is required in order to 
make a lattice of the described type dynamically stable. Indeed, in all the 
cases dealt with in the literature it was found that a lattice of the above type, 
with A equal to (6’) is also stable against a linear extension, shearing, or 
against a displacement of the whole negative lattice relative to the positive 
lattice, etc. However, there was known no general proof that condition (6) 
insures the complete dynamic stability of the lattice. In fact, it can be shown 
that this is not at all the case. For this purpose we shall investigate more 
closely the stability of our model with regard to relative displacements of the 
negative and the positive lattice. Such displacements evidently may be 
caused by external electric fields. It is well known that the characteristic 
frequencies involved correspond to the frequencies of the residual rays. 

Suppose that the lattice of the positive ions is given a uniform infinitesi- 
mal displacement £ in the direction of the [100] axis. At the location of each 
ion a Lorentz field 


Fy, = (7) 
is created, with (7’) P= Neé/2 and N=8/d* 
Fy = 167et/3d*. (8) 


The energy per molecule (negative and positive ion) is equal to 
Au- = — egF,/2 = — (9) 


There is also a change of energy Au* due to the forces of repulsion. Sum- 
ming up the individual contributions of all the neighboring atoms one finds 
for Au* per molecule 


2 4/2\? 4/2\ 
ant = 4906-9) +5 (Fa) 


Joe. 
9\3 


Values of the numerical factor (h) for different p’s are tabulated in Table IT. 


TABLE II. 
Pp | 5 5 7 8 9 10 


h | 2680 7860 21800 57700 148000 369000 
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For the total change of energy per molecule we obtain, therefore, 
Au = [— 8.4e2/d* + hA/d?+?]¢? 


(11) 
= 1.75¢2/d3 X [— 4.8 + h/py]é. 
The numerical values of ‘py are given in Table ITT. 
Taste III. 
p | 5 6 7 8 9 10 
h/py | 3.23 4.87 6.51 9.67 11.2 


From this table we derive the remarkable conclusion that Au for p slightly 
smaller than 6 becomes negative. This is a very remarkable result indeed. It 
means that a cubic crystal of the described kind will voluntarily jump into a 
state of permanent electric polarization. Unlike the analogous case of atoms, 
no destruction of the lattice will take place because of the fact that it becomes 


sau 
4 
2% @ 


more and more difficult to move the two lattices apart as £ increases. The 
self-perpetuating movement of the two lattices will therefore stop at some 
definite value &, of & Fig. 2 shows the energies Au plotted schematically as a 
function of & for different values of p. The ideal crystal is dynamically stable 
with regard to a variation £ only if p>6. For <6 it is dynamically unstable. 
The equilibrium position in this case is given by the minimum of Aw. It cor- 
responds to a state of permanent electric polarization. 

The most important result of the above investigation is this. Suppose that 
we build up a model of a crystal lattice by assuming a certain potential energy 
function for the mutual interaction of the two particles in the lattice. This 
energy function may contain certain parameters, A and # in our case. If A 
and p are determined by adjusting certain characteristics of our model to 
certain given experimental data (lattice constant, compressibility), one can- 
not be assured that the model is dynamically stable. Indeed, the particular 
model discussed above is stable against a uniform pressure because of A hav- 
ing been properly adjusted by (6’). The model also turns out to be stable if a 
linear extension or a shear is considered. However, for p<6 it is unstable 
against a relative motion of the positive and negative partial lattices. 
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§4. GENERALIZATION OF THE MODEL USED IN THE PREVIOUS SECTION 

It is obvious that the computations given in the previous section need to 
be generalized in various ways. 

In the first place, our calculation involves implicitly the assumption that 
no change of dimensions normal to the relative displacement £ of the two 
partial lattices is involved. This is certainly not correct, and additional terms 
must be introduced. For the present discussion it is sufficient to notice that 
this lateral effect can only increase the initial instability of the lattice. 

In the second place, it will be necessary to compute Aw to higher order 
terms in £ in order to determine the final equilibrium position &. It will, how- 
ever, be of interest to do so only if one is sure that a certain model actually 
is a good approximation of the real crystal. More about this will be said in 
section 5. 

In the third place, we must take into account that the ions themselves 
are deformable. The Lorentz field is as before F, =4aP/3. The expression 
(7’) for the total moment P per cm’ is changed to 


P = Np/2 + Nuo (12) 
with 
B=c& wo = (13) 
if we use the same notation as in the previous section. Therefore 
Fy = 44N/3[eé/2 + aF (14) 
or 
Fy, = 2nNet/(3 — 44Na). (15) 


It is evident from the order of magnitudes of N~10*%cm-* and a~10-*cm® 
that the denominator may be considerably smaller than 3, or F,; considerably 
larger than the corresponding expression with a equal to zero. 

In order to get an idea about the magnitude of the Lorentz fields and the 
corresponding energies involved, we assume that our model has a lattice con- 
stant equal to that of rock salt, d=5.6,X10-* cm. For & =10-'cm we obtain 
F,,=1.36 X 10®volts. The energy per molecule due to this field is 


Au- = Au; + = — e&/2 — aF (16) 


or in our case Au,~ = —1.06 X10-“ergs. The energy Au~ is proportional to 
. It therefore can easily assume values equal to kT’ say near to the melting 
point, with £ amounting to only a few percent of the lattice constant. This is 
very important because of the fact that certain phenomena may be observed 


calorimetrically without being easily detectable by a structure investigation 
with x-rays. 


§5. ON A NEw Type oF A SECONDARY STRUCTURE 
We are now coming back to some of the ideas which have already been 
mentioned in the introduction. 
_ Suppose that we are dealing with an ionic cubic face centered lattice 
whose equilibrium configuration is characterized by a permanent electric 
polarization, due to a value »<6 in relation (4). It is obvious that there are 
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forces operative during the growth of the crystal which tend to prevent its 
building up an electric moment. These forces originate on the necessarily 
existing surfaces. If, for instance, the crystal grows as a large plate a de- 
polarizing field equal to 47P will be set up by the surfaces if P is directed 
normal to the plate. This because of the bound surface charges originated by 
the electric polarization itself. If the external shape is a sphere or a cube the 
depolarizing field will be 44P/3, which still is sufficient to compensate for the 
Lorentz field. The neutralizing action of the surfaces can be disregarded only 
if the crystal grows in form of a long needle or if there are charges present 
which compensate for the action of the surfaces by covering them with 
charged layers. The bound and the real charges on a surface in this case form 
double layers with no corresponding external fields. It seems very artificial 
and unsatisfactory to introduce accidental conditions of this kind. If possible 
the crystal will favor some kind of an arrangement which allows it to assume 


Fig. 3. Permanent electric polarization in crystals. 


the configuration of lowest energy without making use of any special external 
condition. Arrangements of this kind probably must possess the same sym- 
metry character as the primary structure. Fig. 3 gives an illustration of a 
possible arrangement. It is based on the idea of avoiding neutralizing surfaces 
by arranging the Lorentz field vectors in circles or in squares conforming with 
the cubic character of the primary structure as nearly as possible. 

In a three-dimensional lattice the secondary structure resulting from a 
self-perpetuating polarization may be derived by the following simple 
method, which has been suggested to me by Dr. H. M. Evjen. First think of 
the crystal being subdivided into identical square needles which are parallel 
to the [100] direction. Polarize these needles alternately in the [100] and 
[100] directions. This process is now repeated for the [010] and the [001] 
direction in such a way that each intersection of three needles is a cube. The 
resulting vectors representing the polarization evidently will lie in one of the 
four space diagonals of the cube. 

From Fig. 3 it is evident that the crystal will exhibit a certain peculiar 
type of secondary structure. In the thermodynamically stable state this 
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structure may be expected to be an absolutely regular one characterized by a 
greater lattice constant D. An approximate relation between D and the usual 
smaller lattice constant d may be derived as follows: 

The permanent electric polarization causes a relative change A in dimen- 
sion lateral to it. We consider two adjacent regions whose vectors P are at 
right angles to each other. These two regions can be approximately in phase 
with each other only over a distance smaller than D =d/A. In fact, if a positive 
and negative ion face each other at A, then at a distance D/2 away from A, 
two ions of the same sign are in opposition, provided that the dividing line 
between the two parts of the crystal is of the type [100]. We therefore have to 
keep our regions in Fig. 3 smaller than D or we will begin to loose energy along 
their boundaries. This means that the new type of a secondary structure pro- 
posed in this section is characterized by a greater lattice constant approx- 
imately equal to 


D=d/A. (17) 


We have seen in section 4 that values of £ equal to 10~*® cm lead to reasonable 
moments such as have been observed in certain crystals, Rochelle salt, for 
instance. The quantity A will of course depend on £, and therefore have a very 
wide spread. In general A will be very small. Therefore 


D> d. 


This is a very satisfactory result, inasmuch as it may provide an under- 
standing of such remarkably large spacings of the order of 1u as we have ob- 
served for the secondary structure of certain metals. It is a very interesting 
problem to find out whether the observed secondary structure of metal single 
crystals can be traced back to the origin proposed here. Although I cannot 
offer a complete solution of this problem, I should like to advance some 
tentative suggestions which might prove valuable. 

According to the theory of Herzfeld which I have sketched in section 2, 
electrons are stripped from sufficiently dielectric atoms embedded in solid 
matter. If the polarizability is increasing with increasing moment, we must 
conclude that the electrons try to get away from the remaining ions as far 
as possible. This behaviour, which seems very strange at first sight, is due to 
the existence of a self perpetuating polarization. We therefore arrive at the 
following picture of a metal with say one stripped or free electron per atom. 
We suppose these atoms to be arranged in a face centered cubic lattice. The 
electrons will exhibit a tendency to arrange themselves in a similar lattice 
which, however, is displaced by half the lattice constant in one of the prin- 
cipal directions say [100]. Electrons and ions are thus in the same relative 
position to each other as the ions in NaCl. This is-the picture of a simple metal 
which F. Haber has advanced many years ago. Of course one must not think 
of such an arrangement as a static one. If it were static the lattice formed by 
the electrons could be detected with x-rays, which is not the case. The prob- 
lem to be solved is to find the interaction between the electron lattice or 
electron gas and the remaining ions. From the fact that a static arrangement 
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of charges is unstable (law of Earnshaw), it seems probable that the inter- 
action between the two lattices is such that a simplified expression for the 
mutual energy of an electron and an ion would require an exponent p<6. 
This suggests that metals form crystals whose equilibrium configurations are 
characterized by permanent electric moments. The formation of macroscopic 
moments would again be prevented by the building up of a secondary struc- 
ture. From this viewpoint the large lattice constants D = 5000-20000A which 
we have observed in different metals appear comprehensible. 

Finally, a few words about the alkali-halides. For most of them p>6. 
Therefore they do not fall within the range of our present considerations, 
unless a combination of a relatively small p together with a large polarizabil- 
ity a makes them eligible for a secondary structure of the type described 
above. This may be the case, for instance, for PbS. According to (15) Fy 
must be multiplied by a factor 


f = 3/(3 — 22/2) 


if wis not neglected. Here ! =a*/2a and a =d/2. Now for PbS we have [ = 2.54 
and therefore f~6. This would put PbS into the category of crystals with 
permanent moments in microscopic regions, for almost any value of p, which 
may be the explanation of why PbS and PbTe behave so differently from the 
other alkali-halides. 


$6. PERMANENT MAGNETIC MOMENTs OF CRYSTALS 


A ferromagnetic crystal may in some respects be regarded as the magnetic 
analogue to a crystal possessing a permanent electric moment. However, 
there are some conspicuous differences between the two cases. In the electric 
case the back coupling of the induced dipoles in established by the Lorentz 
field F, =4rP/3. To account for the ferromagnetism in Fe, Ni, Co, etc. ac- 
cording to P. Weiss back-coupling fields of the order 10000 JJ must be intro- 
duced, where JJ is the magnetic polarization per unit volume. In spite of this 
enormous back-coupling factor, namely 10000 instead of 47/3, a single crys- 
tal of iron is not magnetic as a whole. This is a very puzzling fact. Indeed it is 
hard to understand why the crystal should not be uniformly magnetized, as 
the largest possible demagnetizing factor 47 falls far too short from compen- 
sating the enormous factor 10000. This problem has not found a satisfactory 
solution so far. Whatever this solution may be, it seems safe to conclude that 
it must involve the existence of a secondary structure of magnetic origin. For, 
although an iron crystal is not magnetized as a whole it must be magnetized 
in parts, because of the magnetization betraying itself in the caloric behavior 
of the crystal (rise of the specific heat below the Curie point, etc.). A magnetic 
secondary structure therefore exists. Off hand it is impossible to say whether 
the elementary regions are fibers or cubic blocks or of some other shape. 
However considerations analogous to those leading to Fig. 3 make it possible 
to determine the exact shape. Assuming them to be cubic, F. Bitter® has sug- 
gested various ways for estimating their size. He finds that they contain 


5 F, Bitter, Phys. Rev. 37, 91 (1931). 
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approximately 350000 atoms each. If we wish to make a theoretical estimate 
we must apply some relation similar to the one used in the electric case (17) 


D=d/A 


where A now stands for the relative change in length due to magnetostriction 
caused by the magnetic saturation. Unfortunately there is no way so far to 
obtain A. If Bitter’s estimates are correct, then A must be of the order of 1 
percent. 

It is very interesting to notice that ferromagnetic crystals behave ab- 
normally in regard to plastic deformation. Single crystals ordinarily glide 
along certain planes belonging to a discrete crystallographically determined 
set. In iron, however, only the [111] direction is distinguished, but any plane 
through it may be a slip plane.* This becomes comprehensible if one considers 
that the elementary parts of the magnetic secondary structure of iron are 
slightly tetragonal. Adjacent blocks are in phase only for distances less than 
200A making use of Bitter’s estimate. Iron is therefore, in a way, much more 
similar to an amorphous substance than to other metal crystals whose 
secondary structures are characterized by spacings of the order of 1y. It is to 
be hoped that if iron single crystals are annealed and distorted in a magnetic 
field that they also will exhibit definite crystallographic slip planes. Experi- 
ments to check this are being carried out at this Institute. 


$7. CONCLUDING REMARKS 


I have recently proposed a scheme which was intended to provide a 
general working basis for the physics of crystals. I showed that those phe- 
nomena which essentially characterize the crystalline state are due to the 
simultaneous cooperation of many particles in regard to a line-up in space. 
There are different types of such cooperative effects. The main purpose of 
this paper is to point out two of them which are related to the formation 
of permanent electric and magnetic moments in crystals. I also attempted to 
show in which way these two effects may be the cause of a secondary struc- 
ture of crystals. 


6 G. I. Taylor and C. F. Elam, Proc. Roy. Soc. A112, 337 (1926), 
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The Magnetization of Colloidal Suspensions 


If one assumes the Weiss-Heisenberg postu- 
late of spontaneously magnetized “domains,” 
then it is difficult to see how it is possible to 
demagnetize a ferromagnetic body. The re- 
cent work of Akulov,! Powell,? and Bitter* has 
done much to resolve this difficulty, but it 
would still be desirable to obtain more direct 
experimental evidence of the existence of 
these domains, as all investigators in this field 
are not yet fully convinced of their reality. An 
estimate of the size of these domains can be 
made from the rate of the approach to satura- 
tion of the material in high fields. Such a cal- 
culation has recently been made by Bitter,* 
with the result that a group containing ap- 
proximately 10° atoms would constitute a do- 
main. This corresponds to a linear dimension 
of the order of 150 mu. Hence if we could 
divide a ferromagnetic body into particles 
this small, we should expect each particle to 
be magnetically saturated. 

Colloidal suspensions of nickel or iron can 
be obtained with this order of particle size, 
and an investigation of their magnetic proper- 
ties should be interesting. In suspensions of 
this character, the concentration of the par- 
ticles would be so small that the effect of one 
particle on another could be neglected. The 
suspension would thus be equivalent to a gas 
composed of large molecules, and its magnetic 
moment would be given by the Langevin 
formula 


! Akulov, Zeits. f. Physik 69, 78-99 (1931) 
and earlier papers. 


2 Powell, Proc. Roy. Soc. A130, 167-181 
(1930). 


’ Bitter, Phys. Rev. (2) 38, 528-548 (1931). 


kT 
Nu = Nu (coth iT all 

where N is the number of particles per cc, and 
u the magnetic moment of each particle. For 
a particle of nickel of diameter 150 mu, we 
have a saturated magnetic moment of 7.0 
X 107"? ¢.g.s. m per particle, and if we take a 
field of 1000 gauss and T=300°K, then 
ull /KT has the value 1.7 X10°. Under these 
conditions, the suspension as a whole will have 
a magnetization within 10~* percent of that 
possible at this temperature. If, however, we 
decrease the magnetic moment of the particle 
by reducing its size, the Brownian rotations of 
the colloidal particles will become important, 
since the magnetic moment will assume direc- 
tions determinate with respect to the direc- 
tions of the crystal axes, and j% will become 
smaller than wu. We might thus trace out a 
Langevin curve. The same result can, of 
course, be accomplished by varying either the 
field of the temperature, but the feasible range 
of variation of H or T, especially of the latter, 
is much less than that of u. 

Such evidence would, of course, constitute 
a very direct proof of spontaneous magnetiza- 
tion of small particles. A suspension of par- 
ticles of this character would also show other 
interesting properties. It should exhibit a 
magnetic viscosity which would be directly de- 
pendent on the viscosity of the medium in 
which the particles are suspended, and there 
should be no hysteresis of the ordinary kind. 


G. MONTGOMERY 


Sloane Physics Laboratory, 
Yale University, 
_ October 3, 1931. 
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Equivalent Electrical Networks 


In a recent article [Phys. Rev. 37, 1583 
(1931)] N. Howitt discusses a method of de- 
riving networks equivalent to a given struc- 
ture. This method depends on the preservation 
of the positive-definite (or semi-definite) char- 
acter of three quadratic forms associated with 
the network, in an affine transformation of 
these forms. If this transformation be written 
i. =>_,C.,i,’, then for equivalence with respect 
to driving point impedance in the jth mesh 
it is necessary only that all ¢,, be real, c;;=1 
and cj,=0 when #k. 

Certain subsidiary conditions leading to 
further restrictions on the coefficients are 
mentioned by Howitt, viz that “the self- 
parameter of every mesh be greater than its 
total mutual parameters with respect to other 
meshes.” The latter condition is unnecessary 
if a generalized conception of mutual para- 
meters be admitted. For inductances this is 
nothing more than the usual conception of 
mutual inductance; the property of being 
positive-definite is sufficient for a quadratic 
form to represent a physical system of self and 
mutual inductances. Such a system may, how- 
ever, be replaced by an equivalent system of 
self-inductances and _ ideal transformers 
whence it is at once evident that positive- 
definite forms associated with resistances and 
capacitances can also be represented with the 
aid of ideal transformers. From the practical 
point of view such ideal transformers may be 
objectionable but from the theoretical stand- 
point we must accord them the same privi- 
leges as pure inductances, pure capacitances, 
or pure resistances. No other restrictions on 
the ¢,, than those mentioned in the first para- 
graph are therefore necessary for physical 
realizability. 

Howitt notes the possibility of extending 
the method of affine transformation to equiva- 
lence with respect to driving point impedance 
in more than one mesh. It should be observed, 


however, that equivalence with respect to 
driving point impedance in any two meshes 
necessarily entails equivalence with respect 
to the mutual impedance between these 
meshes. Conversely no equivalence with re- 
spect to mutual impedance can be obtained 
by this method without having equivalence 
with respect to the corresponding self- 
impedances. 

While the method of affine transformation 
gives a large class of equivalent networks, it 
can be shown that it does not always lead to 
all equivalent networks. By use of Howitt's 
notation a network may be characterized by 
the matrix where @rs=ArsP + prs 
The affine transformation which leaves in- 
variant the driving point impedance Z—(p) = 
log | | will also leave invariant the 
derivatives log | 8 log | prs /dpis, 
8 log |o,, |/doi:. The latter are not necessarily 
invariant at the same time as Z(p). In par- 
ticular it can be shown that several values of 
log |p,s | /Apix are sometimes possible for net- 
works with a given Z(p), the number of possi- 
ble values depending on the particular Z(p) 
prescribed. Moreover, the number of meshes 
in such networks is not necessarily fixed (not 
counting the trivial case where additional 
meshes arise from proportional impedences in 
parallel). This point has been discussed at 
greater length in a paper by the present writer 
in a forthcoming issue of the Journal of Mathe- 
matics and Physics entitled: “Synthesis of a 
Finite Two-terminal Network whose Driving- 
point impedance is a Prescribed Function of 
frequency.” 

The problem of finding a// equivalent net- 
works has not yet been completely solved. 


O. BRUNE 


Massachusetts Institute of Technology, 
Cambridge, Mass., 


September 28, 1931. 


Reaction Due to Gas Molecules Leaving the Cathode of an Arc 


Wellman! has suggested recently that the 
evolution of gas from the cathode of a vacuum 
arc may account for the large reaction upon 
the cathode observed by Tanberg.? As Mr. 


! Wellman, Phys. Rev. 38, 1077 (1931). 
* Tanberg, Phys. Rev. 35, 1080 (1930). 


Tanberg is no longer in these Laboratories, 
the writers have examined Tanberg’s original 
results for additional data, not contained in 
his paper, which may be of value in calculat- 
ing the effect of the gas coming from the 
cathode. 

Unfortunately, due to a typographical er- 
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ror, the value of current in Table III of Tan- 
berg’s paper? appears as 2.3 amps. instead of 
23 amps. as it should. The value for the force 
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pressure rise from 5 X10~* to 100X107? mm 
For a series of tests, Mr. Tanberg recorded the 
following results: 


Current Arcing Pressure Pressure 

time before test after test 

23 amps 6.4 sec 0.6X10- mm 15 mm 
23 7.6 55 10-8 
23 3.0 20 107% 
23 4.4 20 10-3 
23 0.61073 1110-3 


of the evolved gas calculated by Mr. Well- 
man, which for a current of 2.3 amps. came to 
the same magnitude as the measured force on 
the cathode, must therefore be reduced by a 
factor of 10. 

Actually, in comparing the reaction of the 
escaping gas with the total force on the cath- 
ode, one should use the total weight of gas 
liberated, the arcing time, and the measured 
force for the same test. Such complete data 
for any one test are not available. The arcing 
time varied from 3 to 15 seconds, and the 


The volume of the vessel used in the experi- 
ment was 5750 cm‘; with the associated 
vacuum system, the total volume was ap- 
proximately 7000 cm‘. The pressure was read 
upon a McLeod gauge, within perhaps a 
minute after the arcing ceased. 

R. C. Mason 
W. E. BERKEY 
Research Laboratories, 
W. E. & M. Co., 
East Pittsburgh, Pa., 
September 23, 1931. 


The Structure of the Water Vapor Molecule 


The fine structure of water vapor in the 
more intense bands has been studied recently 
by Plyler and Sleator.'! The work on the band 
at 1.874 has been repeated by the writer, using 
higher resolution. Also the region of 1.40u has 
been studied and about 100 lines were ob- 
served in the harmonic of the strong band at 
2.674. This band has the appearance of a 
double type band with much more absorption 
on the longer wave-length side. Or it may bea 
zero branch type much distorted. If of the 
double type, the center is at 1.37654, and if 
of zero type, the center is at 1.3842u. 

In the band at 1.874 a region has been 
found which has the appearance of the 6.26u 
band. The first three lines on each side of the 
center have about the same spacing and in- 
tensity variation as found in the 6.26u band. 
Some of the other lines also correspond but 
not completely as two bands overlap some- 


1E. K. Plyler and W. W. Sleator, Phys. 
Rev. 37, 1493 (1931). 


what in this region. This region appears more 
like a definite band when small amounts of 
water vapor are used. The center is at 1.8835. 
If this value is used as a fundamental fre- 
quency with that at 2.674 and 6.26u, we find 
the half angle a=57 30’, or the total angle is 
115° between the lines connecting the oxygen 
atom to the two hydrogen atoms. The calcu- 
lated intensities for the three fundamentals 
check well with the observed intensities. Also 
all the smaller bandswhich have been observed 
for water vapor correspond to combination or 
overtones of these three bands. 

It is interesting to note that this value of 
the angle for water vapor is of the order of 
magnitude as predicted by Slater? in his 
theory of directed valence. 

E. K. PLYLER 

Physics Department, 

University of North Carolina, 
October 10, 1931. 


2 J.C. Slater, Phys. Rev. 38, 1109 (1931). 


Diamagnetic Susceptibility of the Rare Gas Atoms According to Slater’s Method 


Diamagnetic susceptibility of a symmetri- 
cal atom is given by x = —(—e?)/(6mc*)=r? 
where r? is the mean square distance of an 


electron from the nucleus, © means that the 
summation extends over all the electrons in 
the atom. By evaluation of an approximate 
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TABLE I. Susceptibilities and charge distributions of electron shells according to Slater. 


Electron Kr Xe Nt 

groups Z-S —x.10° Z-S —x.10° Z-S —x.10° 
2s, p 31’855 51’85 0'07 81’85 0’03 
3s, p 24'7 1'33 42/7 0'45 74'7 0’15 
3d 14’8 4’61 32’8 0’95 65’5 0'26 
4s, p 8’2 31'75 26’2 2’54 58’2 0’49 
4d 37'88 14’8 9’89 406'8 
p 8’2 34/94 40’2 1'44 
48’ 27'4 4’05 

5d, 14’8 13/17 
6s, p 10’3 25’98 
46'56 


wave function, Slater (Phys. Rev. 36, 57, 
1930) has given a method of calculating 27? in 
terms of the effective principal quantum num- 
ber »* and of the effective nuclear charge 
(Z—.S) for any one electron in a group by an 
equation 
= [(n*)*(n* + 3)(n* + 1)]/(Z — S)? 

According to Slater, n* is assigned values of 
1, 2, 3, 3’7, 40, and 4’2 in place of n=1, 2, 3, 
4, 5, and 6, for the successive electron shells 
from AK to P. (Z—S) is evaluated for different 
groups of electrons 1s; 2s, p; 3s, p; 3d; 4s, p; 
4d; 4f, 5s, p; 5 d; 6s, p; etc.—in such a way 
that s and p electrons of a group are taken to- 


gether but d and f are separated. Susceptibili- 
ties calculated by this method seem to be in 
better accord than by Pauling’s or by Hartee’s 
distribution of charge method. Hence it is 
proposed to give in Table I the susceptibilities 
and the charge distributions of the corre- 
sponding electron groups of the rare gas atoms 
Kr, Xe, and Nt for which experimental values 
are not known. 
Susi, CHANDRA Biswas 
Physics Department, 
Dacca University, 
Bengal, India, 
October 3, 1931. 


The Equation of State of Real Gases 


The usual theoretical equations of state are 
derived by the use of phase integrals extended 
over the entire phase space of the system, i.e. 
the integrations performed are carried out 
over all possible velocities of all molecules. 
Such treatment is defective for the following 
reason: If there exists between all pairs of 
molecules a potential energy ¢(r) which has a 
minimum, then there are discrete energy 
states, and all phase space is no longer acces- 
sible in the classical sense. For light gases the 
part of phase space thus excluded is apprecia- 
ble and must be corrected for in the equation 
of state. 

We obtain the pressure of a gas from the 
relation 

p = kT(d/aV) log Z, (1) 


where Z is the complete partition function 
(Zustandssumme) of the gas. The gas will be 
considered as a mixture of » pairs of molecules 
in quantized collision states, whose interaction 
with similar pairs and with “free” molecules 
may be neglected. Z then consists of two fac- 
tors, S", associated with the first mentioned 


pairs, and Z», belonging to the free molecules. 
S in turn is represented by 


where the first factor, in which E; denotes the 
discrete energies, results from the internal 
motions, the second being due to the classical 
motion. 

Z, is the ordinary phase integral for the 
gas, but the integrations are to be carried out 
only over the accessible domain: for all pairs 
of molecules in collision the velocities in the 
integrand of Z, must be integrated from sets 
of values corresponding to a kinetic energy « 
to + ©. e depends on the relative coordinates 
of the molecules, hence the result of the veloc- 
ity integration appears as a variable in the 
volume integration. 

As does the complete phase integral in the 
usual theory, Zp decomposes into products of 
integrals over the phase space of pairs of 
molecules, if only binary collisions are con- 
sidered. We obtain a result formally similar to 
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the ordinary one: 
ms N 
(= sv) a+)’. (3) 


Here g=(2rkT/m)*/?, N is the number of 
“free” molecules, and 


Ide f Ide 


all ph. sp. excluded ph. sp. 
The integrand J is 


em (2kT + (4-79) (eT 1). 


The first integral in (4) can be evaluated 
easily and gives the classical result 4rg?V/ 
(e-*/*? —1) r2dr, while the second can be ex- 
panded into a series which converges rapidly 
for most cases of physical interest: 


fe (=) — 1)r2dr. 
= 0.273x3/? — 0.08525/2 + 0.019x7/2 


— 0.001a92 +--+, 
= 0 for x < 0. 


Combining 1, 2, 3, 4 we notice that the first 
factor of S contributes nothing to ? since it 
does not depend on V. The second, of course, 
produces the partial pressure nkT/V, which, 
because n is always very small compared with 
N, needs not be considered. Since <1, log 
(1+2) is simply z, and we are led to 


NkT [1-0(S)] 


V V 
— 


The coefficient of 1/V in {} is known as the 
second virial coefficient B. (Eq. (5) does not 
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agree with an expression published in this 
column by Kirkwood and Keyes, August 1, 
which I have been unable to verify.) 

A numerical application of (5) to gases 
like He or H2 shows that the correction which 
is to be made on the classical B values even 
at low temperatures is not as large as has fre- 
quently been supposed. For helium in particu- 
lar, all theoretical data for a calculation of B 
are now available, but it is only fair to say 
that, while things agree well at high tempera- 
tures, the result at low temperatures is quite 
embarrassing. If in the expression for ¢ only 
the part of the mutual energy arising from 
dipole forces is used, and in (5) only the clas- 
sical part (¢ =0) is retained, as was done by 
Kirkwood and Keyes (Phys. Rev. 37, 832, 
1931) then the agreement at low temperatures 
of B with experimental data is fair. Moreover, 
if the correction given by (5) is applied, the 
agreement becomes very satisfactory indeed. 
However, the inclusion in ¢ of quadrupole 
forces, recently calculated (Margenau, Phys. 
Rev. 38, 747, 1931), destroys the agreement 
completely. The best experimental value for 
Bue at 20°K is about —4. The theoretical 
value, computed classically, turns out to be 
about — 24, and the use of (5) reduces it only 
to —21. This state of affairs offers a strong 
temptation to ignore the quadrupole forces 
completely and to look for reasons why they 
should be ineffective; but we find it impossible 
to entertain any doubt regarding the necessity 
of their inclusion. We are unable at present 
to offer an explanation of this discordance. 

HENRY MARGENAU 

Sloane Physics Laboratory, 

Yale University, 
October 12, 1931. 


Auto-Ionization in the Noble Gases and Alkaline Earths 


The recent explanation by Shenstone (Phys. 
Rev. 38, 873, 1931) that the “ultra-ionization 
potentials” observed for mercury vapor are 
due to an “auto-ionization” process of the 
atom appears to be correct since it accounts 
very beautifully for certain well-known 
anomalies in the spectra of many elements. 
One of these anomalies, as pointed out by 
Shenstone and to be given later, is the well- 
known diffuseness of certain lines in the arc 
spectrum of Cu. 

In the inert gases all observed series ap- 
proach the inverted *P;, ,; level of the cor- 
responding ions. With almost perfect jj-coup- 


ling in krypton and xenon each series of en- 
ergy levels arising from p*ms, p'mp, p'md, 
and p mf, consists of two distinct groups of 
series, one of which approaches the lower 
limit *P,3, and the other of which approaches 
the upper limit *P; (some 5000 and 9000 
cm~! away for Kr and Xe respectively). From 
six to eleven members each of some twenty or 
more series are found, from observed lines, to 
approach the lower limit *P,;, whereas only 
one or two members each of ten or more series 
approaching the upper limit *Pi,. are ob- 
served. The apparent reason is that succeed- 
ing members of these latter series lie above 


We 


- 
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the *P\ limit. Electrons excited to any of 
these states are in the continuum of the lower 
set of levels having the same quantum num- 
bers and parity, but approaching the lower 
limit. The result is, the ejection of an electron, 
(i.e. auto-tonization) and the return of the 
atom to the lower limit *P;;. 

Three members of the *P* (3dmd) series in 
calcium, made famous through the work of 
Russell and Saunders, lie above the series 
limit, 4°,S;, of the four chief series of singlets 
and triplets. The continuum above these four 
chief series corresponds to even S and D terms 
and to odd P and F terms. The mean-life of 
the three negative *P® states is sufficiently 
great therefore to combine normally with 
lower odd terms and give respectable spec- 
trum lines. The observed *S* term, attributed 


to (3d4d) by Russell, in combination with 
other terms gives, as would be expected froma 
short mean-life, diffuse lines. 

In strontium a negative *F° term (4d5p) 
lies above the 52S; limit and in a continuum 
of terms (5s4f). These negative (4d6p) 
terms, because they are observed at all, would 
be expected to havea very short mean-life and 
should therefore give rise to diffuse lines, as 
observed. These same *F* terms in barium lie 
below the first limit 6°S; and give rise to 
sharp lines, as expected. 

H. E. 

Department of Physics, 

University of California, 
Berkeley, California, 
September 9, 1931. 


On the Range of Fast Electrons and Neutrons 


Recent experiments on the stopping of 
cosmic rays raise again the question of the 
energy losses of electrons and protons with 
velocity very close to that of light. On the one 
hand we have a good deal of evidence that 
there are, associated with the cosmic rays, 
rays which are certainly not gamma-radia- 
tion, and which behave in some respects like 
beta-rays, since they produce a large number 
of ions in their passage through matter. This 
conclusion, which was reached originally by 
experiments with Geiger counters in series, 
has been beautifully confirmed by Mott- 
Smith,! who was able to show that the cosmic 
rays are accompanied by particles which pro- 
duce definite cloud-chamber tracks, tracks 
rather thinner than those of an ordinary 
radioactive beta-particle. These ionizing rays 
are, according to Rossi, at least as penetrating 
as the cosmic rays themselves, and perhaps 
more so. On the other hand the independence 
of cosmic-ray intensities of terrestrial latitude 
makes it hard to believe that the rays enter 
the earth’s atmosphere as charged particles. 
We should then want to know the theoretical 
answer to the question: Can a gamma-ray 
produce secondary beta-particles more pene- 
trating than itself? 

Numerous calculations have been made of 
the range of particles moving with velocities 
not too near that of light. Thus quantum- 
theoretical formulae have been obtained by 
Gaunt and Bethe, which in essential points 
confirm the classical formula of Bohr. But no 
quantum theoretical calculations have been 
made for particles of very high energy; and 


the classical result of Bohr for this case is 
based on a derivation which is not quite free 
from objection. Now it would seem at first 
that no adequate calculation could here be 
made, since we have at present no complete 
theory of the interaction of particles of very 
high relative velocity. That such a calculation 
is, nevertheless, possible rests on the fact that 
the processes chiefly responsible for the stop- 
ping of a beta-particle involve relatively in- 
significant energy losses, and that the mean 
energy loss of a beta-particle on collision with 
an atom is very small. This preponderance of 
relatively small energy losses becomes even 
more marked for particles whose velocity ap- 
proaches that of light, and makes it possible 
to calculate the range of the particles without 
neglecting the retardation of the forces be- 
tween them and the atomic electrons. Such a 
calculation has in fact been made by Mller 
for the collision of two free electrons; we have 
made it for the collision of electrons and pro- 
tons with electrons bound in an atom. The re- 
sults are very simple. If the energy of the par- 
ticle (rest mass M, and charge E) is 

then for very large « the number of ions pro- 
duced per cm path increases with Ine, and the 
energy loss per cm path through a gas in 
which there are N electrons per cc is 


|4re2E2N /me?]-In e. (1) 
1 We want here to thank Dr. Mott-Smith 


for telling us at a Berkeley seminar of his re- 
cent very beautiful experiments. 
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Here e and m are the electronic charge and 
rest mass. For large but not very large « this 
formula must be modified: to Ine must be 
added 


In me? khi 


where m is the electronic rest mass, v a mean 
ionization frequency for the atomic electrons, 
and 1.15k<1.2. This term is just the one 
found by Bethe for slow electrons, and in 
every case reduces the range of the particle 
below the value given by (2). The formula (1) 
gives for the range R of the particle 


R = [e Ine] (2) 


This range is just twice that given by Bohr’s 
relativistic formula. Our result gives equal 
ranges to electrons and protons of equal en- 
ergy, and makes this range just one fourth of 
the mean distance, which, according to the 
Klein-Nishina formula, a gamma-ray of this 
same energy travels before its first Compton 
scattering. 

The result (1) makes it hard to believe that 
the particles observed with cosmic rays are 
electrons or protons, since they are observed 
to ionize less than slower beta-particles. And 
if we believe in the approximate validity of 
the Klein-Nishina formula, then (2) shows 
that the particles cannot be secondary elec- 
trons. We have therefore thought it of inter- 
est to investigate the ionizing power of the 
neutrons, which were suggested by Pauli to 
salvage the theory of the nucleus. These neu- 
trons,? it will be remembered, are particles of 
finite proper mass, carrying no charge, but 
having a small magnetic moment. Although 
the full calculations of the collision of such a 
neutron with an electron have not yet been 
completed, we have carried them far eaough 
to see that there are characteristic differences 
between the ionizing power of a neutron and 
that of an electron, differences which rest 
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ultimately upon the fact that the field of the 
neutron falls off more rapidly with distance 
than the Coulomb field. (The field of a neu- 
tron may, of course, be derived from its wave 
equation; and this has been given by Pauli.) 
In particular, the number of ions produced by 
a neutron is, for energies large compared to 
the electronic proper energy mc?*, sensibly in- 
dependent of the velocity of the neutron, and 
of its mass, and does not increase, like (1), 
with increasing velocity. Thus even a very 
fast neutron would, if its magnetic moment 
were of the order of that of the proton, pro- 
duce ion tracks perceptibly thinner than those 
of a beta-particle. It will be remembered that, 
according to Pauli, it is one of the functions of 
the neutron to carry off the apparently lost 
energy in a radioactive beta-ray disintegra- 
tion. It would be of extreme interest to see 
whether, in such a disintegration, thin tracks, 
of the kind observed by Mott-Smith, could be 
found. If they were found, we should be cer- 
tain that the neutrons not only played a part 
in the building of nuclei, but that they also 
formed the cosmic rays; if no such tracks 
were found, we should know that the neu- 
trons, if they exist at all, have nothing to do 
with cosmic radiation. 

The theory of the collision of neutrons and 
electrons, and the detailed calculation of the 
ranges of neutrons and fast electrons, will be 
published very shortly. 

J. F. Car_son 
J. R. OPPENHEIMER 
LeConte Hall, 
Berkeley, California, 
October 9, 1931. 


2 We are much indebted to Dr. Pauli for 
telling us, at a theoretical seminar in Ann 
Arbor last summer, the elements of the theory 
of the neutron, its functions and its properties, 


The Calculation of the Characteristic Frequency from the Coefficient of Compressibility 


A number of years ago Einstein! derived 
an expression for the characteristic frequency 
of a monatomic solid which is as follows 


vy = 2.8 X (1) 


where « is the coefficient of compressibility, 
A is the atomic weight and p is the density of 
the solid. This relation was derived from 
dimensional considerations, and the constant 
was evaluated by considering the effect on a 
given atom of its 26 immediate neighbors in a 


lattice which we now call the simple cubic or 
rock salt type. The result must be regarded as 
an approximation yet it is a useful one and 
therefore deserves further consideration. A re- 
examination of the derivation in the light of 
present knowledge reveals that several am- 
biguities and restrictions inherent in the origi- 
nal work now may be removed. 


1 Einstein, Ann. d. Physik 34, 170 (1911); 
35, 879 (1911). 
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First, it would appear from the discussion 
as given by Einstein that it applies only to the 
lattice postulated and is limited by the num- 
ber of neighboring atoms taken into account. 
This is not entirely true. A careful study of the 
calculations shows that the number of atoms 
considered may be cancelled out and need not 
appear in Eq. (2) of his second paper. This 
may be more easily seen if the generalized 
number » is substituted for 26. The only way 
the lattice enters into this result is through d, 
the equilibrium distance between atoms. 

This brings us to the second point, namely, 
the device by which Einstein eliminates v, the 
atomic volume, in terms of d. This is accom- 
plished by assuming that d is equal to the 
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identical for both systems without appreciable 
error. It may even be assumed as a first ap- 
proximation that it holds for other types of 
lattice. The analytical expression for the 
curve of Fig. 1 is d=1.35X10-* (v)”*. By 
use of this in Eq. (2) of Einstein’s second 
paper we get 

= 2.9 X 


(2) 


This is practically the same as the result given 
by him except that it is less restricted and 
may be safely given more general application. 

It is interesting to note in this connection 
that if we give temperature the dimensions of 
energy, mit, as may be done’ the coefficient 
of thermal expansion has the same dimensions 


5.0 


1.0 


2.0 
y's 
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Fig. 1. The calculation of characteristic frequencies. 


radius of a sphere of volume equivalent to 
that of 8 atoms, the number contained in the 
unit cube of the lattice he considered. A 
moment’s reflection will show that this 
method does not give the true distance be- 
tween the atoms, as recognized today but in- 
troduces a small error; hence some more exact 
and more general scheme of eliminating v is 
desirable. 

The simplest way to do this is to express d, 
as determined by x-ray measurements, as an 
empirical function of v. This is easily done. In 
Fig. 1 values of d for a number of metals, as 
given by Ewald? are plotted against (v)'/* as 
calculated from the data of Vol. I of the Inter- 
national Critical Tables. The variation is 
linear and since elements possessing both face- 
centered and body-centered cubic structures 
are included the constant may be taken as 


as the coefficient of compressibility. This sug- 
gests that the expression 

vy = const 1/2 (3) 
might yield useful information. A study of a 
number of metals shows that if the value 2.4 
X 10° is assigned to the constant, Eq. (3) leads 
to values of v which are approximately cor- 
rect except in the case of the alkali metals. 
This relation obviously has not the theoret- 
ical foundation which supports Eq. (1) since 
the symmetrical law of force assumed in the 
derivation of the latter leads to an expansion 
coefficient of zero. It is, however, an interest- 
ing empirical formula. 


2 Ewald, Handbuch der Physik, 24, Chap. 
4. Springer, Berlin, 1927. 

8 Cf. Bridgman, Dimensional Analysis, Yale 
Univ. Press. 1922, p. 71. 
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TABLE I. Comparison of values of v for metals calculated by different methods. 


Haber Austin Austin 

Debye Debye Griineisen Lindemann (Ultra- (Compres- (Expan- 
(Elastic (Specific (Expans. (Melting violet sibilit sion 
constants) heat) coeff.) temp.) spectra) coeff. coeff.) 
Ag 4.4 4.5 4.6 4.4 4.6 4.2 4.4 
Al 8.3 8.3 7.7 7.8 8.2 7.0 8.1 
Cd 3.5 3.5 3.7 2.8 — 2.8 3.5 
Cu 6.8 6.6 7.1 6.8 7.2 6.0 6.0 
Fe 9.7 9.5 8.5 8.3 — 7.0 7.5 
Pb 1.5 1.8 2.2 1.9 a5 2.1 1.8 


In Table I values of » for a few metals as 
calculated by Eqs. (2) and (3) are compared 
with those obtained by other methods as 
given by Rawlins and Taylor.‘ It will be ob- 


* Rawlins and Taylor, Infrared Analysis of 
Molecular Structure, Cambridge Univ. Press, 
Cambridge p. 86, 1929. 


served that the agreement is satisfactory even 
in the case of cadmium, which possesses an 
hexagonal lattice. 
J. B. Austin 
Research Laboratory, 
U. S. Steel Corporation, 
Kearny, N. J., 
October 7, 1931. 


Crystalline Rubber Hydrocarbon 


Substantially all of the chemical and physi- 
cal evidence concerning the nature of rubber 
is consistent with the chemical formula (C;- 
Hs)x, and this is the generally accepted for- 
mula for “rubber hydrocarbon.” An examina- 
tion of the evidence discloses, however, that 
the above formula is not the only one which 
is consistent with this evidence. The difficulty 
of establishing beyond question the chemical 
composition of “rubber hydrocarbon” has 
been due largely to the lack of efficient physi- 
cal methods for fractionating the “hydrocar- 
bon,” of proving that the final fractions are 
one-component systems, and of chemically 
identifying these fractions. If, as seems not 
improbable, “rubber hydrocarbon” is a mix- 
ture of closely related hydrocarbons not all of 
which can be represented by the formula 
(C;Hs)x, no single method of fractionation 
can be relied upon to separate this mixture in- 
to its constituents. The only methods hereto- 
fore available for this purpose have been those 
based upon extraction with different liquids 
and fractional precipitation. One of the most 
powerful methods for fractionating a mixture 
of this character is systematic crystallization, 
and a laboratory technic for applying this 
method to “rubber hydrocarbon” has recently 
been developed at this Bureau. The conditions 
which must be met in order to induce crystal- 
lization in such a typically colloidal material 
as rubber can be predicted. These conditions 


have been met and are embodied in the follow- 
ing procedure. 

The “rubber hydrocarbon,” previously 
purified from all nonhydrocarbon materials, is 
dissolved to form a dilute solution in a suit- 
able solvent. This solution is cooled to the 
temperature necessary to induce crystalliza- 
tion and then held at the desired temperature 
until crystallization is completed. The excess 
solution can then be removed and the crystals 
dried in vacuo for examination. 

The accompanying photograph illustrates 
one type of crystal clusters which are obtained 
in this way. These crystals were grown at 
—55°C from a 0.05 percent solution of the hy- 
drocarbon in pure dry ether. 

The Bureau is now engaged in a determina- 
tion of the melting point of these crystals, 
which point lies somewhere between —35 and 
0°C. The melted crystals are typically rubber- 
like in nature, and a preliminary combustion 
analysis indicates a hydrogen-carbon atomic 
ratio close to 8/5, thus proving beyond any 
question that the crystals are rubber crystals. 
It is planned to carry out a systematic frac- 
tionation of “rubber hydrocarbon” by re- 
peated crystallizations and to make accurate 
combustion analyses and molecular weight 
determinations of the final fractions. 

This investigation has been carried out in 
the Section of Organic Chemistry of this Di- 
vision under the direction of C. E. Waters. 
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The purification of the “rubber hydrocarbon” In addition to the crystallization technic 
and the growing of the crystals were conduct- described above, it has also been found possi- 
ed by W.H.Smith, and the combustion analy- ble to distill the “rubber hydrocarbon,” but 


Fig. 1. Crystals of rubber hydrocarbon photographed between crossed nicols at 
a temperature of —55°C. Magnification—200 diams. 


ses were made by H. J. Wing. The photomi- _ fractionation by this procedure is very slow 
crographic technic offered great difficulties, and of value only for confirmation purposes. 
since the crystals had to be photographed in E. W. WaAsHBURN, CHIEF, 
the solution at a temperature of —55°C. The CHEMISTRY Division 
development of this technic was started by Bureau of Standards, 

F.W. Ashton and brought to successful com- Washington, D. C., 

pletion by Charles P. Saylor. October 3, 1931. 
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Note on the Crystal Structure of Arsenic Triodide 


In my paper (Phys. Rev. 38, 351 (1931)) 
exact reference should have been made to cor- 
respondance between Dr. Braekken and my- 
self (Zeits. f. Krist. 75, 574 (1930)). 

In Fig. 1, p. 355 “projection LC axis” 
should have been a 60° rhombus and not a 60° 
parallelogram with unequal sides. 

There are several misprints: 77, should 
read 7,, in the abstract; parentheses are miss- 
ing in the fifth line below Fig. 2 and a° at the 
end of the ninth line below Fig. 2 should read 
A. In the “Discussion of the Structure” the 


distance of closest approach of iodine in layers 
perpendicular to the trigonal axis is given as 
“about 4.13A.” There are really two interio- 
dine distances in these planes, one a little 
smaller and one a little larger than 4.13A. 
Also in the final structure the iodine ions are 
not exactly in hexagonal close packing. 
DorotHy HEYWorTH 
Ryerson Physical Laboratory, 
Chicago, Illinois, 
October 2, 1931. 


Periodic System of Atomic Nuclei and the Principle of Regularity and Continuity 
of Series. A Correction 


Since this paper {[Phys. Rev. 38, 1270 
(1931)| was completed four new species have 
been found by Aston: Sr 11 (Fig. 9), Te 21 
(Fig. 10), Ba 23 (Fig. 9), and Ba 25 (Fig. 10). 
The numbers given are the isotopic numbers. 
These species should be added to the known 
isotopes of Fig. 2. The first three are already 
listed as predicted by the principle of con- 
tinuity and regularity of series in the figures 
of the given numbers. The fourth (Ba 25) be- 


longs to the beryllium series and its existence 

is entirely in accord with the principle. Its ex- 

istence points to the presence of a double level 

in the beryllium series at this point. The paper 

cites the earlier composition given for stron- 

tium and barium as “entirely inadequate.” 
Witiiam D. Harkins 

Department of Chemistry, 
University of Chicago, 
October 3, 1931. 


A New Criterion for Predissociation. A Correction 


In a Letter to the Editor of the above title 
(Phys. Rev. 38, 1079, 1931) line 14, the begin- 
ning of the sentence should read, “Transitions 
will occur not only” instead of “Transitions 
will not occur not only.” 


JoserH Kaplan 
University of California 
at Los Angeles, 
September 28, 1931. 
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Periodisches System. EUGEN RABINOWITSCH AND Dr. Ericu Tuo. Pp. 302, Figs. 50. 
Verlag von Ferdinand Enke in Stuttgart, 1930. 


A distinguished physicist once made a remark that all facts understood by chemistry be- 
long to physics and that the mysteries left belong to chemistry. True or not, it must be admitted 
that wherever the carriage of chemistry got stuck, physics was generous enough to pull her out. 
In the book of Rabinowitsch and Thilo, published under the modest title “Periodic System” 
dealing with subjects on the border line between physics and chemistry, many modern and 
historical examples are given of the progress of chemistry by the advanced views in physics. 
The first fifty pages give a historical review of the history and development of the periodic sys- 
tem beginning with the fifteenth century B.C. It is interesting to note that the history of the 
basic unit weight of matter is not yet finished although the writers state (page 16) that, “das auf 
Sanerstoff gleich 16 basierend Atomgewichtssystem ist bis jetzt allgemein beibehalten.” Re- 
cently after the discovery of the isotopes of oxygen, Aristide von Grosse (1930) proposed to re- 
fer the atomic weight to He'=4.000; Aston (Nature 1931) on the other hand concludes that 
neither helium nor the proton, etc. are units free from objection! 

Since the periodic properties of the atom have in recent times been so closely related to its 
structure, the authors appropriately devote Part II to the structure of the nucleus, Part III to 
the spectroscopic evidence for its electronic structure as developed by Bohr and later modified 
by the principles of wave mechanics, Part IV to a detailed consideration of the properties of 
each element and their relation to the position of each element in the periodic system. Finally, 
the fifth part of the book (fifty pages) deals with the periodicity of chemical properties and is of 
special importance to chemists. The possibility of existence of ionic (heteropolar) compounds is 
calculated from the heat of formation; the theory on the existence of atomic (homopolar) com- 
pounds cannot be presented in such a general form at the present time; the book, however, is 
stimulative to continued studies on this field. 

Quite generally, it may be stated that the writers give a critical survey of our knowledge 
of the properties of the atom and they are quite honest in stating where the theories are not 
complete enough for a good understanding of all facts. This text can be recommended to any 
physicist or chemist interested in the development of the story of the atom and its importance 
for physics and chemistry. The book should be very useful in the hand of advanced students 
although it still would be more helpful to them if references to monographs and the literature 
had been made. 

Print and appearance are excellent. 

I. M. KoL_THorr 
University of Minnesota 


Experimental Physical Chemistry. DANIELS, MATHEWS, AND WILLLAMs, Pp. 475, figs. 132. 
McGraw-Hill Publishing Company. New York, 1929. Price $3.50. 


The book is divided into three parts. The first contains specific instructions for performing 
a large number of experiments; the second describes some of the standard apparatus of physical 
chemistry; the third describes some of the operations used in the practice. Altogether the 
amount of information compressed into the book is very great. It would seem to be both an ex- 
cellent laboratory manual and a useful handbook for the more mature student. 

In the first part are many experiments besides the classical ones of the older physical 
chemistry. The later chapters include experiments on radioactivity, photochemistry and elec- 
trochemistry of gases. Seventy-eight experiments in all are given; they cover so wide a field that 
if so large a number of experiments could actually be performed it would form an ideal back- 
ground for the coming physical chemist. In fact, this can hardly be done in the usual elemen- 
tary course; the book is the result of many years laboratory experience at the University of 
Wisconsin and there about half of the material embraced in the book is covered. The instruc- 
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tions are clear and each experiment is concluded with practical applications and suggestions 
for further work. The treatment is always interesting and suggestive. 

The second part of the book covers a large field and though it cannot treat the various 
methods exhaustively it gives references which make it a suitable starting point for one looking 
up the technique in a not familiar field. 

The book appears to be excellent as a laboratory manual and as a reference book it could 
well be on the shelf of any physical chemist or physicist. Much of the material is definitely 
physical and material is collected here which it is difficult to find elsewhere. 

Joun A. ELDRIDGE 
University of Iowa 


Electricity and Magnetism, an Advanced Textbook for Colleges. CHAirLEs A. CULVER, 
Macmillan Company, Publishers. 


The book is based upon a three hour semester course which the author has given for junior 
and seniors in a College of Liberal Arts. The book takes up the fundamental principles from the 
usual point of view. By means of frequent tables of values and diagrams, frequent reference to 
recent work, and mention of apparatus used in current practice, the author keeps close to actual 
laboratory technique and gives the treatment of the theory a concreteness which it might not 
otherwise have possessed. It would seem an admirable text for a second course in electricity. 

It isa notable fact that the names of Einstein and of Maxwell are not mentioned in the in- 
dex. The first omission is not surprising since it is not yet customary to consider the close rela- 
tion between electricity and the relativity theory even in quite advanced textbooks on elec- 
tricity. It is rather more surprising that such a book could be written without referring to Clerk 
Maxwell. 

Joun A. ELpripGE 
University of Iowa 


Lehrbuch der Experimentalphysik fiir Studierende. Dr. Emit WaARBURG, 21 and 22 Edi- 
tion. Pp. 482, figs. 451. Theodore Steinkopff, Dresden and Leipzig, 1929. Price. Rm 15.80. 

This is a textbook corresponding approximately to American first-year college texts. 
Judging by the large number of revised editions printed since the first edition in 1893, this book 
has been widely used. 

O. M, STEWART 
University of Missouri 


Gruppentheorie und ihre Anwendung auf die Quantenmechanik der Atomspektren 
EvuGEN WIGNER. Pp. 332, figs. 12. Friedr. Vieweg and Sohn Akt-Ges., Braunschweig, 1931. 
Price Rm 29.60. ; 


“Dieses Buch ist aus dem Wunsche entstanden, die Anwendung gruppentheoretischer 
Methoden in der Quantenmechanik einem weiteren Leserkreis zugiinglich zu machen.” 

Theoretical physicists seem to be pretty well divided into two camps, one of which has 
championed the theory of groups while the other has consistently refused to use it. As one physi- 
cist put it, papers on atomic structure can be divided into two classes—those which quote 
Schur and those which don’t! This situation has been possible only because the results obtained 
from group theory in the problems of atomic structure have been largely duplicated and in some 
cases extended by use of more elementary methods. Coupling this with the fact that it is a real 
task to become in any sense familiar with the technique of group theory, it is small wonder that 
many do not consider the game worth the candle. 

On the other hand, there are definite arguments to be advanced in favor of a wider study 
of the theory. While elementary methods can be used at present in atomic structure problems, 
the purely computational difficulties involved are becoming enormous. It seems that one must 
develop, if possible, some way of improving the starting point; i.e. the initial statement of the 
problem. How to do this is a question, but it does seem that group theory should be a good cul- 
ture medium for the germs of thought on this problem because of the very power and generality 
of its methods. 
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Then too, one is well aware that the present quantum mechanics is no longer considered to 
be an adequate general theory of matter. Without attempting to be dogmatic, one may say that 
one of the most important advances which quantum mechanics has brought with it has been 
the emphasis on the symbolic method, as developed particularly by Dirac. While its real mean- 
ing seems by no means obvious, and while it is a double-edged tool to be used with caution, one 
can’t help feeling that this symbolism really has great possibilities. Abstract group theory is, of 
course, a perfect example of the symbolic method, and one is encouraged to hope that the sug- 
gestiveness of its ideas will give valuable aid in the future development of a more correct quan- 
tum mechanics. On the basis of such ideas as these one can feel very favorably inclined towards 
a work such as this of Professor Wigner. 

The first fifth of the book (62 pages) is devoted to preliminary material. Vectors and ma- 
trices in many dimensional complex space give the formal approach to the subject. The pre- 
liminary sections on the postulates of quantum mechanics, perturbation theory, and the sta- 
tistical interpretation of quantum mechanics are naturally only brief reviews and summaries 
of these topics, but are ample for the purpose. Some may prefer to read these sections before 
the material on matrices in order to become oriented to Professor Wigner’s style and viewpoint. 
The more elementary facts about abstract finite groups are developed in the next two sections— 
sub-groups, the separation of the elements into classes, the factor group, etc. The main theo- 
rems on the theory of representations of a group by matrices are contained in Secs. 9-12. Of 
particular interest is Sec. 10 on the treatment of continuous groups. 

With Sec. 13 begins the problem of studying the groups of special interest to quantum 
mechanics—the symmetric (permutation) group and the group of rotations and reflections in 
three dimensional space. The last half of the book is devoted to the problems of atomic struc- 
ture. Here one can find all of the important features of the mathematical theory. No attempt is 
made, of course, to include any experimental data. Attention may be called particularly to the 
treatment of the vector model and the development of the rules for the addition of vectors (p. 
196). 

The last section gives the group theory treatment of Slater’s method for finding atomic 
wave functions. Developed originally by means of the most direct and elementary mathemat- 
ical methods suited to the problem, one finds it here in a refined and spiritualized form. 

The reviewer has found the treatment clear and precise throughout, but by no means al- 
ways easy to follow. This is probably unavoidable since the subject matter is intrinsically dif- 
ficult. The material is logically developed and shows evidence of great care in choice and ar- 
rangement. The printing has been done very carefully. The reviewer joins the author in ex- 
pressing the hope that the book may help to diffuse knowledge of the theory among physicists. 

E. L. Hite 
University of Minnesota 


Photochemical Processes, a General Discussion held by the Faraday Society. Pp. 573. 
Gurney and Jackson, London 1931. Price 10s 6d. 

This report on photochemical processes, which is the fifty-fifth General Discussion of the 
Faraday Society, presents in a clear and interesting fashion the striking progress which has 
been made in this field since 1925. Its interest and value is considerably increased by the in- 
clusion of the general discussions which followed all of the more important papers. 

The first part of the report is devoted to a consideration of molecular spectra in relation 
to photochemical change. The subject is introduced with a clear and worthwhile review by R. 
Mecke, who also contributes a paper on the calculation of the ozone equilibrium in the atmos- 
phere. The ultraviolet absorption spectra of acetylene and formaldehyde are discussed by G. 
Herzberg, and those of hydrogen sulfide, hydrogen selenide, and hydrogen telluride by C. F. 
Goodeve and N. O. Stein. The physical and chemical evidence in regard to the ultraviolet ab- 
sorbtion of aldehyde and ketone vapors is reviewed by F. W. Kirkbride and R. G. W. Norish. 

The second part, which is introduced by Max Bodenstein, consists of a series of papers on 
photochemical kinetics in gaseous systems. These papers deal chiefly with photochemical sec- 
ondary processes; i.e., the chemical reactions which follow the initial excitation on dissociation. 
The third part, which is devoted to photochemical changes in liquid and solid systems, is 
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introduced by A. Berthoud. In addition to several papers on photochemical reactions in liquid 
systems, there are in this group two papers on photographic processes and an interesting dis- 
cussion of the temperature coefficient of photochemical reactions by K. W. Young and D. W. 
G. Style. 

The fourth part, on Photosynthesis, is introduced by E. C. C. Baly, with a detailed ac- 
count of some recent experiments on artificial photosynthesis. In addition to the papers on 
photosynthesis, this section includes a description, by Edith Weyde and W. Frankenburger, of 
a new actinometer for ultraviolet light. 

RoBeErtT LIVINGSTON 
University of Minnesota 


